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Abstract

With Shape Aware Quadratures (SAQ), for a given set of quadrature nodes, order, and domain of integration,
the quadrature weights are obtained by solving a system of suitable moment fitting equations in least square
sense. The moments in the moment equations are approximated over a simplified domain (Ω0) that is a
reasonable approximation of the original domain (Ω) that are then corrected for the deviation of the shape
of Ω0 from Ω via shape correction factors. This idea was already successfully utilized in the Adaptively
Weighted Numerical Integration (AW) method [1, 2, 3], where moments were computed over simplified but
homeomorphic domain and then corrected using first-order shape sensitivity, allowing efficient and accurate
integration of integrable functions over arbitrary domains.

With SAQ, more general shape correction factors can be derived based on a variety of sensitivity analysis
techniques such as shape sensitivity (SSA) and topological sensitivity (TSA). Using the right kind/order
of shape correction factors for moment approximation enables the resulting quadrature (from the moment
fitting equations) to efficiently adapt to the shape of the original domain even in the presence of thousands
of small features. We derive shape correction factors based on SSA and TSA of moment integrals. We also
demonstrate the efficacy of SAQ in integrating bivariate/trivariate polynomials over several 2D/3D domains
in the presence of small features.

Keywords: Numerical integration, moment fitting equations, shape sensitivity analysis, topological
sensitivity analysis, divergence theorem, octree/quadtree

1. Introduction

Figure 1: Meshing failure for a perforated plate with 1,521
holes of size 1 mm in a leading CAD system [4]

Volumetric Integration of arbitrary integrable func-
tions over arbitrary domains, such as those arising
in most engineering applications, usually require that
domain Ω be approximated by a union of simple cells,
so that the integration can be carried out in a cell by
cell fashion. In order to avoid integration errors, the
union of cells must closely approximate the domain
either by cells that conform to the boundary ∂Ω or
by non-conforming cells that are recursively decom-
posed to cover the original domain. The first ap-
proach leads to a difficult (theoretically and compu-
tationally) problem of meshing. In fact, conforming
mesh generation is extremely difficult or even impos-
sible in the presence of small features as illustrated in
Fig. 1. The later approach of using non-conforming
cells for integration, illustrated in Fig. 2, leads to
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excessive fragmentation near the boundary, resulting
in significant computational cost and/or loss of accu-
racy.

Figure 2: Illustration of excessive boundary cell fragmentation
in quadtree based integration [5]

Fragmentation of boundary cells become even more
pronounced in the perforated plate problem of Fig.
1. The presence of small features such as voids or in-
clusions smaller than an integration cell (in both 2D
and 3D) poses a serious issue. Fig. 3 illustrates this
situation in which the void is completely situated in-
side the cell. Since all vertices of a cell are inside the
geometric domain, this void is missed completely by
conventional integration techniques. There are sev-
eral ways to detect such small features. If the user
knows that small features exist in the domain geome-
try, an initial grid with tighter spacing (Fig. 4(a)) can
be provided to ensure a cell corner intersects the fea-
ture. This is a simple way to globally ensure that fea-
tures down to a given size are detected and accounted
for. However, because the increased grid resolution
applies everywhere in the domain, including regions
where it is not needed, it can unnecessarily drive up
the computational cost. This approach can be op-
timized if an additional information about location
of small geometric features is available. In this case,
as it is illustrated by Fig. 4 (b) and Fig. 4 (c), a
denser grid is imposed within a cell or a non-uniform
adaptive subdivision can be applied depending on the
location of small features.

Figure 3: Features smaller than the integration grid resolution
are missed

Figure 4: Capturing the effect of small features by (a) uni-
form subdivision (b) overlaying of fine grid and (c) non-uniform
adaptive subdivision

However, these techniques become prohibitively ex-
pensive for a model with large number of small fea-
tures such as the perforated plate problem of Fig. 1.
This explains the need for accurate volumetric inte-
gration scheme with minimal subdivision to acceler-
ate the whole solution process. Such integration re-
quires the integration scheme adapts to the geometry
and topology (i.e. shape) of the domain in addition
to the integrand. Issues related to integrand adap-
tivity are well understood [6]. On the other hand,
efficient shape adaptivity is far from complete and
will be the main focus of this paper. Specifically, the
problem this paper addresses can be stated formally
as follows:

Numerically evaluate the integral∫
Ω

f(x)dΩ (1)

where f : Ω → R is an arbitrary integrable
function defined over an arbitrarya domain
Ω ⊂ Rd (d = 2 or 3) that is typically rep-
resented by a solid model [7].

aBy arbitrary domain we mean any 2D or 3D closed
regular set [7] whose boundary is an orientable mani-
fold

We further assume that f can be suitably approx-
imated by a function f̂ ∈ span({bi}mi=1) such that
the basis functions bi : Rd → R are symbolically in-
tegrable functions that are sufficiently smooth. In
other words, f̂ can be written as a linear combi-
nation of sufficiently smooth basis functions bi i.e.
f̂(x) = Σmi=1cibi(x). The coefficients ci need not nec-
essarily be known ahead of time.

In this paper, we propose a new integration tech-
nique called Shape Aware Quadratures (SAQ) that is
a non-trivial generalization of our earlier work Adap-
tively Weighted Numerical Integration Method (AW)
[1, 2, 3]. AW computes quadrature rule for an ar-
bitrary domain by solving a system of suitable lin-
ear moment fitting equations. Further, in AW, the
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moments are approximated over a simplified homeo-
morphic domain with corrections based on first-order
SSA [1, 2, 3]. AW works well for domains without
small features (such as small holes and inclusions).
However, the presence of several thousand small fea-
tures can substantially deteriorate the performance of
AW as it involves careful construction of an approxi-
mate domain (Ω0) that is homeomorphic to the orig-
inal domain (Ω). This homeomorphic domain (Ω0)
construction is often difficult and computationally ex-
pensive due to the inherent complexity of the origi-
nal domain in the presence of small features. More-
over, the method involves computing several bound-
ary integrals over this complex approximate bound-
ary thereby further affecting its performance. Hence,
in this paper, we overcome this limitation by general-
izing AW to account for small geometric and topolog-
ical features efficiently using higher-order shape sensi-
tivity [8, 9], topological sensitivity [10, 11], and other
types of sensitivities [12, 13]. The introduction of
these sensitivities eliminate the need for an homeo-
morphic approximate domain in addition to substan-
tially reducing the number of boundary integral com-
putations. Thus, unlike AW, SAQ can efficiently in-
tegrate arbitrary integrable functions over arbitrary
domains even in the presence of thousands of small
features.

In SAQ, given an arbitrary domain Ω with a set of
appropriately chosen quadrature nodes and order of
integration, we compute the quadrature weights by
solving a system of linear moment fitting equations
[14, 15, 16] for an appropriate set of basis functions in
the least square sense. Setting up the moment-fitting
equations involves computing integrals of the basis
functions (known as moments) over an arbitrary geo-
metric domain. This task itself is non-trivial, because
it either entails some kind of domain decomposition,
or can be reduced to repeated boundary integration
as was proposed in [17] for bivariate domains. Adap-
tion of the latter approach avoids excessive domain
fragmentation, but leads to a significant computa-
tional overhead, particularly in 3D. We overcome this
challenge by first computing the moments over a sim-
pler domain Ω0, usually a polygon/polyhedron, that
is a reasonable approximation of the original domain
Ω. The computed moments are then corrected for
the deviation of the shape of Ω0 from Ω by means of
shape correction factors. The shape correction fac-
tors can be computed via various sensitivity anal-
ysis techniques such as the shape sensitivity [8, 9],
topological sensitivity [10, 11], feature sensitivity [12],

and modification sensitivity [13]. The moments over
approximate domain are further reduced to bound-
ary integrals by the application of divergence theo-
rem [18, 19, 20, 21, 22]. The approximate moment
fitting equations, thus obtained, can then be easily
solved for quadrature weights. In other words, the
shape correction factor ensures that the quadrature
rule determined by the moment fitting equations is
“aware” of the shape of integration domain – hence
the name Shape Aware Quadratures (SAQ). The re-
sulting quadrature weights are not exact, but are ac-
curate enough to integrate functions over any arbi-
trary domain when they are well approximated by
the chosen set of basis functions. In addition, small
features such as holes, notches, and thin features can
be accounted for automatically by employing the cor-
rect order/type of shape correction factor(s) in the
moment approximations.

Outline. A brief survey of relevant background mate-
rial in volumetric integration and sensitivity analysis
is presented in section 2. The formulation of Shape
Aware Quadrature (SAQ) is developed in section 3 as
a means to efficiently integrate arbitrary integrable
functions over arbitrary domains in the presence of
small features. In section 4, we explain the derivation
of shape correction factors via shape and topological
sensitivity analysis. The algorithmic details of SAQ
are described in section 5. We present the experi-
mental validation of SAQ over 2D and 3D domains
in the presence of numerous small features in section
6. Section 7 presents the conclusion and open issues.

2. Background

In this section we will briefly review the relevant
background material necessary to understand Shape
Aware Quadratures (SAQ). For a detailed survey of
numerical integration we refer the reader to [1, 2, 3,
23, 24, 25, 26].

2.1. Divergence Theorem

Several authors [18, 20, 19, 21, 22] have advocated
the use of divergence theorem to integrate symboli-
cally integrable functions over polygonal/polyhedral
domains (Ω0 ⊂ Rd, d = 2 or 3). Here, applica-
tion of divergence theorem (once for polygonal do-
main and twice for polyhedral domain) converts the
2D/3D integral into an 1D integral over the edges
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of the polygon/polyhedron. The resulting integral is
then efficiently evaluated using 1D Gauss quadrature
rules. The integral of a symbolically integrable func-
tion bi(X) over a polygonal/polyhedral domain with
n∗ edges/faces (i.e. Γ0 = ∪n∗k=1Γk0) can be reduced to
the following boundary integral by the application of
divergence theorem (see [1, 2] for details)

∫
Ω0

bi(X)dΩ0 =

n∗∑
k=1

∫
Γk0

βiX(X)Nk
XdΓk0 (2)

Nk
X is the X-component of the normal to the kth

edge/face (Γk0) of the polygon/polyhedron and in gen-
eral βiX is non-unique as there are many ways to de-
fine it. One possible way to compute βiX is to use the
following definition

βiX(X) =

{∫
bi(X,Y )dX for polygons∫
bi(X,Y, Z)dX for polyhedra

In the case of polyhedra, one more application of di-
vergence theorem to Eq.(2) would reduce the original
integral into a 1D integral over the edges of the poly-
hedra. It is important to note that this technique
cannot be applied to integrands that are not symbol-
ically integrable.

2.2. Moment Fitting Equations

For functions that are not symbolically integrable,
moment fitting equations are a systematic way to de-
rive quadrature rule for arbitrary domains. In gen-
eral, a quadrature in Rd is a formula of the form :

n∑
i=1

wif(xi) ≈
∫
Ω

W (x)f(x)dΩ (3)

where Ω ⊂ Rd is the integration region, f is an in-
tegrand defined on Ω, and W (x) is in general a non-
negative weight function but is assumed to be unity
(i.e. W (x) = 1) in this paper. A quadrature rule is
determined by points xi ∈ Rd that are usually called
quadrature nodes, and the quadrature weights wi
[16]. A standard technique for constructing quadra-
ture rules is to solve the following system of moment

fitting equations [14, 15, 16]
∫

Ω
b1(x)dΩ∫

Ω
b2(x)dΩ
· · ·∫

Ω
bm(x)dΩ

 =


b1(x1) b1(x2) · · · b1(xn)
b2(x1) b2(x2) · · · b2(xn)
· · · · · · · · · · · ·

bm(x1) bm(x2) · · · bm(xn)




w1

w2

· · ·
wn

 (4)

The same equations may be written in a more com-
pact form as

{M}m×1 = [A]m×n{w}n×1 (5)

with

{M} =


∫

Ω
b1(x)dΩ∫

Ω
b2(x)dΩ
· · ·∫

Ω
bm(x)dΩ

 (6)

where {bi}mi=1 is the set of basis functions1 and {M}
is the vector of moments defined over the domain of
integration Ω.

The quadrature nodes and the corresponding weights
{xi, wi}ni=1 can be determined numerically by solv-
ing the above set of non-linear moment fitting equa-
tions. The resulting quadrature rule can be used to
integrate any function that is in the function space
spanned by these basis functions, assuming that the
integral of basis functions and solution to moment
fitting equations were computed exactly. Each inte-
gration point in d-dimensions contribute d + 1 un-
knowns: d coordinate components and one weight.
Thus, d m

d+1e could serve as an estimate for the num-
ber of points required to integrate m basis func-
tions in d dimensions [28]. We refer the reader to
[16, 29, 30, 31, 32] for the application of this method
in generating quadrature rules for convex/non-convex
polygon/polyhedron.

2.3. Shape Sensitivity Analysis

We could also try to evaluate
∫

Ω
f(x) dΩ in two steps:

first integrate function f(x) over another domain Ω0

that approximates Ω, and then correct the result by
the difference between the two integrals.

One popular approximation is based on the applica-
tion of first-order Shape Sensitivity Analysis (SSA)
[8] from the shape optimization [8] literature. As

1Popular choices of basis functions include the bivariate polynomials xpyr (p + r ≤ o) and trivariate polynomials xpyrzs

(p + r + s ≤ o) in 2D and 3D respectively (for the given integration order o). Other recommended choices of basis functions
include Legendre and Chebyshev polynomials [27].
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a first-order approximation, consider a reference do-
main Ω0 that is homeomorphic to and in the neigh-
borhood of the original domain Ω. In other words,
there exists a continuous bijective mapping T (X, t)
(with continuous inverse) that deforms the reference
domain into the original domain. Let T be a home-
omorphic mapping that transforms the reference do-
main in to the deformed domain i.e. x = T(X, t)
(see Fig. 5). Thus, x ∈ Ωt is a function of the shape
parameter t. The parameter t denotes the amount
of shape change in the design variable direction such
that t = 0 represents the reference domain Ω0[8]. If
T(X, t) is assumed to be regular enough in the neigh-
borhood of t = 0, then it can be expanded using
the Taylor series around the initial mapping point
T(X, 0) as [8]

Figure 5: Reference and Deformed domains for SSA

x = T(X, t)

= T(X, 0) + t
∂T

∂t
(X, 0) + · · ·

= X + tV(X) + · · · (7)

where V(X) = ∂T
∂t (X, 0) = dx

dt

∣∣∣∣
t=0

is the design ve-

locity vector that is defined over the reference domain
Ω0. First-order shape sensitivity is developed by con-
sidering only the first two terms of the above Taylor
series. Thus, ignoring the higher order terms, T is
assumed to be a homeomorphic linear mapping in t
given by

x = T(X, t) = X + tV(X), X ∈ Ω. (8)

In this context, the original domain Ω could also be
referred to as the deformed domain. On applying
first-order SSA [8], and assuming that f can be suit-
ably extended outside of Ω, we get the following ap-

proximation to the integral [8]

I =

∫
Ω

fdΩ ≈
∫

Ω0

fdΩ0 +

∫
Γ0

fVNdΓ0, (9)

where VN is the normal component of the design ve-
locity. Thus the original integral over Ω was approx-
imated using SSA over a simpler domain Ω0. Fur-
thermore, at least in principle, the integrals over the
polygonal/polyhedral domain (Ω0) can be computed
using the quadrature rules via the moment fitting
equations as explained in [16, 29]. Although this
method would give a reasonable approximation to the
original integral, it suffers from a serious drawback.
In order to evaluate Eq.(9), function f(x) must be
sampled over the entire polygonal/polyhedral domain
Ω0 and/or boundary Γ0. This either assumes that Ω0

lies completely within the original domain Ω, or re-
quires extension of the function to outside the domain
(Ω), usually based on application specific heuristic
arguments as in [35]. To circumvent this rather se-
vere restriction, the boundary term in Eq.(9) could
be written in domain form using divergence theorem:

I ≈
∫

Ω0

[f +∇ · (fV)]dΩ0, (10)

reducing the original integration over Ω to that over
approximate simplified domain Ω0. Although this
eliminates the need for function extension, it does re-
quire the domain velocity computation which is com-
putationally expensive, ambiguous, and/or not easily
implemented [9].

These difficulties were overcome by us in our earlier
work on AW integration [1, 2, 3] where first-order SSA
was used to approximate moments arising in moment
fitting equations. This was possible because the basis
functions arising in moment fitting equations are de-
fined everywhere in Rd and not just in the domain of
integration (Ω0). For further details of AW, we refer
the reader to section 3 and our earlier work [1, 2, 3].

2.4. Topological Sensitivity Analysis

The first-order topological derivative is the sensitivity
of a quantity of interest (QOI) (Q) defined over a re-
gion of interest (in the domain) when an infinitesimal
hole is introduced in the domain [10]. In this paper,
we will always assume that the QOI is a very simple
integral of the form

∫
Ω
bi(x) such that the function bi

is only a function of the coordinates (and is indepen-
dent of any underlying field as is the case in a bound-
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ary value setting). In this case, topological derivative
may be used to estimate sensitivity of such an integral
with respect to introduction of small holes. Formally,
topological sensitivity is defined as

D1
T (x) = lim

ε→0

Q(Ωε)−Q(Ω)

f1(ε)
(11)

where Ωε = Ω − Bε and f1(ε) is a monotonically de-
creasing function that depends on the problem under
consideration. The ball Bε has a radius of ε with its
center at the point x ∈ Ω. There are closed form
expressions for topological sensitivity of simple quan-
tity of interest such as compliance when studying the
effect of perturbation of the domain in the context
of boundary value problems [36]. For more general
QOIs, the computation of topological derivative re-
quires solving adjoint problems. For details we refer
the reader to [37, 11, 38, 39].

For a finite spherical hole of radius r with center at
x̂ ∈ Ω, one could approximate its effect on the QOI
as

Q1 ≈ Q0 + µ(Br) ∗D1
T (x̂) (12)

where Q0 is the QOI computed in the domain without
the hole and µ(Br) is the measure (area or volume)
of the ball of radius r. Analogous to Eq.(12), for a
domain with an arbitrarily shaped small feature, one
could define the following estimate for any given QOI

Q1 ≈ Q0 + µ(Bε) ∗D1
T (x̂) (13)

where ε is taken to be the radius of the smallest ball
that contains the given small feature ω. For relatively
larger features, the estimate given in Eq.(13) could be
erroneous. Hence, for relatively larger features one
could often use the generalization of topological sen-
sitivity such as the feature sensitivity [12, 40, 41] and
modification sensitivity [13, 35, 42].

3. SAQ

Shape Aware Quadratures (SAQ) are quadratures
that adapt to the geometry and topology (i.e. shape)
of the integration domain automatically/efficiently.

One of the main applications of SAQ is in the in-
tegration of arbitrary integrable functions over arbi-
trary domains in the presence of small features such
as holes, notches, and fillets. In order to define small
features we will use the standard morphological open-
ing (A ◦B)2 and closing ((A •B))3 operators [43]

Definition
The union of small features of a domain A rel-
ative to an user defined size δ is given by one
of the following operations

1. A− (A ◦B)

2. (A •B)−A

where the structuring set B is a ball of diam-
eter δ. All small positive features of a domain
A are given by A − (A ◦ B) while all small
negative features are filled by (A •B)−A.

3.1. Formulation

We will begin by noting that the moment fitting
equations (Eq. 5) is a system of non-linear equa-
tions that can be solved for the position (xi) and
weights (wi) using an iterative solution scheme such
as the Newton-Raphson [44]. However, such solution
schemes are computationally very expensive and of-
ten do not scale for larger problems. But, if we fix the
position of the integration points as in [28, 1, 2, 3],
the equations become linear (in weights) and can be
solved easily. Knowing {M}, one could solve the
moment equations for weights {w} using linear least
squares as

{w}n×1 = [A†]n×m{M}m×1 (14)

where [A†] is the Moore-Penrose pseudo inverse [45].
One popular stable algorithm to numerically compute
[A†] is based on the QR factorization [46].

Thus, given an arbitrary domain Ω with a set of ap-
propriately chosen quadrature nodes and order of in-
tegration, quadrature weights are obtained by solv-
ing a system of linear moment fitting equations for
an appropriate set of basis functions in the least

2A ◦B is the dilation of the erosion of a set A by B i.e. A ◦B = (A	B)⊕B
3A •B is the erosion of the dilation of a set A by B i.e. A •B = (A⊕B)	B

Note:
A	B = {a ∈ A | Ba ⊆ A} where Ba = {b + a | b ∈ B},∀a ∈ A
A⊕B = {a + b | a ∈ A, b ∈ B}
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square sense. Setting up the moment-fitting equa-
tions involves computing integrals of the basis func-
tions (known as moments) over an arbitrary geomet-
ric domain. This task itself is non-trivial, because it
either entails some kind of domain decomposition, or
can be reduced to repeated boundary integration as
was proposed in [17] for bivariate domains. Adaption
of the latter approach avoids excessive domain frag-
mentation, but leads to a significant computational
overhead, particularly in 3D (especially in the pres-
ence of small features).

This challenge is overcome by first computing the mo-
ments (i.e. integral of basis functions bi) over a sim-
pler domain Ω0, usually a polygon/polyhedron, that
is a reasonable approximation (in a Hausdorff dis-
tance sense) of the original domain Ω (see Fig. 6).
The computed moments are then corrected for the
deviation of the shape of Ω0 from Ω based on sensi-
tivity analysis. Thus,

Mi ≈M0
i + CSi (15)

M0
i is the ith moment computed over the simplified

domain Ω0 i.e. M0
i =

∫
Ω0
bi(X) dΩ0 and CSi is the

shape correction factor corresponding to Mi. In gen-
eral, the application of these sensitivities results in
correction factors that are boundary integrals over
some domain. In other words, the shape correction
factor (CSi ) is of the following form

CSi =

Nf∑
f=1

∫
Γf

gfi (bi,X)dΓf (16)

Γf ⊂ Rd−1 is the boundary of a domain that depends
on the type of sensitivity employed in computing the
corrections. For example, if the correction factor was
computed based on shape sensitivity analysis (SSA),
then Γf is usually a polygonal/polyhedral boundary

that approximates Γ as shown in Fig. 5. Here, gfi is a
scalar function depending only on the basis function
bi and Γf .

The moment approximations can entirely be written
as a boundary integral by the application of diver-
gence theorem [18, 20, 19, 21, 22] i.e. M0

i in Eq.(15)
can be replaced by Eq.(2) as

Mi

∣∣∣∣
Ω

≈
∫

Γ0

βiX(X)NXdΓ0 +

Nf∑
f=1

∫
Γf

gfi (bi,X)dΓf

(17)

gfi depends on the type/order of sensitivity used. Its
exact form can be deduced from Table.1 and Table.2
for SSA and TSA respectively. We note that that
Eq.(17) is a significant generalization of our earlier
formulation used to derive the Adaptively Weighted
Numerical Integration method [1, 2, 3].

In other words, this equation accounts for topologi-
cal features (such as holes and inclusions) in addition
to geometric features (such as notches and fillets) in
the given domain. Thus, for the sake of convenience
and understanding, let us write the shape correction
factor as the sum of geometric (CGi ) and topological
correction factors (CTi ) i.e.

Mi ≈M0
i + CGi + CTi (18)

CGi and CTi respectively account for the geometric
and topological deviations of Ω0 from Ω in comput-
ing the ith moment approximation. If the simplified
domain Ω0 is chosen to be homeomorphic4 to Ω then
CTi = 0 (see Fig. 7) and then the above reduces to
the following :

Mi ≈M0
i + CGi (19)

Figure 6: SAQ - Simplified domain Ω0 is not homeomorphic
to Ω

4by homeomorphic we mean the mapping T(x, t) that we assume in Eq.(8) is continuous and bijective with a continuous
inverse
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Figure 7: When simplified domain Ω0 is homeomorphic to Ω,
SAQ recovers AW [1, 2, 3] as a special case when first-order
SSA is used for geometric corrections (CG

i )

CGi and CTi can be obtained using a variety of sensi-
tivity analysis techniques. For instance, if we consider
the domain Ω and its approximation Ω0 as shown in
Fig. 6, then one could employ first-order SSA (sec-
tion 2.3) for CGi and TSA (section 2.4) for CTi to
obtain the following moment approximations

Mi ≈
∫

Γ0

βiX(X)NXdΓ0 +

∫
Γ0

bi(X)VN (X)dΓ0

−
ns∑
j=1

µ(ωj)bi(X
j
c) (20)

VN (X) = V(X).N(X) is the normal component of
the design velocity at a point X on the boundary Γ0

of the reference (piecewise linear) domain Ω0. µ(ωj)
and Xj

c are respectively the measure and centroid of
the jth negative small feature ωj . Here, CGi corrects
for the geometric deviation of Ω0 (without holes) from
Ω and CTi accounts for the presence of small holes (or
topology). The correction CGi can be easily derived
by the straightforward application of first-order SSA
[8] to the moments (for details refer to Appendix A).
Likewise, the correction term CTi can be obtained
by the straightforward application of first-order TSA
[11] (for details refer to Appendix B). It is to be
noted that µ in Eq.(20) can in general be evaluated
as a boundary integral by the application of diver-
gence theorem or SSA.

Likewise, employing first-order SSA for both CGi and
CTi we get

Mi ≈
∫

Γ0

βiX(X)NXdΓ0 +

∫
Γ0

bi(X)VN (X)dΓ0

−
ns∑
j=1

∫
Γ0
j

[βiX(X)NX + bi(X)VN (X)]dΓ0
j (21)

where Γ0
j is the approximate polygonal/polyhedral

domain chosen homeomorphic to the boundary of the
small feature ωj . Alternatively, one could employ
first-order SSA for CGi and divergence theorem (or
zeroth-order SSA) for CTi resulting in the following

Mi ≈
∫

Γ0

βiX(X)NXdΓ0 +

∫
Γ0

bi(X)VN (X)dΓ0

−
ns∑
j=1

∫
Γ0
j

[βiX(X)NX ]dΓ0
j (22)

If there are no topological features (as in Fig. 7), and
if we employ first-order SSA for CGi , then Eq.(21) re-
duces to the following

Mi ≈
∫

Γ0

βiX(X)NXdΓ0 +

∫
Γ0

bi(X)VN (X)dΓ0 (23)

It is important to note that in this scenario we re-
cover AW method [1, 2, 3] as a special case of SAQ.
In other words, SAQ is same as AW when Ω0 is chosen
homeomorphic to Ω and first-order SSA is employed
to compute the geometric correction factors CGi .

3.2. High-level Algorithm

For 2D domains, the boundary integral arising in mo-
ment approximations could be obtained simply by
employing the usual Gaussian quadrature over the
edges of the polygon. Similarly, boundary integra-
tion over 3D domains bounded by triangles or con-
vex quadrilaterals is straightforward. For more gen-
eral 3D domains, we proceed in two steps. First,
we compute the appropriate weights for a chosen
set of quadrature nodes for each of the polygonal
faces of the approximating polyhedron by solving the
moment fitting equations (Eq.(14)) with exact {M}
given by Eq.(2). Then, using the determined weights
for the polygonal faces, we obtain approximate {M}
for the arbitrary 3D domain by numerically evaluat-
ing Eq.(16) over the faces of the polyhedron. Using
this approximate {M}, the approximate weights for
the arbitrary domain are obtained by solving the mo-
ment fitting equations i.e. Eq.(14).

The approximate moment fitting equations, thus ob-
tained, can then be easily solved for quadrature
weights that adapt to the shape of the original do-
main. The resulting weights are not exact, but are
accurate enough to integrate functions over any arbi-
trary domain when they are well approximated by the
chosen set of basis functions. This integration scheme
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could be advantageously employed in cell decompo-
sition methods, for example using quadtrees [47] or
octrees [48], to reduce fragmentation.

Algorithm 1: High-level SAQ Algorithm

Input :
� Order of integration (o)
� Quadrature nodes ({x})
� Integration domain (Ω)
� Integrand (f)

1. Construct the domain Ω0 approximate to Ω

2. Choose a complete set of basis functions (bi)
depending on the order of integration (o)

3. Compute the moment approximations:
{M} ≈ {M0}+ {CG}+ {CT }

4. Evaluate [A] at the given set of quadrature
nodes ({x})

5. Solve for weights : {w} = [A†]{M}

Output: Approximation to the integral :∫
Ω

f(x)dΩ ≈
n∑
i=1

wif(xi)

4. SAQ - Sensitivity Analysis of Moments

The correction factors CGi and CTi can in general be
obtained using any order SSA [8], TSA [39], feature
sensitivity (FSA) [12] or modification sensitivity [13].
However, in this paper, we will limit ourselves to SSA
and TSA only.

One could write Eq.(18) in the following form

Mi ≈
∫

Γ0

βiX(X) dΓ0 +

ng∑
k=1

CG
k

i +

nt∑
l=1

CT
l

i (24)

CG
k

i is the kth order geometric correction factor while

CT
l

i is the lth order topological correction factor. For
the example domain shown in Fig. 6, if we consider
up to second-order SSA for geometric corrections and
first-order TSA for topological corrections then we
have the following moment approximations

Mi ≈
∫

Γ0

βiXNX dΓ0 +

2∑
k=1

CG
k

i +

1∑
l=1

CT
l

i

=

∫
Γ0

βiXNX dΓ0 + CG
1

i + CG
2

i + CT
1

i

=

∫
Γ0

βiXNX dΓ0 + t

∫
Γ0

biVNdΓ0

+
t2

2

∫
Γ0

[∇bi]TNV 2
NdΓ0 +

ns∑
j=1

µ(ωj)[−bi(Xj
c)]

=

∫
Γ0

βiXNX dΓ0 +

∫
Γ0

biVNdΓ0

+
1

2

∫
Γ0

[∇bi]TNV 2
NdΓ0

−
ns∑
j=1

µ(ωj)[bi(X
j
c)] (25)

Although, in principle, both SSA and TSA could be
applied to compute CG and CT , it is more efficient
to consider SSA for geometric corrections (CG) and
TSA for topological corrections. Hence, we will limit
our discussion in this section to SSA for geometric
corrections and TSA for topological corrections.

4.1. SSA of Moments

In general, the nthg -order geometric correction factor
using SSA can be written as

CGi ≈ tD1
Si(Γ0, VN ) +

t2

2!
D2
Si(Γ0, VN )

+
t3

3!
D3
Si(Γ0, VN ) + ...

tng

ng!
D
ng
Si

(Γ0, VN )(26)

where t ∈ [0, 1] is the shape parameter and Dk
S is

the kth-order shape derivative of the ith moment for
the given approximate polygonal/polyhedral bound-
ary Γ0 and normal velocity VN (X). Table 1 lists the
SSA of moments up to 2nd order. In the table, bi(X)
is the basis function corresponding to the ith moment
(Mi) and VN (X) = V̂(X).N(X) is the normal com-
ponent of the design velocity. It is important to note
that the second-order shape sensitivity given in Ta-
ble 1 is only valid as long as the vertices in 2D/edges
in 3D of the approximating polygon/polyhedron Ω0

lie on Ω as shown in Fig. 8. If this condition is
not satisfied, then the design velocity would become
discontinuous and thereby violating the fundamental

9



assumptions of SSA [8]. This condition can almost
always be met in 2D by suitably constructing Γ0 via
point sampling or quadtree decomposition of Γ [47].
However, the same cannot be said for arbitrary do-
mains in 3D. Nevertheless, this error can be mini-
mized by choosing a finer polyhedral approximation
Γ0 in 3D.

Further, for our purposes, we will assume that the
design velocity vector V̂(X) is piecewise continuous
over every edge/face of Ω0. Then, the perturbation
of the domain by distance γ in the direction normal
to the boundary is x − X = γN(X), which implies
that

VN (X) = V (X).N(X)

= tV̂(X).N(X)

= t
x−X

t
.N(X)

= γN(X).N(X) = γ (27)

Thus, VN (X) is simply the shortest distance (γ) from
X to the original boundary (Γ) as measured in the
normal direction. For further details, we refer the
reader to Appendix A. Even for a coarse approx-
imation Ω0 of Ω one can get accurate results from
SSA based correction factors, as long as we include
enough higher order shape sensitivities. For instance,
for the set of trivariate basis functions up to order 1
(i.e. {1, X, Y, Z}), the following second-order expan-
sion can be proved to be exact even for a very coarse
Ω0 approximating Ω (as long as the boundary inte-
grals are computed exactly)

CGi = tD1
S(Xj) +

t2

2!
D2
S(Xj)

=

∫
Γ0

biVNdΓ0 +
1

2

∫
Γ0

∇bTi NV 2
NdΓ0

Thus, the second-order approximation of the mo-
ments over an arbitrary domain (using SSA for ge-
ometric corrections and assuming CT = 0) can be
written as a boundary integral over the approximate
polygonal/polyhedral boundary Γ0 as

Mi ≈
∫

Γ0

[
βiXNX + biVN +

1

2
∇bTi NV 2

N

]
dΓ0

(28)

where βiX is obtained by applying divergence theorem
to
∫

Ω0
bidΩ0 as explained in section 2.1. The first-

order approximation (Eq. 23) is obtained by simply
omitting the last term in the above equation. For
area/volume computations (i.e. bi(X) = 1), it is easy
to verify geometrically (see Fig. 8 ) that the following
equality holds

M1 = M0
1 + CG

= M0
1 + tD1

S(Xj)

=

∫
Ω0

(1)dΩ0 +

∫
Γ0

(1)VNdΓ0

=

∫
Γ0

[
XNX + VN

]
dΓ0 (29)

In the above equation (and in Eq.(28)), the equal-
ity holds as long as the mapping T that we assume
in Eq.(8) is a homeomorphism and the vertices (or
edges in 3D) of Γ0 lie exactly on Γ (for more details
see Appendix A).

Figure 8: Geometric corrections based on first-order SSA is ex-
act for computation of area (or volume) provided Γ0 is home-
omorphic to Γ and all the vertices (or edges) of Γ0 lie on Γ

In this paper, we only employ first/second-order SSA
to compute CG. Hence, for lower order correction fac-
tors, the error in the approximation cannot be elim-
inated when approximating higher order moments.
Thus, it is important to choose Ω0 to closely approx-
imate Ω so as to minimize this error.
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Table 1: SSA of Moments

k Dk
Si

(Γ0, VN )

1
∫

Γ0
bi VN dΓ0

2
∫

Γ0
[∇bi]TNV 2

N dΓ0

Table 2: TSA of Moments (for bivariate/trivariate polynomial basis )

D1
T (Xc) f1(ε) D2

T (Xc) f2(ε)

2D −Xp
c Y

q
c πε2 −1

2π

[(
p
2

)
Xp−2
c Y qc +

(
q
2

)
Xp
c Y

q−2
c

]
1
2π

2ε4

3D −Xp
c Y

q
c Z

r
c

4
3πε

3 −1
4π

[(
p
2

)
Xp−2
c Y qc Z

r
c +

(
q
2

)
Xp
c Y

q−2
c Zrc +

(
r
2

)
Xp
c Y

q
c Z

r−2
c

]
8
9π

2ε5

4.2. TSA of Moments

In general, the ntht -order topological correction factor
(using TSA) for the ith moment (Mi) over a ball of
radius ε with center at Xc can be written as [49, 50]

CTi = f1(ε)D1
Ti(Xc) + f2(ε)D2

Ti(Xc)

+ f3(ε)D3
Ti(Xc) + ...fnt(ε)D

nt
Ti

(Xc) +R(fnt(ε))

(30)

where f1, f2, ..., fnt are positive functions that de-
creases monotonically as ε → 0+, Dk

Ti
is the kth-

order topological derivative of the ith moment and
R(fnt(ε)) is the remainder for this approximation. In
general, the functions fj should satisfy the following
conditions [49]

lim
ε→0

fj(ε) → 0 ∀j ∈ 1, 2, ...nt

lim
ε→0

fj(ε)

fj−1(ε)
→ 0 ∀j ∈ 2, 3, ...nt

lim
ε→0

R(fj(ε))

fj(ε)
→ 0 ∀j ∈ 1, 2, ...nt (31)

The first (D1
Ti

) and second order (D2
Ti

) topologi-
cal derivatives for moments (corresponding to bivari-
ate/trivariate polynomials) along with the functions
f1 and f2 are listed in Table. 2.

4.3. Finite sized circular/spherical holes

In 2D, we have the following second-order topological
correction for a circular hole of radius ε at (Xc, Yc)

with bivariate polynomial basis functions (XpY q)

CTi ≈ −πε2[Xp
c Y

q
c ]− 1

4
πε4
[(
p

2

)
Xp−2
c Y qc

+

(
q

2

)
Xp
c Y

q−2
c

]
= −πε2

[
[Xp

c Y
q
c ]

+
ε2

2

[(
p
2

)
Xp−2
c Y qc +

(
q
2

)
Xp
c Y

q−2
c

]
2

]
(32)

Likewise, in 3D, we have the following second-order
topological correction for a spherical hole of radius ε
at (Xc, Yc, Zc) with trivariate polynomial basis func-
tions (XpY qZr)

CTi ≈ −4

3
πε3[−Xp

c Y
q
c Z

r
c ]− 2

9
πε5
[(
p

2

)
Xp−2
c Y qc Z

r
c

+

(
q

2

)
Xp
c Y

q−2
c Zrc +

(
r

2

)
Xp
c Y

q
c Z

r−2
c

]
= −4

3
πε3
(

[Xp
c Y

q
c Z

r
c ] +

ε2

2[(p
2

)
Xp−2
c Y qc Z

r
c+(

q
2

)
Xp
c Y

q−2
c + Zrc

(
r
2

)
Xp
c Y

q
c Z

r−2
c

]
3

)
(33)

For details of first and second order TSA of moments
in 2D/3D, we refer the reader to Appendix B. Now,
from Eq.(32) and Eq.(33), one can deduce the follow-
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ing more general form for the second-order correction
factor

CTi ≈ −µ(Bε)

[
bi(X)

∣∣∣∣
X=Xc

+
ε2

2

∇2(bi(X))

2d

∣∣∣∣
X=Xc

]
(34)

where µ and Xc are respectively the measure and cen-
troid of the ball Bε ⊂ Rd of radius ε. Here, d = 2 or 3
is the dimension of the domain Ω. It is important to
note that this general form (Eq. 34) for topological
corrections is only valid for bivariate/trivariate poly-
nomial basis functions.

4.4. Finite sized arbitrary features

For a finite sized small negative/positive feature ωl
we define Xl

c as the centroid of the feature ωl and S
as the sign of the feature

S(ωl) =

{
+1 if ωl is a positive feature,

−1 if ωl is a negative feature.

A feature ωl can be classified positive or negative us-
ing morphological operations as discussed in the be-
ginning of section 3. Now, we can define an equiva-
lent topological correction factor for arbitrary small
negative/positive feature as

CTi (ωl) = CTli ≈ S(ωl)µ(ωl)

[
bi(X)

∣∣∣∣
X=Xl

c

+
ε2l
2
∇2(bi(X))

2d

∣∣∣∣
X=Xl

c

]
(35)

For most primitive shapes ωl, µ can be computed us-
ing closed form expressions (for e.g. µ = 1

3πr
2
chc for

a cylinder of radius rc and height hc). For more gen-
eral small features, µ can be estimated accurately by
applying divergence theorem (over the original do-
main ωl) or via first-order SSA (over an approximate
polygonal/polyhedral domain ω0

l ) as a boundary in-

tegral. For a collection of small features {ωl}n
l

l=1, one
can simply use Eq.(35) and sum the result to obtain
the total topological correction CT as

CTi =
∑nl

l=1 C
Tl
i =

∑nl
l=1 S(ωl)µ(ωl)

[
bi(X)

∣∣∣∣
X=Xl

c

+
ε2l
2
∇2(bi(X))

2d

∣∣∣∣
X=Xl

c

]
(36)

Note that the above approach is perfectly valid as
we are dealing with topological sensitivity of integrals
(moments), unlike topological sensitivity in boundary

value problems, principle of superposition is perfectly
valid in our case. Thus, topological corrections can
be computed independently for each of the features
and can be added together as in Eq.(36).

Usually, the user specifies a relative (small) feature
size δ and hence the approximations given in Eq.(35)
yields best results when the feature size fs(ωl) ≤ δ

2
(as otherwise the feature is not small as per our def-
inition in section 3). The value of δ is usually prob-
lem dependent and can be estimated easily. For in-
stance, in octree/quadtree based integration, one can
define δ as a fraction of the smallest leaf cell size h i.e.
δ = αfh where 0 < αf < 1. There are many ways
to define the size fs(ωl) of an arbitrary feature ωl.
A standard way is to use local feature size based on
medial axis transform as in [51, 52]. However, defin-
ing the feature size this way could lead to poor TSA
correction estimates for long thin features.

An even better way is to conceptually replace the
small feature with a ball Bεl centered at the centroid
of the feature (Xl

c) having the same measure as the
small feature (as in [12]) i.e. µ(Bεl) = µ(ωl). The

radius εl could be estimated as
√

µ(ωl)
π in 2D and

3

√
3

4πµ(ωl) in 3D. This is consistent with the stan-

dard definition of TSA which considers the sensitivity
of the quantity of interest w.r.t to the introduction
of an infinitesimal “ball” in the domain. It is also
important to note that TSA correction factors can
be best applied for finite sized small features that are
homeomorphic to a sphere (3D) / disc (2D). For fea-
tures that are not homeomorphic to sphere (such as
the torus), in principle, we could still apply TSA by
breaking the small features into pieces that are home-
omorphic to a ball. In this paper, we will always as-
sume that the small features are homeomorphic to a
sphere in 3D and disc in 2D. In order to compute TSA
based correction factors for thin features, it is best to
break them into small pieces whose size εl <

δ
2 . Al-

ternatively, for thin features it could be more efficient
to employ first/second-order SSA to compute CT .

5. Algorithmic Details

The procedure follows essentially the same steps for
2D and 3D domains, and produces a set of integration
nodes and weights that can be used to integrate any
sufficiently smooth function over domain Ω. Concep-
tually, the procedure consists of the following three
subtasks that we describe below in detail.
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Initialization. involves setting the data structures re-
quired for solving the system of moment equations
(Eq.(14)). Note that the dimensions of the matrix
[A†] depend on the choice of basis functions and on
the number of integration nodes, both of which de-
pend on the required order of integration. Specifi-
cally, initialization consists of the following steps:

1. Choose a piecewise linear domain Ω0 (polygon
in 2D or polyhedron in 3D) that is a reasonable
approximation of the original domain Ω with
or without the small features. There are many
ways to accomplish this as we have already ex-
plained in [1, 2, 3]. In this paper, we construct
Ω0 using quadtree/octree decomposition of Ω
using marching squares/cubes algorithm.

2. Determine the order of integration (o) based on
the function to be integrated. Choose a set of
basis functions {bi}mi=1 of order up to o. A sim-
ple choice is the trivariate polynomials xpyrzs

(3D) or bivariate polynomials xpyr (2D).

3. For the chosen order of integration (o), deter-
mine the number and location of quadrature
nodes. The minimum number of quadrature
points required is dictated by the solvability
of moment fitting equations. By having as
many equations (basis functions) as the num-
ber of unknowns (weights), we make matrix
[A] invertible and thus eliminate the need for
least squares solution. The minimum number
of quadrature points required is equal to the
number of basis functions (m) chosen in the pre-
vious step. However, in general, choosing more
quadrature points (n) than this minimum num-
ber would result in a rectangular system that
when solved in a least square sense results in
n−m quadrature points with zero weights. Mo-
ment fitting equations also offer a lot of flexibil-
ity in positioning the quadrature points. There
are a number of ways to choose the quadrature
points. One way is to use the tensor-product
rule ensuring all points are inside the domain
as explained in [53] (for e.g., see Fig. 9). Alter-
natively, quadrature points could be generated
by randomly sampling points inside the domain
or over the boundary as was demonstrated by
us in our earlier work [2, 3]. In addition, it
is best to ensure that all the quadrature nodes
lie within the approximate polygon/polyhedron
(Ω0) as choosing points outside Ω0 will lead to
dealing with the discontinuity of an otherwise
continuous integrand (as in characteristic func-

tion approach [54, 34, 55]) and thereby deteri-
orating SAQ’s accuracy.

Figure 9: A 2D non-convex domain with numerous holes

Compute Moments The left hand side of Eq.(5) is
a vector of m moments, one moment for each basis
function. The SAQ evaluation procedure follows the
development in section 3 and section 4, namely:

4. Determine the quadrature nodes and weights
for each edge (2D) or face (3D) of the simplified
domain Ω0 in order to evaluate the moment ap-
proximations in Eq.(24). The correction factors
in Eq.(24) can be obtained by using appropri-
ate sensitivities from Table 1 and Table 2. It
is important to note that these correction fac-
tors are usually a boundary integral of the form
given by Eq.(16).

SSA Correction factor. The quadrature nodes
and weights required to evaluate the SSA cor-
rection factors are not easy to determine accu-
rately as SSA correction terms usually produces
non-polynomial integrands (due to the presence
of design velocity). However, one can arrive at
a good estimate by looking at the curve/surface
that the approximate edge/face approximates.
If the edge/face approximates a surface of de-
gree 2k − 1 in the original boundary Γ, choos-
ing the integration order to be (o + k) (for ex-
ample, k = 2 for conic sections and quadric
surfaces) gives reasonably accurate results for
SSA correction factors. The only requirement
here is that k should be known a priori (or at
least can be estimated a posteriori). A better
method is to use well-known integrand adaptiv-
ity techniques for lines/triangles such as the one
in [56, 57] (or using MATLAB’s [58] integral
and quad2d functions) although it is computa-
tionally a little expensive.

TSA Correction factor. For TSA correction
factors, the sensitivities are relatively easy to
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compute as it only involves the computation of
the measure/size of the feature and sampling
of the basis function (and/or its derivatives) at
discrete points (see subsection 4.2). For simple
features, such as a circle (or sphere) and ellipse
(or ellipsoid), there are closed form expressions
available for measure computations. For more
general features, we use divergence theorem or
first-order SSA to compute the measure (µ(ωl))
approximately as a boundary integral. Thus, in
this more general case, we choose an integration
order of k + 1 to compute the boundary inte-
grals arising in TSA corrections. Appropriate
sign for the TSA correction factor can be de-
termined by knowing if the feature is positive
or negative. This can be easily accomplished in
general by using the morphological opening and
closing operations as discussed in the beginning
of section 3. As already discussed in subsection

4.2, the size εl can be estimated as
√

µ(ωl)
π in 2D

and 3

√
3

4πµ(ωl) in 3D. If εl >
δ
2 , then it is best to

break the small features into more manageable
pieces for TSA computations. Alternatively, for
such features, CT could be computed using SSA
without breaking it into smaller pieces.

5. Using the basis functions selected in step 1,
evaluate the approximation to {M} over the
original domain Ω from Eq.(24), by summing
contribution over individual edges (2D) or faces
(3D) of the approximate domain Ω0 (using the
quadrature nodes and weights determined in
step 4).

Solve for weights and evaluate

6. Compute [A†] for the preselected set of basis
functions (step 1) and quadrature nodes (step
2) using say QR factorization [46].

7. Using the {M} from Step 5 and [A†] from
step 6, compute the approximate weights for
the arbitrary domain Ω from {w} = [A†]{M}
(Eq.(14)).

8. Finally, evaluate the approximation to the re-
quired integral by using these weights in Eq.(3)
i.e.

∫
Ω
f(x)dΩ ≈

∑n
k=1 wkf(xk).

It should be clear that the same algorithm may be
used in most situations, with steps 4 and 5 depend-
ing strongly on type, dimension, and representations
of the geometric domain Ω and its approximation Ω0.
Note that these two steps also dominate the compu-
tational complexity of the proposed approach.

6. Experimental Validation

The SAQ algorithm was implemented in MATLAB
7.10 (on a Intel Core i7 CPU with 2.8 GHz speed
and 8 GB memory), which was also used for gener-
ating the reference solution via symbolic integration.
In our earlier work [1, 2, 3], we have compared the
efficacy of a particular class of SAQ corresponding to
Fig. 7 ( i.e. when the simplified domain (Ω) is home-
omorphic to the original domain (Ω) ) with several
other standard integration techniques such as the

� Cartesian product or tensor-product rule scaled
to fit inside the geometry of the cell as recom-
mended in [44];

� Geometrically Adaptive integration method de-
scribed in [53];

� quadrature rule obtained by solving the linear
moment fitting equations (in least square sense)
over a polygonized boundary (without correc-
tion) i.e. shape correction factors are obtained
by neglecting the second term in Eq.(23).

� Characteristic function approach as described
in [54, 34, 55]

for a variety of 2D/3D domains. We observed in
[1, 2] that SAQ is computationally superior to all
the above methods and often requires one or two
quadtree/octree subdivisions to achieve a desired
level of accuracy. We have also developed a priori
and a posteriori estimates for this class of SAQ in
[3]. Hence, in this paper, we will only study SAQ
in its most general form when the simplified domain
(Ω0) is not homeomorphic to the original domain (Ω)
(Fig. 6). Specifically, we will study the effect of ap-
plying SAQ to the leaf cells of quadtree/octree based
integration of bivariate/trivariate polynomials over
2D/3D domains in the presence of numerous small
circular/spherical holes.

6.1. Example 1 - Non-Convex domain with small
holes

In this example, we integrate a cubic function g =
10+0.1x+0.4y−x2+5xy+2y2+9x3−10x2y+10xy2−
10y3 over the domain shown in Fig. 10 with 105 small
holes of radius 0.025 (<< h = 0.25). We fix the
quadtree depth to one and integrate all interior cells
using the usual box quadrature. For the leaf cells we
generate quadrature points randomly such that they
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lie completely inside the original (Ω) and simplified
polygonal domain (Ω0). We use first-order SSA for
geometric corrections and first-order TSA/first-order
SSA/divergence theorem for topological corrections
[i.e. Eq.(20) - Eq.(22)]. Fig. 11 compares the inte-
gration of g over the non-convex domain using vari-
ous correction factors by varying the number of edges
of the approximating polygon (Ω0) for the small fea-
tures. From the plot it is clear that employing first-
order TSA or SSA is superior to simply using diver-
gence theorem (or zeroth order SSA) for topological
corrections. In fact, first-order TSA only requires
sampling of the basis function and area/volume com-
putations which can be computed with very little ef-
fort for most simple shapes and hence is an attractive
choice for CTi computations for small features. The
relative error involved in ignoring all the small fea-
tures is shown in Fig. 11 for the sake of comparison
and is found to be as high as 16.201%.

Figure 10: A 2D non-convex domain with numerous holes

Figure 11: Non-Convex domain - Rel. Error Vs Number of
Edges

6.2. Example 2 - Microstructures

Figure 12: Unit sphere with 114,000 small spherical voids

In this example, we will consider the integral of a cu-
bic function h = −x3 − y3 − z3 + 5x2 + 6y2 + 7z2 +
8xy− 10xyz over a microstructure like domain using
octree based integration. Specifically, we will assume
the integration domain to be a unit sphere with sev-
eral thousand small spherical voids as shown in Fig.
12. A typical leaf cell of the octree decomposition of
this domain is shown in Fig. 13. As shown in the
plot, the voids are generated randomly (both in size
and position) over every leaf cell such that they don’t
overlap. Likewise, the quadrature points are gener-
ated randomly such that they lie within the domain.
We use SAQ with first-order SSA based correction
factor to account for the geometry of the unit sphere
and first/second-order TSA to account for the spheri-
cal voids. The relative error in computing the integral
using first-order TSA based correction, second-order
TSA bassed correction, and ignoring the small fea-
tures (for an octree of depth of one) are plotted in
Fig. 14. It is clear from the plot that the first/second-
order TSA predicts the integral accurately up to an
error of 0.005 %. As expected, missing the features
results in a relative error ranging from 0.013% to
0.264%.

Additionally, we also study the convergence of SAQ
w.r.t. octree refinement by fixing the number of holes
to be 114, 000 and varying the depth of integration
tree. From Fig. 15 we observe that SAQ converges
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monotonically w.r.t. octree refinement. This exam-
ple illustrates one of the important applications of
SAQ that is to efficiently account for very small holes
which is otherwise very difficult to account for in an
octree based integration setting.

Figure 13: A typical leaf cell of the unit sphere contains several
hundred voids (black dots denote holes); ′+′ marks denote the
quadrature points in the cell (holes not shown for clarity)

Figure 14: Error plot for various hole distribution

Figure 15: Convergence w.r.t. octree refinement

7. Conclusions and Open issues

We proposed a new integration technique called
Shape Aware Quadratures (SAQ) using moment fit-
ting equations [14, 15, 16], divergence theorem [22],
and sensitivity analysis [8, 37, 12, 13] to efficiently in-
tegrate arbitrary integrable functions over arbitrary
2D/3D domains (Ω) even in the presence of small
features. A simplified domain (Ω0) was used to ap-
proximate the moments in moment fitting equations.
Appropriate geometric and topological correction fac-
tors were used to correct for the shape deviation of
Ω0 from Ω. Shape correction factors were derived
by the application of first/second-order Shape Sensi-
tivity Analysis (SSA) [8] and Topological Sensitivity
Analysis (TSA) [37] of the moment integrals. The
use of shape correction factors in the moment fit-
ting equations enabled the resulting quadrature rule
“shape aware”.

We also note here that the method was formulated
irrespectively of how the original domain Ω is repre-
sented, and it can be used with or without an inte-
gration mesh. SAQ offers a lot of flexibility in the
choice of quadrature points and in the choice of basis
functions as its formulation is based on the moment
fitting equations. In fact, our experiments indicate
that we can indeed generate quadrature points ran-
domly either in the domain or on boundary as long as
the moment matrix [A] is invertible. The weights au-
tomatically adjusts itself depending on the position of
quadrature points. A wide variety of basis functions
can be chosen in forming the moment fitting equa-
tions depending on the type of integrand that arises
in any given application.

The use of random quadrature points that lie both
within the original (Ω) and approximate domain (Ω0)
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is found to give good results. However, it is impor-
tant to more rigorously establish the effect of position
of quadrature points on the moment matrix. Espe-
cially, it is important to study the effect of position of
quadrature points on the conditioning and invertabil-
ity of the moment matrix. Employing approximate
Fekete points [27] as quadrature points could help
eliminate this problem completely.

One of the main applications of SAQ is in immersed
boundary methods such as the Finite Cell Method
(FCM) as was demonstrated by us in our earlier work
[2]. In such methods, Legendre, B-spline, and other
types of polynomial basis functions are employed to
study various field problems. Hence, it is more natu-
ral/useful to consider Legendre/Chebyshev/B-spline
polynomial as basis function in constructing the mo-
ment fitting equations (for arbitrary 2D/3D domains)
so as to improve the accuracy and relevance of SAQ
to meshfree analysis.

The effect of other types of shape correction factors
such as feature sensitivity [12] and modification sen-
sitivity [13] and their comparison to TSA/SSA based
correction factors requires further study. Also, appli-
cation of SAQ to evolving level sets and non-linear
problems is a straightforward and useful extension.
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Appendices

Appendix A. SSA of Moments

First-Order SSA of Moments. Recall that Mi =∫
Ω
bi(x)dΩ. It is required to compute the shape sen-

sitivity of the moments Mi i.e. dMi

dt

∣∣∣∣
t=0

. In order to

evaluate this, it is first required to transform the mo-
ment integral over the reference domain Ω0. This can
be done by making use of the Jacobian matrix of the
mapping T(X, t). It can be easily established that
dΩ = |J |dΩ0 [8], where |J | is the determinant of the
Jacobian matrix. Thus, we have the following

dMi

dt

∣∣∣∣
t=0

=
d

dt

(∫
Ω0

bi(x) |J |dΩ0

)∣∣∣∣
t=0

(A.1)
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now, taking the derivative inside the integral and then
applying the product and chain rule of differentiation
we get

d
dt

(∫
Ω0
bi(x) |J |dΩ0

)∣∣∣∣
t=0

=
∫

Ω0

d
dt

(
bi(x) |J |

)
dΩ0

∣∣∣∣
t=0

=
∫

Ω0

(
∇bi(x).V̂(x)|J |+ bi(x)d|J|dt

)
dΩ0

∣∣∣∣
t=0

(A.2)

where V̂(x) = dx
dt is the design velocity vector at

any point x ∈ Ω. Now, using the fact that d|J|
dt =

|J |∇.V̂(x) [8] in Eq.(A.2), we get

d

dt

(∫
Ω0

bi(x) |J |dΩ0

)∣∣∣∣
t=0

=

∫
Ω0

∇.(bi(x)V̂(x))|J |dΩ0

∣∣∣∣
t=0

evaluating the RHS of the above at t = 0, we obtain
the desired sensitivity as

dMi

dt

∣∣∣∣
t=0

=

∫
Ω0

∇.(bi(X)V̂(X))dΩ0 (A.3)

where X ∈ Ω0.

Applying the divergence theorem we obtain the fol-
lowing boundary form

dMi

dt

∣∣∣∣
t=0

=

∫
Γ0

bi(X)VN (X)dΓ0 (A.4)

where VN = V̂(X).N(X) is the normal component of
the design velocity at X ∈ Γ0.

Second-order SSA of Moments. Now, It is re-
quired to compute the second-order shape sensitivity

of the moments Mi i.e. d2Mi

dt2

∣∣∣∣
t=0

. This can be done

by taking the first derivative of Eq.(A.4) as

d2Mi

dt2
=

d

dt

∫
Ω0

(
∇.(bi(x)V̂(x))|J |dΩ0

)
(A.5)

taking the derivative inside the integral and then ap-
plying the product and chain rule of differentiation

we get:∫
Ω0

d

dt

(
∇.(bi(x)V̂(x))|J |

)
dΩ0 =

∫
Ω0

d

dt

(
∇.(bi(x)V̂(x))

)
|J |

+ ∇.(bi(x)V̂(x))
d|J |
dt

dΩ0

(A.6)

However,

d

dt

(
∇.(bi(x)V̂(x))

)
=

∂

∂t
(∇.(bi(x)V̂(x))

+ ∇(∇.(biV̂(x))).V̂(x)

= ∇.(bi(x)
∂

∂t
V̂(x))

+ ∇(∇.(biV̂(x))).V̂(x)

(A.7)

Since we assume a linear mapping, we have the fol-
lowing relationship for the total time derivative of the
design velocity:

d

dt
V̂(x) =

∂

∂t
V̂(x) +∇V̂(x).V̂(x) = 0 (A.8)

Thus, ∂
∂tV̂(x) = −∇V̂(x).V̂(x). Using this and

d|J|
dt = |J |∇.V̂(x) [8] in Eq.(A.6) and subsequently

substituting the result in Eq.(A.5), the second deriva-
tive reduces to:

d2Mi

dt2
=

∫
Ω0

(
−∇.

[
bi(x)∇V̂(x).V̂(x)

]
+ ∇(∇.(bi(x)V̂(x))).V̂(x)

+ ∇.(bi(x)V̂(x))∇.(V̂(x))

)
|J |dΩ0

=

∫
Ω0

(
∇.
[
∇.(bi(x)V̂(x))V̂(x)

]
− ∇.

[
bi(x)∇V̂(x).V̂(x)

])
|J |dΩ0

(A.9)

evaluating the above at t = 0, we obtain the second-
order shape sensitivity as:
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d2Mi

dt2

∣∣∣∣
t=0

=

∫
Ω0

(
∇.
[
∇.(bi(X)V̂(X))V̂(X)

]
− ∇.

[
bi(X)∇V̂(X).V̂(X)

]
dΩ0

)
(A.10)

where X ∈ Ω0.

Applying the divergence theorem we get the bound-
ary form of the second order shape sensitivity as:

d2Mi

dt2

∣∣∣∣
t=0

=

∫
Γ0

[
∇.[bi(X)V̂(X)]VN (X)

− bi(X)

(
∇V̂(X).V̂(X)

)
.N(X)

]
dΓ0

=

∫
Γ0

[
∇[bi(X)]V̂(X)

+ bi(X)∇.(V̂(X))

− bi(X)

(
NT∇V̂N

)]
VN (X)dΓ0

=

∫
Γ0

[
∇[bi(X)].V̂(X)

+ bi(X)

(
∇.(V̂(X))

− NT∇V̂N

)]
VN (X)dΓ0 (A.11)

It can be easily proved [8] that [∇.(V)−NT∇VN] =
VN (X)κ(X), where κ is the curvature of Γ0 in 2D and
twice the mean curvature in 3D.

Thus,

d2Mi

dt2

∣∣∣∣
t=0

=
∫

Γ0
[∇bi(X)]TN + bi(X)κ(X)]V 2

N (X)dΓ0

(A.12)

If we assume that the vertices/edges of the ap-
proximate polygon/polyhedron Ω0 all lie on Γ as
shown in Fig. 16, then VN = 0 at the ver-
tices/edges of Ω0. Also, κ = 0 in the interior
of the edges/faces of the Γ0.Hence, we can easily
prove that

∫
Γ0
κ(X)V 2

N (X)dΓ0 = 0 as the integrand

[κ(X)V 2
N (X)] is identically zero. Hence, the above

reduces to the following:

dM2
i

dt2

∣∣∣∣
t=0

=

∫
Γ0

[∇bi(X)]TNV 2
N (X)dΓ0

(A.13)

Figure 16: Vertices (black dots) of Γ0 lying on Γ makes VN = 0
at the vertices

Appendix B. TSA of Moments

First-order TSA of Moments. First-order topo-
logical sensitivity of moments at a point X0 can be
established using the Topological-Shape Sensitivity
definition as defined by Novotny et al. [11] as

D1
Ti(X0) = lim

ε→0

1

f
′
1(ε)|VN |

dMi

dt

∣∣∣∣
t=0

(B.1)

From Eq.(A.4) we have already established the first-
order SSA as

dMi

dt

∣∣∣∣
t=0

=

∫
Γ0

bi(X)VN (X)dΓ0 (B.2)

where Γ0 is now the circular boundary Bε as shown
in Fig. 17. Thus, we have

dMi

dt

∣∣∣∣
t=0

=

∫
∂Bε

bi(X)VN (X)dBε (B.3)

Using Eq.(B.3) in Eq.(B.1), we get

D1
T (X0) = lim

ε→0

1

f
′
1(ε)|VN |

∫
∂Bε

bi(X)VN (X)dBε

(B.4)
Since VN is a constant over the boundary of the ball

21



(∂Bε) we have

D1
T (X0) = lim

ε→0

VN
f
′
1(ε)|VN |

∫
∂Bε

bi(X)dBε

= lim
ε→0

sign(VN )

f
′
1(ε)

∫
∂Bε

bi(X)dBε

= lim
ε→0

−1

f
′
1(ε)

∫
∂Bε

bi(X)dBε (B.5)

For 2D problems, f1(ε) = πε2 and hence f
′

1(ε) = 2πε.
If we assume bivariate basis functions of the form
bi = XpY q and then write out the above integral in
polar coordinates we get

D1
T (X0) = lim

ε→0

−1

2πε

∫ 2π

0

(X0 + εcos(θ))p

(Y0 + εsin(θ))qεdθ

= −Xp
0Y

q
0 (B.6)

where we have used the binomial expansion and ap-
plied the limit. Thus, in 2D the first-order TSA is
given by

D1
T (X0) = −Xp

0Y
q
0 ∀X0 ∈ Ω ⊂ R2 with f1(ε) = πε2

(B.7)

Likewise in 3D, for trivariate polynomials of the form
bi = XpY qZr and f1(ε) = 4

3πε
3, one can easily es-

tablish the first-order topological derivative to be

D1
T (X0) = −Xp

0Y
q
0 Z

r
0 ∀X0 ∈ Ω ⊂ R3 with f1(ε) = 4

3πε
3

(B.8)

by using the fact that X = X0 + εcos(φ)sin(θ),
Y = Y0 + εsin(φ)sin(θ) and Z = Z0 + εcos(θ) where
θ ∈ [0, π] and φ ∈ [0, 2π].

Figure 17: Reference and deformed domains for Topological-
Shape Sensitivity Analysis [11]

Second-order TSA of Moments. The second-
order TSA of moments can be defined using the
Topological-Shape sensitivity method of [49] as

D2
T (X0) = lim

ε→0

1

f
′
2(ε)

[
1

|VN |
dMi

dt

∣∣∣∣
t=0

− f
′

1(ε)D1
T (X0)

]
= lim

ε→0

1

f
′
2(ε)

[
1

|VN |

∫
∂Bε

bi(X)VN (X)dBε

− f
′

1(ε)D1
T (X0)

]
= lim

ε→0

1

f
′
2(ε)

[
sign(VN )

∫
∂Bε

bi(X)dBε

− f
′

1(ε)D1
T (X0)

]
= lim

ε→0

1

f
′
2(ε)

[
−
∫
∂Bε

bi(X)dBε

− f
′

1(ε)D1
T (X0)

]
(B.9)

For 2D domains, if we choose the bivariate polynomi-
als bi = XpY q then f

′

1(ε)D1
T (X0) = −2πεXp

0Y
q
0 and

f2(ε) = 1
2π

2ε4 (this is chosen such that f1(ε) → 0,

f2(ε) → 0 and f2(ε)
f1(ε) → 0 as ε → 0). Therefore,

Eq.(B.9) becomes
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D2
T (X0) = lim

ε→0

1

2π2ε3

[
−

∫ 2π

0

(X0 + εcos(θ))p(Y0

+ εsin(θ))qεdθ + 2πεXp
0Y

q
0

]
= lim

ε→0

1

2π2ε2

[
−

∫ 2π

0

(X0 + εcos(θ))p(Y0 + εsin(θ))qdθ

+ 2πXp
0Y

q
0

]

Applying binomial theorem to the above and simpli-
fying we get the second-order TSA in 2D as

D2
T (X0) =

−1

2π

[(
p

2

)
Y q0 X

p−2
0 +

(
q

2

)
Xp

0Y
q−2
0

]
(B.10)

The above equation is valid for all X0 ∈ Ω ⊂
R2 with f2(ε) = 1

2π
2ε4. For 3D domains if we

choose the trivariate polynomials bi = XpY qZr

then f
′

1(ε)D1
T (X0) = −4πε2Xp

0Y
q
0 Z

r and f2(ε) =
1
2ε [

4
3πε

3]2. Then, using Eq.(B.9) and applying bi-
nomial expansion and taking the limit we get the
second-order TSA in 3D to be

D2
T (X0) = − 1

4π

[(
p

2

)
Xp−2

0 Y q0 Z
r
0

+

(
q

2

)
Xp

0Y
q−2
0 Zr0

+

(
r

2

)
Xp

0Y
q
0 Z

r−2
0

]
(B.11)

The above equation is valid for all X0 ∈ Ω ⊂
R3 with f2(ε) = 8

9π
2ε5
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