
Computational Materials Science 99 (2015) 177–189
Contents lists available at ScienceDirect

Computational Materials Science

journal homepage: www.elsevier .com/locate /commatsci
Random heterogeneous materials via texture synthesis
http://dx.doi.org/10.1016/j.commatsci.2014.12.017
0927-0256/� 2014 Elsevier B.V. All rights reserved.

⇑ Corresponding author.
E-mail addresses: xingchen@wisc.edu (X. Liu), vshapiro@engr.wisc.edu (V.

Shapiro).
Xingchen Liu, Vadim Shapiro ⇑
Spatial Automation Laboratory, University of Wisconsin – Madison, United States

a r t i c l e i n f o a b s t r a c t
Article history:
Received 2 July 2014
Received in revised form 16 November 2014
Accepted 21 December 2014

Keywords:
Microstructure reconstruction
Texture synthesis
Germ-grain model
Neighborhood size
Correlation function
Minkowski functionals
Computer models of random heterogeneous materials are becoming increasingly important in order to
support the latest advances in material science, biomedical applications and manufacturing. Such models
usually take the form of a microstructure whose geometry is reconstructed from a small material sample,
an exemplar. A widely used traditional approach to material reconstruction relies on stochastic optimi-
zation to approximate the material descriptors of the exemplar, such as volume fraction and two-point
correlation functions. This approach is computationally intensive and is limited to certain types of isotro-
pic materials.

We show that formulating material reconstruction as a Markov Random Field (MRF) texture synthesis
leads to a number of advantages over the traditional optimization-based approaches. These include
improved computational efficiency, preservation of many material descriptors, including correlation
functions and Minkowski functionals, ability to reconstruct anisotropic materials, and direct use of the
gray-scale material images and two-dimensional cross-sections. Quantifying the quality of reconstruc-
tion in terms of correlation functions as material descriptors suggests a systematic procedure for select-
ing a size of neighborhood, a key parameter in the texture synthesis procedure. We support our
observations by experiments using implementation with Gaussian pyramid and periodic boundary
conditions.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

1.1. The (inverse) problem of material modeling

Random heterogeneous materials are ubiquitous in nature and
engineering. The material heterogeneity stems from presence of
at least two distinct interacting phases (solid, liquid, gas, or void)
within the same material volume. The random nature of the mate-
rials is determined by underlying physical and stochastic processes
that are often difficult to quantify determininstically. Computer
models of random heterogeneous materials are becoming increas-
ingly important in order to support the latest advances in material
science, biomedical applications and manufacturing. In all cases,
the ability to represent the geometry of an individual material
phase, often called a ‘‘microstructure’’, is critical to the ability to
visualize, simulate, design, and manufacture natural and man-
made objects made of random heterogeneous materials. We note
however, that the concept of ‘‘micro’’ is relative because the chal-
lenge of modeling and representing the geometry of a material
phase transcends the scales: it arises in modeling of nano-materi-
als [1], mineral formations [2,3], manufactured composites struc-
tures [4,5], and galaxies [6,7].

Given a sample of material, its microstructure may be digitized
using variety of imaging techniques producing a 3D image (bitmap,
gray-scale, or color), which serves as a computer model of this sam-
ple and can be used for variety of diagnostic or simulation purposes
[8,9]. Three-dimensional images can be acquired by micro com-
puter tomography (lCT) and magnetic resonance imaging (MRI).
When the acquisition of three dimensional images become prohib-
itive, two dimensional images can be acquired by optical micro-
scope, scanning electron microscope (SEM) and transmission
electron microscopy (TEM). Three dimensional information can
be often extrapolated from two dimensional images [10].

However, a computer model of the material goes beyond repre-
sentation of a single sample: it must account for all possible mate-
rial samples in a material ensemble, sharing some common
averaged material characteristics, such as density, porosity, stiff-
ness, etc. In other words, computer model of a material is a model
of the ensemble, or material class, and not of a material sample.
Designing a process capable of generating material samples in a
material class is the (inverse) problem of material modeling, or
material reconstruction, which is the subject of this paper.
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Fig. 1. The reconstruction of a microstructure of coarse pearlite in a matrix of ferrite
using the texture synthesis method proposed in present paper. The reconstruction
result shares similar microstructure descriptors, such as correlation functions and
Minkowski functionals, with the exemplar after thresholding. The relative errors for
volume fraction, two-point correlation function, density of perimeter and density of
Euler characteristic are 1.6%, 3.8%, 1.3% and 1.7%, respectively. The material
microstructure image is reproduced from [18] by courtesy of TMS.
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1.2. Formulation and goals

A reconstructive approach to material modeling is based on
ergodic hypothesis which postulates that averaging material prop-
erties over an ensemble is equivalent to averaging material proper-
ties over sufficiently large volume [11]. This in turn suggests that,
given a sufficiently large material sample, it should be possible to
duplicate other material samples in the same ensemble by focusing
on the resulting properties of the materials, irrespective of the pro-
cess by which the samples are generated. Thus, a pragmatic solu-
tion to the material modeling problem is to duplicate material
properties by some, usually stochastic, process that either matches
or preserves desired averaged material properties. With this
approach, controlling or modifying the resulting material proper-
ties may be challenging, but it does not require full understanding
of the underlying material generation process. The quality of the
(re)constructed material model is completely determined by the
choice of the target material properties, which we will call material
descriptors, and various reconstructive procedures may be com-
pared in terms of their efficiency and ability to match the material
descriptors.

More formally, suppose X is a digitized (binary) image of a given
material sample, and fDiðXÞg is a set of functions that serve as its
material descriptors. Then a material class XðXÞ is a set of all mate-
rial samples fYjg such that kDiðXÞ � DiðYjÞk < �i, measured in some
suitable norm for all descriptors Di and some small positive �i. Thus
a computer model of the material class XðXÞ is really a computa-
tional process that can generate samples in XðYÞ for a given set
of material descriptors. It should also be obvious that quality of a
material descriptor is reflected in the size of the material class: a
more effective descriptor DiðXÞ defines a smaller material class
XðXÞ.

The main goal of this paper is to devise an efficient and practical
material reconstruction procedure that, given an image of material
sample X, generates samples Y from a material class XðYÞ defined
by a set of commonly used material descriptors, which includes
correlation functions [11–13], Minkowski functionals[14–17], and
various physical properties that are functions over microstructure,
such as Young’s modules and electric conductivity.

1.3. Contributions and outline

We formulate the reconstruction of random heterogeneous
material class as a non-parametric Markov Random Field (MRF)
texture synthesis, an image-based texture reproduction technique
widely used in computer graphics (Section 3.1). Building on the
results by Levina and Bickel [19], we show that, inside a predefined
neighborhood window, the proposed material reconstruction pro-
cedure preserves (in the limit) any material descriptor that is a
function of the material’s microstructure (Section 3.2).

Assuming existence of a germ-grain model of the reconstructed
material, we then propose a systematic way to choose an optimal
size of synthesis neighborhood window that is likely to preserve
most material descriptors not only within the window, but also
globally (Section 4.2). Our approach is based on a parameterization
of a two-point correlation function that improves Cule and Torqu-
ato’s formula [20] by extending Corson’s formula [21] to account
for the damped oscillations on the function’s tail (Section 4.3).
We validate the theoretical arguments by numerical experiments
on correlation functions and Minkowski functionals of reconstruc-
tions at optimal neighborhood window size (Section 4.4). Fig. 1
shows a material model reconstructed by the proposed approach
(on the right) from a given material sample (on the left).

The proposed approach to material reconstruction has numer-
ous advantages over the traditional optimization-based methods
for material reconstruction that are surveyed in the Section 2.
The texture synthesis method is much more efficient because it
is local and achieves reconstruction in a single pass, in contrast
to global and iterative procedures used in the traditional optimiza-
tion approach. Furthermore, it automatically preserves most com-
mon material descriptors, including higher order correlation
functions, Minkowski functionals and most physical properties,
which cannot be achieved by traditional optimization-based meth-
ods. Importantly, these advantages of texture synthesis approach
to material modeling extend to anisotropic materials and support
synthesis of three-dimensional microstructure from lower dimen-
sional cross-sections (Section 5). Our primary goal is to advance
the state of art in material modeling; however, our results should
be also applicable and useful in the context of texture synthesis,
where selection of synthesis window size remains an open
problem.

2. Related research

Broadly, the relevant research results may be conceptually clas-
sified in terms of assumed material descriptors and stochastic
methods used to match them in the reconstructed material
samples.

2.1. Material descriptors

One apparent material descriptor is the volume fraction / occu-
pied by a certain phase inside the material sample, such as material
phase for porous material or particle phase for composite material.
The Voigt-Reuss bound and tighter Hashin–Shtrikman bounds [22]
for bulk modulus of isotropic microstructure have been developed
based on this first order statistics. However, volume fraction is a
very weak material descriptor, because it contains no information
about geometry or topology of the microstructure. It is widely
accepted that the physical properties of random heterogeneous
material are highly correlated with its microstructure [2,8,11,23],
so it is crucial to have descriptors that are able to quantify the spa-
tial arrangement of phases as well as phase connectivity and phase
geometry inside random heterogeneous material.

Correlation functions have been developed specifically to quan-
titatively ascertain the distribution of distances between different
phases and are used widely in stochastic geometry [24,25] and
stereology [25]. An n-point correlation function can be defined as
a probability that all vertices of a randomly tossed n-vertex poly-
hedron fall into the same phase of a material microstructure. A
more precise definition of n-point correlation function is given in
the Appendix A, where we also explain that the material class
defined by a higher order correlation function is a proper subset
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of the one defined by lower order correlation function. Two-point
and three-point correlation functions are known to correlate clo-
sely with elastic stiffness of the material [11], while strain localiza-
tion and damage evolution are sensitive to higher order correlation
[26]. Generally speaking, higher order correlation functions yield
more information about the material, and the ability of lower order
correlation functions to predict many material properties, e.g.
those that depend on connectivity, is still undetermined [27]. How-
ever, higher order correlation functions are defined over a large
configuration space of parameters. First non-trivial instance is
three-point correlation function, which depends on 9 parameters
in a three dimensional space. And even with the assumption on
stationarity and isotropy, an n-point correlation function still

needs n
2

� �
parameters to be fully defined. As a result, practical

use of correlation function beyond order two is rare.
Minkowski functionals are a set of topological and geometrical

descriptors of material microstructure encompassing standard
additive measures such as volume, area, mean width and the Euler
characteristic [17]. There are precisely dþ 1 of them in d-dimen-
sional space, i.e. a two dimensional material microstructure is
characterized by three Minkowski functionals, while a three
dimensional material microstructure is characterized by four Min-
kowski functionals. A brief introduction of Minkowski functionals
can be found in Appendix B.

Minkowski functionals have been proposed as a means to com-
pare or assess quality of generated or reconstructed material mod-
els. For example, it has been shown in [15] that neither particle-
based model, model based on level cuts of Gaussian random fields
nor models based on Voronoi tesselations of Poisson-distributed
points are able to accurately reproduce the Minkowski functionals
of the sandstone. Minkowski functionals have also been studied in
many other fields, ranging from cosmology [28,17] to medical
image processing and diagnostics (for example, Monetti et al.
[29] correlates Minkowski functionals with bone diseases such as
osteoporosis).

Mechanical properties of the reconstructed material, such as
stiffness and permeability, are also commonly used as material
descriptors [16,30,31], but their evaluation requires solving multi-
ple boundary value problems which may be computationally
expensive [32].
2.2. Material modeling methods

Broadly, modeling of random heterogeneous material may be
categorized as generative or procedural, where microstructure is
produced by an algorithmic process, and reconstructive, where
microstructure is duplicated from a given digitized material
sample.

Procedurally, the microstructure of a random heterogeneous
material may be parameterized as a typical ‘‘unit’’ cell located at
a ‘‘location’’ in space. Both shape and location of unit cell are gov-
erned by some physically justified stochastic process. Such models
have been studied extensively in stochastic geometry [24,25], sta-
tistical physics [33,34], and spatial statistics [7,35,33] and have
numerous applications ranging from stereology [10], to geostatics
[36] and cosmology [6,7], to name a few. Using the standard termi-
nology [35], we will refer to shape of unit cell as grain and its loca-
tion as germ. A material model is generated by placing grains at
germs and composing them into microstructure, for example,
using Boolean set operations [37,38], packing subject to non-inter-
ference (random sequential adsorption model) [11] or minimum
distance constraints [39]. Typically, a grain is a random compact
subset of Euclidean space, while a germ may be a sequence of loca-
tions governed by stochastic (for example, Poisson) process. More
generally, germs may be used to specify locations (positions and
orientations) of more general unit cells that may include Voronoi
cells, hyperplane arrangements, periodic lattice and cellular struc-
tures, and so on. For example, a masonry wall can be modeled by
two stochastic processes: one to generate locations of stones
(germs) and another one to generate the shapes of the stones
(grains)[40]. The advantages of the generative approach include
ability to explicitly control, vary, parameterize, and synthesize
the resulting microstructures in the material ensemble. Unfortu-
nately, this also requires complete understanding and parameteri-
zation of the generative process underlying the ensemble – a
challenging task even for most common materials such as sand-
stone [2,3].

Most of the research in generative material modeling may be
classified in terms of the proposed models for germ, grain, and
the process by which they are composed to form the microstruc-
ture. Reviews of various stationary stochastic models used for gen-
erating random heterogeneous materials may be found in [35,11].
Numerous advances in computer-aided design and manufacturing
are based on similar ideas. Without trying to be exhaustive, the fol-
lowing is a small sample of recent work in this area. Kou and Tan
[31,41] proposed using random Voronoi tessellation, with grains
bounded by B-Splines to design irregular porous artifacts with con-
trollable pore shapes and distributions without requiring any
existing objects as prerequisites. Redenbach [39,42] showed that
Laguerre tessellations outperforms Voronoi tessellations in model-
ing of ceramic and aluminum foams. Pasko et al. [43] employed
FRep to model both regular lattice and irregular porous material
by combining generative and reconstructive approaches through
the global optimization in the parameters space of a pseudo-ran-
dom model. FRep use analytic function to define the boundary of
the microstructure hence its representation is very compact.
Multi-scale microstructures modeled by FRep can be found in
[44]. Significant emphasis has been also placed on designing unit
cells with desired mechanical properties that can be used in ran-
dom or periodic material structures. For example, Chen [45] devel-
oped a texture mapping design system to add internal structures
into solids, which allows designers to select a microstructure from
a library. Sigmund [46,47] used a topology optimization approach
to synthesize unit cells with desired or novel material properties in
a microstructures, for example, materials with negative Poissons
ratio. Beside the shape, the distribution of unit cells has been stud-
ied as well. For example, a descriptor-based design methodology
which uses parametric optimization approach to search the opti-
mal microstructure was proposed in [48,49].

As shown in [15], constructing a procedural model of random
heterogeneous material with material descriptors matching a
given sample is generally difficult. The most popular approach to
reconstructing a material is formulated as a large-scale stochastic
optimization problem [37,50,20,51–53], where two-point correla-
tion functions between exemplar and reconstruction result are
matched through iterations. Popular optimization algorithms
include simulated annealing [50,20,53] and termite algorithm
[37]. The advantage of the optimization-based approach is that it
is applicable to a broad spectrum of random heterogeneous mate-
rials in that it is independent of stochastic model describing the
formation of random heterogeneous material [11]. Since the objec-
tive function is optimized globally (everywhere in reconstruction
result), the convergence speed for stochastic optimization is gener-
ally very slow, making this approach computationally expensive.
This is a major shortcoming of all optimization-based approaches,
because microstructures with identical two-point correlation func-
tion can be very different, and these differences can be captured
only using higher order correlation functions [7]. Graham-Brady
and Xu [54] realized that the correlation ranges for most of micro-
structures are short. As a result, higher-order statistical simulation



Fig. 2. A 2xþ 1 neighborhood window Nt located at pixel t in the exemplar of size
T; here x ¼ 2.

180 X. Liu, V. Shapiro / Computational Materials Science 99 (2015) 177–189
of random materials becomes computationally feasible. Jiao and
Torquato [55] proposed a hybrid method which includes two-point
cluster function into the target function of the optimization and
achieved a significantly more accurate reconstruction than using
two-point correlation function alone. They also observed that using
two-point correlation function alone overestimates clustering in
the material. Zachary and Torquato [56] and later Guo et al. [57]
proposed a dilation-erosion method that erodes reconstruction
results from dilated exemplars. The accuracy of this method is
reported as comparable to the hybrid method [55]. Instead of
updating the reconstructured microstructure directly, Koutsourel-
akis and Deodatis iteratively updated two-point correlation func-
tions from intermediate Gaussian random fields [58]. While their
method cannot include material descriptors other than two-point
correlation functions, it converges faster than other optimization-
based methods as a much smaller microstructure space is
explored.

The optimization-based methods are also limited in their ability
to create more complex material models, for example for aniso-
tropic materials and those based on gray-scale image samples,
because they depend on their ability to directly sample the corre-
lation functions. By contrast, we show below that the MRF texture
synthesis handles such and other models automatically and with
minimal modifications.

A gradient based method for reconstruction was explored in
[59], but its effectiveness is compromised by the presence of
local minima. A heuristic reconstructive approach modeling of
bone scaffold based on texture synthesis was proposed in
[30,60], and argued to be effective based on computed mechan-
ical properties of the reconstructed sample. We conclude this
necessarily incomplete review by noting that the generative
and reconstructive approaches are not mutually exclusive and
could be combined for generating more effective material
models.
3. Material reconstruction as texture synthesis

We now consider a simple two-phase material microstructure
as a binary (2D or 3D) image. Given a sample (exemplar) X of such
a material image, we now explain how a Markov Random Field tex-
ture synthesis generates samples Y in the material class XðXÞ
defined by n-point correlation functions.
1 The texture synthesis algorithm implemented in present work is primitive and of
greedy nature. With decades of developments in computer graphics community,
more elaborated algorithms which have better tolerance on the assumptions are
available. Readers may refer [64] for a review.
3.1. Markov random field model of texture synthesis

The term ‘‘texture’’ generally refers to images containing
repeating patterns with certain amount of randomness [19,61].
The amount of randomness can vary from regular (a tiled floor)
to stochastic (a beach sand), which allows a wide spectrum of tex-
tures [61,62]. Texture synthesis techniques are widely used in
computer graphics and can be categorized into procedural and
example-based based. We will not consider procedural texture syn-
thesis methods here, because they suffer from the same limitations
as the generative material modeling approaches (see Section 2).

Example-based texture synthesis aims to create large
non-repetitive images from a small image exemplar. During the
synthesis process, new images are synthesized based on an
existing sample such that the resulting pattern and existing
sample appear to be generated by the same underlying stochastic
process [63]. The most successful model for graphic application
to date is based on the Markov Random Field (MRF), which
requires the texture to be a realization of local and stationary
random process. More recently, MRF model proved to be highly
successful as a basis for non-parametric texture synthesis algo-
rithms. One such algorithm,based on the algorithm in [63], is
described in Appendix C and is adapted for experimental studies
in this paper.1

Intuitively, the method holds the property that the spatial
neighborhood of each output image element (pixel for two dimen-
sional cases, voxel for three dimensional cases) is similar to at least
one neighborhood at the input [63,64]. More formally, it can be
characterized as heuristic method that is based on the two
assumptions of Markov Random Field: (1) locality, or that the value
of image at any site depends only on the neighboring sites, and (2)
stationarity, or that texture remains invariant under translation. As
observed by [19], such a method applies and preserves the MRF
conditions in a non-parametric fashion. This is both the power
and the limitation of the technique. On one hand, non-parametric
MRF methods are more general and powerful than procedural and
model-based techniques in the sense that one single algorithm can
usually be used to synthesize a wide spectrum of textures. On the
other hand, beside the exemplar, the only available parameter is x
defining the size of the window Nt (Fig. 2, readers may refer to
Appendix C for a precise definition of the neighborhood window).
3.2. Material microstructure reconstruction by texture synthesis
preserves material descriptors

Considering the digital image of a material’s microstructure a
‘‘texture,’’ it is natural to use texture synthesis to solve the material
reconstruction problem. Indeed, the use of texture synthesis has
already been advocated in [30] to generate bone scaffolds based
on heuristic arguments and numerical experiments. But what
makes the task of material microstructure reconstruction different
from texture synthesis is their goals. Texture synthesis focuses on
generating visually pleasant images, while material reconstruction
requires preservation of material descriptors during the recon-
struction process. Hence, in order to utilize texture synthesis as a
method for material reconstruction method, we must first answer
the fundamental question: which, if any, material descriptors are
preserved by the texture synthesis process? The answer to this ques-
tion determines whether it is reasonable to expect that the recon-
structed material and the original exemplar belong to the same
material class or not. We now show that the answer to this ques-
tion is affirmative, not only when n-point correlation functions
are chosen as material descriptors, but also a larger set of material
descriptors including Minkowski functionals, line path function,
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nearest neighbor function, and other reasonably well-behaved
properties of the material’s microstructure.

Our argument is based on the result by Levina and Bickel [19]
who show that texture synthesis provides consistent estimates of
the joint distribution in a predefined neighborhood window. Based
on their proof (C.6), we may postulate that any MRF-based texture
synthesis method also consistently estimates all material descrip-
tors inside such neighborhood window:

sup
q2X
jFDt ðDðqÞÞ � FDðDðqÞÞj ! 0 a:s: as T !1

This formal statement is obtained by a syntactic substitution in the
result from [19] reproduced in appendix Appendix C, where the ran-
dom local configuration Q of microstructure is replaced by a func-
tion DðQ Þ of Q . Thus, if Q ðtÞ is the local configurations from
reconstruction result (input exemplar), then Dt � DðQ ðtÞÞ;X is the
space of all possible configurations in a quarter of the neighborhood
window xd;d is the dimension of the microstructure image. With
an order properly defined, FDðtÞ ¼ PðDðtÞ 6 dÞ is the cumulative dis-
tribution function of DðtÞ, T is the size of input exemplar. Informally,
a texture synthesis method that preserves (in the limit) the joint
distribution of random variables of material’s microstructure in a
neighborhood will also preserve (in the limit) any reasonable func-
tion of the microstructure in that neighborhood.

In particular, the n-point correlation functions SnðqÞ and Min-
kowski functionals WaðqÞ are instances of material descriptors
fDig that are consistently estimated by any MRF-based texture
synthesis method within any neighborhood window. Notice that
this implies consistent estimation of the expectation of Minkowski
functionals, as well as of Minkowski functionals densities:

WaðXÞ
VðXÞ �

WaðYÞ
VðYÞ

����
����! 0 a:s: as T !1 ð1Þ

where V is the macroscopic volume of material microstructure. The
same argument extends to other commonly used material descrip-
tors, such as line path function, nearest neighbor function as well as
physical properties that are integrals of functions over
microstructure.

3.3. Implementation details

We use Gaussian Pyramid [63] to accomplish the reconstruction
with a smaller neighborhood at different levels of resolution.
Gaussian pyramid is a stack of series of images which are
smoothed (blurred) by a Gaussian kernel and then down-sampled.
After finishing the reconstruction at lower resolution, the result
will be up-sampled to be the template of reconstruction at higher
resolution. The pixels (voxels) reconstructed will be determined by
pixels (voxels) reconstructed in current resolution and lower reso-
lution combined. The benefit of using Gaussian Pyramid is twofold:
firstly, it alleviates the computational burden without jeopardizing
the actual size of neighborhood by using a much smaller size of
window for comparison at different levels of resolution. Secondly,
lower level Gaussian Pyramid can be seen as a good initial guess to
guide the reconstruction. In this process, closer sites gain more
weight than sites further apart. We shall see that use of Gaussian
Pyramid does not affect the consistency of estimation (of joint
probability distribution or of dependent material descriptors),
because the Gaussian kernel, which emphasizes the impact of close
neighbors, is also incorporated in Levina and Bickel’s proof [19].

We also use periodic boundary condition (PBC) [63] in the
implementation of the algorithm. For example, in two (three)
dimensional implementation, when the current pixel (voxel)
approaches the right edge of reconstruction result, its neighbor-
hood is simply wrapped around over the left edge of the exemplar.
Similar rules apply in other dimenstions, e.g. to top and bottom
edges. PBC helps to remove the boundary effect and make full
use of the neighborhood. Also, with PBC, the reconstruction result
will be tileable, which may be useful in dealing with large
microstructures.

4. Neighborhood size and experimental results

4.1. Neighborhood window size

We ran the reconstruction on six different material micro-
structure samples with different neighborhood sizes, from 5� 5
to 15� 15 (Table 1). These experiments serve the dual purpose:
to confirm that the texture synthesis in fact preserves the corre-
lation functions and to study the effect of neighborhood size on
the quality of reconstruction. To reduce the sampling errors, 11
more reconstructions are generated in addition to the ones in
Table 1. For each exemplar, the relative errors (averaged from
12 independent reconstructions) of two-point correlation func-
tion at different window size are plotted in Fig. 6 (Refer Section
4.4 for more details). It is clear that the choice of neighborhood
window size impacts the quality of reconstruction, which imme-
diately raises the question: what is the optimal window size
2xþ 1?

Even though MRF-based texture synthesis has been an active
research area for more than a decade, there is not a consensus on
a systematic approach to choosing the size of neighborhood win-
dow [19]. It is generally believed that structured textures require
a larger window [19]. And it is not difficult to observe that a smal-
ler neighborhood window tends to create more randomness on a
structured input. In this section, we propose a rational procedure
for choosing a smallest window size that is likely to preserve many
widely used material descriptors. Our arguments are supported
both theoretically and experimentally.

Informally, thinking of microstructure as a spatial signal, the
window should be large enough to cover the lowest frequency that
affects the chosen material descriptor. Put another way, the very
formulation of the material modeling problem rests on assumption
of stationarity: the material samples must remain in the same
material class as the reference location moves throughout the
exemplar. This implies that the window of optimal size should
be large enough to capture meaningful microstructure, but not lar-
ger than that. Below, we propose a method to determine an opti-
mal window size based on the commonly assumed grain-germ
model of microstructure.

4.2. Grain-germ characterization of two-point correlation function

Recall that geometry of microstructure may be conveniently
conceptualized in terms of the usual grain-germ model discussed
in Section 2.2. Grains refer to particles, fibers, Voronoi cells, truss
units, pores, beams, plates, and other compact sets modeling basic
repeating material elements in a microstructure, while germs refer
to their distribution (locations) within the microstructure. Thus
bone may be conceptualized as a spatial distribution of beam
and plate elements [65], and metal foams may be viewed as ran-
dom allocation of truss cells positions on a randomly generated
Voronoi diagram [66].

With this conceptualization, the lower order correlation func-
tions measure the lower frequencies in microstructure: the size
of grains and distribution of germs, while the higher order correla-
tion functions are more sensitive to (high-frequency changes in)
the shape of grains [7]. Since lower frequencies usually have longer
correlation ranges, we will choose the window size based on two-
point correlation function. If we ignore the high-frequency oscilla-
tions, a change in slope is observable as the correlation range
increases (Fig. 3). Hence we make our first assumption:



Table 1
Material microstructure and their reconstruction with different window size.

Exemplar 5� 5 7� 7 9� 9 11� 11 13� 13 15� 15

1

2

3

4

5

6

Fig. 3. The period of the high-frequency oscillation and the length of the steepest
slope drop in the correlation function.

Fig. 4. Two-point correlation functions of images of random noises, the left image
has the pixels as grains while the right image has circular grains with diameter
equal to 10 pixels. It is not hard to observe that the left one yields a length of
steepest drop of 1 pixel and the right one gives this length about 10 pixels.

Fig. 5. Two-point correlation functions of images of two regular patterns, both
images has circular grains with diameter equal to 10 pixels. The distance between
the germs in the left image is 18 pixels while the one in the right image is 24 pixels.
It shows that the period of high-frequency oscillations correspond to the distance
between the germs in the microstructure.
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The length of the steepest drop in slope (measured along the dis-
tance axis) of the two-point correlation function measures with size
of the grain.

To be more precise, this length measures roughly the diameter
of the grain.

If we subtract this low-frequency component from original two-
point correlation function, we get a damped periodic function with
decreasing amplitude whose period indicates the most frequent
distance to nearest neighbor. The sharp wave crests and troughs
(local maximum and minimum) suggest that the nearest neighbors
locate at relatively uniform distances. In other words, we can also
assume that:

The period of high-frequency oscillations in the two-point correla-
tion function roughly measures the distance between the germs in
the microstructure.

The decrease in amplitude is the result of more incorporated
germs turning relatively uniform distances into uniformly distrib-
uted distances with growing correlation range. To further explain
the concept, Fig. 4 shows two images of random noises. Since the
germs are randomly generated in both images, the corresponding
two-point correlation functions do not exhibit high frequency
oscillations after the steepest drops. Fig. 5 shows two images with
different inter-grain distances that are consistently estimated by
the corresponding periods of high-frequency oscillations in the
respective two-point correlation functions.



Fig. 6. Relative errors on two-point correlation functions of reconstructions with
different neighborhood sizes. Each sampling point in the graph is averaged from 12
reconstruction results to reduce sampling errors.

Examplar 1 Examplar 2

Examplar 3 Examplar 4

Examplar 5 Examplar 6

Fig. 7. Parameterization of two-point correlation functions. The red dots are the
sampled two-point correlation functions, blue solid lines plot fitted C2ðrÞ and the
black solid lines are fitted WðrÞ, green dashed lines are fitting results of [20]. The
relative errors of our parameterization and method in [20] are shown on the corner
of each plot. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

X. Liu, V. Shapiro / Computational Materials Science 99 (2015) 177–189 183
4.3. Optimal window size from estimated two-point correlation
functions

Based on the above assumptions, we conjecture that a mini-
mally required size of neighborhood window (with respect to the
assumed grain-germ model) is implied by the properties of the
exemplar’s two-point correlation function:

the period of the high-frequency oscillation plus the length of the
steepest slope drop in the correlation function.

Mathematically, we propose a new analytic expression for two-
point correlation function,

S2ðrÞ ¼ C2ðrÞ þWðrÞ

which combines Corson’s formula [21]:

C2ðrÞ ¼ /2 þ /ð1� /Þe�crn ð2Þ

and damped wave function:

WðrÞ ¼ Ae�krcosðhr þ hÞ ð3Þ

In Corson’s formula (Eq. (2)), / is volume fraction, c and n are
empirical constants and can be determined by a least square curve
fit. This formulation satisfy the constraints on two-point correla-
tion function: C2ð0Þ ¼ / and C2ð1Þ ¼ /2. Corson’s formula has
been shown to be appropriate for random microstructure [67],
however it does not account for the high frequency oscillation after
the steepest drop. This difference can be modeled by a damped
wave function since the oscillation fades out due to the average
effect at long correlation range. In damped wave function (Eq.
(3)), A; k;x and h are maximum amplitude, decay constant, fre-
quency and phase of the wave that can be determined by least
square curve fit as well.

The curve fitting is done in two steps: first, Corson’s formula is
fitted onto two-point correlation function to obtain C2ðrÞ. As
shown in Fig. 3, this fitting will screen out the oscillations from
the structured part (grains) of the microstructure. Then, the oscil-
latory component of the two-point correlation function is obtained
by subtracting the fitted Corson’s function from the original corre-
lation function as WðrÞ ¼ S2ðrÞ � C2ðrÞ, and is fitted by damped
periodic function (Fig. 7).

A parameterization of two-point correlation functions that
account for the oscillatory behavior has also been proposed in
[20]. Our parametrization not only fits all six correlation functions
better, but it also accounts for the two different length scales: the
length of the steepest slope drop and the period of the high-fre-
quency oscillation. Rewriting C2ðrÞ ¼ /2 þ að/� /2Þ, we see that
parameter a gives a rough estimate of the drop in value of C2ðrÞ
as a function of distance r. In fact, from Eq. (2), we can then esti-
mate the value l1 of r corresponding to any particular fraction a as

l1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� lnðaÞ

c
n

r

For example, setting a ¼ 0:1 corresponds to an empirical obser-
vation that the length of the steepest slope drop is roughly 10% of
the difference ð/� /2Þ between long range and short range values
of C2ðrÞ. It is also easy to see that the period of the high-frequency
oscillation:

l2 ¼
2p
h

Based on the above observations, the neighborhood window
size of texture synthesis 2xþ 1 should be no smaller than l1 þ l2.
Fitting parameters of Corson’s formula and damped periodic func-
tion for all exemplars are reported in Table 2 and the optimal win-
dow size 2xþ 1 is determined based on a three-level Gaussian
pyramid implementation and calculated by the next odd number
larger than ðl1 þ l2Þ=4.

We also observed that the error in correlation function may also
increase when the window size is increased beyond minimally
required one, for example in reconstruction results for exemplars
1 and 2. The most likely explanation for this behavior is that the
input material microstructures are not truly homogeneous and
the assumption of stationarity does not hold. In this case, a larger



Table 2
Fitting parameters of Corson’s formula and damped periodic function.

Exemplar / c n A k h h l1 l2 l1 þ l2 Optimal window size

1 0.5872 0.0316 2.2042 �0.1035 0.0481 �0.3222 �0.6158 7.0029 19.5001 26.503 7
2 0.3927 0.0175 2.077 0.0666 0.026 0.2039 0.8981 10.4699 30.8113 41.2813 11
3 0.5233 0.0227 1.8518 0.1272 0.0518 0.1322 1.2015 12.1164 47.5279 59.6443 15
4 0.6118 0.0617 1.9775 �0.0505 0.041 0.2741 �2.0109 6.2345 22.9191 29.1536 9
5 0.25 0.0346 2.0964 0.0419 0.011 0.2572 0.9925 7.4107 24.4309 31.8416 9
6 0.67 0.0308 2.1903 0.1147 0.0514 0.3092 0.6781 7.1729 20.3177 27.4905 7
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neighborhood window will suppress the non-homogeneous
regions of the input microstructure.

4.4. Experimental results

To compare the correlation functions of the constructed micro-
structures to the input sample, we measured the relative error
computed in L2 norm:

kSnðYÞ � SnðXÞk2

kSnðXÞk2

Though the definition of correlation functions is straightforward,
the computation of such functions is not a trivial task. As mentioned
in Section 2, even with the assumption on stationarity and isotropy,

an n-point correlation function needs n
2

� �
pairwise distance to

fully specify, and direct estimation of n-point correlation function
is OðNnÞ for N sites. Clearly, brute-force estimation of higher order
correlation functions is impractical. We implemented an FFT-based
method [7] to compute two-point correlation functions in MATLAB.
Third and higher order correlation functions are estimated using
software packages relying on KD-trees [68]. We emphasize that
these correlation functions are compared at a much longer range
than the optimal neighborhood window size, with the longest pair-
wise distance equal to 150, 100 and 60 pixels for two-point, three-
point and four-point correlation functions, respectively.

Table 3 shows the relative errors in correlation functions and
Minkowski functionals between the original sample and recon-
structed microstructures using optimal neighborhood window
size. The results indicate a good agreement in first four orders of
correlation functions for reconstructed microstructures with an
exception for Exemplar 3, as predicted by the theory. Exemplar 3
does not fully satisfy the stationarity assumption due to the limited
size of input.

To estimate values of Minkwoski functionals, we used the soft-
ware package develop by Legland et al. [69]. The error on Minkow-
ski functionals are compared in two different ways: the cumulative
frequency of Minkowski functionals estaimted at optimal window
size are compared in Fig. 8; and the Minkowski functional densities
(per Eq. (1)) between the input exemplars and reconstruction
results are compared in Table 3. Note that the ‘‘density of area’’
coincides with first order correlation function and is therefore
has been omitted as redundant.
Table 3
Relative errors of reconstructed microstructures in Table 1 at optimal window size.

Exemplar Correlation functions (%)

1st order 2nd order 3rd order

1 0.96 2.05 2.5
2 0.95 4.18 6.7
3 4.07 7.79 9.15
4 1.25 2.58 2.95
5 0 4.07 5.4
6 1 2.05 0.91
The statistics of Minkowski functionals agree well between
input exemplar and reconstruction result, except for Exemplar 3
and Euler characteristic of Exemplar 1. We already conjectured
that the Exemplar 3 is too small and fails the stationarity assump-
tion. The behavior of Exemplar 1 may be explained by the apparent
lack of ‘‘grains’’ in the image; in this case, the parameter l1 and l2

are likely to be dominated by the widths of the material(black)
and void(white) paths respectively in the image. The resulting win-
dow is too small because connectivity of the image within the win-
dow will vary widely under small perturbations. Table 5 shows
timing statistics for reconstructions in different neighborhood win-
dow sizes.

To verify the effectiveness of our method for selecting the opti-
mal neighborhood window size, we computed the relative errors in
Minkowski functionals between the exemplar and reconstructed
microstructures at different window sizes. These are shown in
Table 4. The relative errors for the selected neighborhood window
size are shown in bold. The results suggest that in all cases the
selected window sizes are either optimal or nearly optimal. A nota-
ble exception is the behavior of the Euler characteristics for Exem-
plars 1 to 3. Because the Euler characteristics is quite small in all
exemplars, even mildest violations of the stationarity conditions
can lead to large relative errors in the reconstructed results. This
phenomenon is exhibited clearly for Exemplar 2, where the Euler
characteristics is 4, but even the reconstruction with largest win-
dow size does not capture the topology of the exemplar, which is
not stationary. By contrast, the Exemplar 5 is stationary, and its
topology measures (including the Euler characteristics value of
64) is properly accounted for.

4.5. 3D reconstruction

For a fixed window size, the running time complexity of the
algorithm in Appendix C to reconstruct the d-dimensional material
sample of size nd from a md-sized exemplar is OðmdndÞ. This implies
that the brute force implemention of the algorithm in three dimen-
sions would increase reconstruction time by a factor of mn, making
it impractical in most situations. For example, to reconstruct a
microstructure of the same size as the exemplar at the resolution
of 192� 192� 192, both the number of voxels (in reconstructed
result) need to be determined and the number of voxels (in exem-
plar) need to be searched are 192 times more, in total results in
192� 192 ¼ 36864 times longer to compute than its counterpart
Minkowski functionals densities (%)

4th order Perimeter (mm�1) Euler characteristic (mm�2)

1.48 3.24 23.89
11.35 0.6 5.88
15.99 9.38 13.98

4.90 0.08 0.35
2.76 0 0
1.12 4.12 7.06



Examplar 1 Examplar 2 Examplar 3 Examplar 4 Examplar 5 Examplar 6

Fig. 8. Cumulative frequency polygon of exemplar and reconstruction result. The measurements from input exemplar are represented in circles while the measurements
from reconstruction results are represented in lines.

Table 4
Relative errors on Minkowski functionals densities of the reconstructed microstructures for all neighborhood window sizes. Each error in the table is averaged from 12
reconstruction results to reduce sampling error.

5� 5 7� 7 9� 9

Exemplar Perimeter (%) Area (%) Euler (%) Perimeter (%) Area (%) Euler (%) Perimeter (%) Area (%) Euler (%)

1 6.98 1.49 60.47 4.18 0.77 25.21 3.06 0.62 26.28
2 4.54 6.26 40.69 2.16 1.63 58.33 2.33 3.55 50.98
3 9.46 13.56 9.68 11.33 7.98 12.90 6.20 4.99 10.75
4 8.69 2.96 7.21 2.23 1.91 3.63 0.83 2.08 3.87
5 2.11 2.49 2.31 0.00 1.06 0.00 0.00 0.73 0.00
6 10.93 10.65 9.14 8.70 4.71 8.62 7.63 4.58 10.67

11� 11 13� 13 15� 15

1 1.99 0.91 34.62 1.88 0.71 36.11 1.83 0.99 77.35
2 1.79 2.22 59.31 2.36 3.54 100.00 2.86 3.66 100.98
3 6.43 5.00 7.17 8.69 7.06 8.78 8.49 5.47 11.29
4 2.24 1.04 4.08 3.26 1.24 5.79 4.30 0.90 6.32
5 0.00 1.23 0.00 0.00 0.79 0.00 0.00 0.97 0.00
6 9.61 5.31 14.21 8.45 5.70 12.76 8.05 7.32 13.16

Table 5
Timing statistics for reconstructions in different neighborhood window sizes (in
seconds).

Exemplar 5� 5 7� 7 9� 9 11� 11 13� 13 15� 15

1 169.96 201.62 237.26 282.61 319.13 363.33
2 171.42 200.54 234.18 279.62 315.95 358.70
3 173.34 203.99 236.51 283.00 319.32 363.19
4 173.42 204.70 240.67 287.88 323.54 368.71
5 167.45 195.72 227.76 270.88 302.40 339.73
6 169.75 201.13 236.39 282.60 318.48 365.10

Fig. 9. Reconstruction of three dimensional Berea sandstone. The exemplar
(128� 128� 128) is on the left, the reconstruction result (154� 154� 154) is on
the right.
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in two dimension. The computational burden of the MRF texture
synthesis method is commonly alleviated using patch-based
method [70], which replaces the individual pixels by patches
(neighborhoods of pixels).

We have implemented this method and used it to reconstruct a
three dimensional model of Berea sandstone. The 3D micro-CT
image measured at the pore-scale modeling research group at
Imperial College London [71] served as the exemplar for the recon-
struction (Fig. 9(a)). The diameter of grain in sandstone is esti-
mated to be at least 5 based on the steepest drop in the
two-point correlation function (Fig. 10), as described in Section
4.1. The flat tail of the correlation function indicates an even
distribution of distances between germs, which suggests that the



Fig. 10. Two-point correlation function of the Berea sandston. The flat tail indicates
an even distribution of distances between the germs.

Table 6
Relative errors of Berea sandstone reconstruction.

Descriptors Relative errors (%)

Two-point correlation function 6.31
Volume fraction 3.26
Density of surface area (mm�1) 2.23
Density of mean width (mm�2) 1.71

Density of Euler characteristic (mm�3) 1.04

Fig. 11. Reconstruction on anisotropic material with neighborhood window size
5� 9 on a three-level Gaussian pyramid.

Fig. 12. Reconstruction on three-phase material.
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distance between germs in the sandstone cannot be estimated
from a two-point correlation function. In this case, we pick the this
distance manually to be 25, five times of the diameter of the grain,
a distance that is expected to cover most of the neighboring grains.
Fig. 9(b) shows the reconstruction of the sandstone exemplar (a)
using 30� 30� 30 window size. The relative errors in Table 6
suggest good agreement in Minkowski functionals and two-point
correlation function with the exemplar. The reconstruction takes
about 2.5 h on an Intel Core i7 3.4 GHz CPU computer with 16
gigabytes memory.
Fig. 13. 3D microstructures reconstructed from 2D material exemplars. (c) and (d)
are reconstructions from single inputs (a) and (b), respectively. (e) is a microstruc-
ture reconstructed from multiple 2D material exemplars, (a) for top and front view
and (b) for left view. (f-h) are the 78th, 128th and 128th sections from top, front and
side, respectively.
5. Extensions

Anisotropic materials. As explained in the appendix, the two-
point correlation function is able to represent material anisotropy
in principle; however, in practice, isotropy is usually assumed so
that two-point correlation function becomes a function of single
parameter, distance. Additional non-trivial computations are
required to incorporate the directional parameters into the two-
point correlation function. The same MRF texture synthesis proce-
dure reconstructs anisotropic material without extra cost. If the
material microstructure is strongly anisotropic, we can also adapt
the shape of neighborhood window to capture the anisotropy as
shown in Fig. 11.

Gray-scale models and multiphase materials. It is worth not-
ing that microstructure sample images are usually acquired from
microscopy, lCT and MRI in a form of gray–scale images. The gray
value represents the variation inside material sample, which
usually carries much more inform than its binary counterpart.
The optimization-based material reconstruction, requires the
gray-scale images to be thresholded before sampling two–point
correlation function, resulting in significant loss of information in
the exemplar and in the reconstructed microstructure. The MRF
texture synthesis method extends to gray-scale image directly.
Materials with more than two phases can also be represented by



Exemplar ×5 5 ×7 7 × 99

11 × 11 ×13 13 15 × 15

Fig. 14. Reconstruction of a Jordan curve with different window size.
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gray-scale model and be reconstructed through MRF texture
synthesis method accordingly (Fig. 12).

Composition of lower-dimensional models. A useful exten-
sion of texture synthesis method allows to compose microstruc-
ture models from different sources. The original idea is proposed
in [61]. Instead of matching full neighborhood at full dimension,
cross-sections of full neighborhoods are matched to three orthog-
onal views – that may come from the same material or from differ-
ent materials (Fig. 13). Reconstruction in each cross-sections will
inherit the material properties from that section. The final value
of a three-dimensional mictostructure is a composition (for exam-
ple, average or maximum) of the three two-dimensional values.
This technique may be used to construct a 3D microtexture from
a 2D exemplar.

6. Conclusion

The main advantage of the MRF texture synthesis approach to
material modeling is that, with a proper choice of neighborhood
window, it automatically preserves all correlation functions
through order xn, as well as other material descriptors, with nom-
inal computational effort. It accomplishes this task efficiently, in a
single pass, and does not require explicit representation or compu-
tation of material descriptors. The computational cost is non-trivial
but is manageable and scales linearly with the size of neighbor-
hood and the size of the reconstructed microstructure.

The key missing assumption from the optimization-based
approaches is Markovianity of the microstructure which states that
the probability of a having the material at a site in a random field
depends only on its neighborhood. With this assumption, the glo-
bal optimization problem reduces to a simpler and local problem
that is solved by texture synthesis.

We relied on the grain-germ model of materials to develop a
novel approach for choosing optimal size of neighborhood window
in the texture synthesis procedure and demonstrated experimen-
tally that, with properly chosen neighborhood size, the second
and higher order correlation function are preserved both inside
and outside the neighborhood window. The proposed approach is
validated by the empirical studies using synthetic samples in
Table 1, as well as reconstruction using real materials (for example,
see Figs. 1 and 9).

We demonstrated several extensions of the method to recon-
struct material anisotropy, gray-scale models, and combined
lower-dimensional models, but many other extensions and possi-
bilities remain to be explored. For example, two different material
microstructure can be merged seamlessly by the impainting (hole
infilling) technique; microstructures with variable densities can be
mapped onto results generated by topology optimization by tex-
ture transfer techniques.

On the other hand, the texture-based method is ‘‘data-driven’’
and cannot accept an experimentally determined or specified cor-
relation function as the target input. The cost of texture synthesis
for reconstruction of microstructure with long-range correlation
function becomes prohibitive. Both the power and the limitations
of the approach are based on assumptions of locality and stationa-
rity of the microstructure.

The method cannot be used when these assumptions do not
hold. For example, consider reconstructions of exemplar in the
Fig. 14. While all reconstructed structures appear similar to the
exemplar, none of them are able to reconstruct the essential topo-
logical property of the Jordan curve. This is not surprising because
this condition does not satisfy the stationarity assumption. It is also
easy to show that correlation functions are not sensitive to topo-
logical changes in microstructure.
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Appendix A. Correlation functions

For a random heterogeneous material, with indicator function
IðiÞðxÞ defined:

IðiÞðxÞ ¼
1; if x lies in phase i

0; otherwise

�

n-point correlation of phase i can be formulated mathematically as:

SðiÞn ðx1;x2; . . . ;xnÞ ¼ hIðiÞðx1ÞIðiÞðx2Þ . . . IðiÞðxnÞi

where h. . .i denote the expectation (ensemble average) of a func-
tion. Take porous media for example, the first momentum of n-
point correlation function

SðiÞ1 ðxÞ ¼ hI
ðiÞðxÞi

is just the volume fraction /. The second momentum is two-point
correlation function
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SðiÞ2 ðx1;x2Þ ¼ hIðiÞðx1ÞIðiÞðx2Þi

which can be described as the probability that a randomly tossed
line will have both of its ends fall into phase i (material phase or
void phase). With the assumption that the material is statistically
homogeneous (also called spatially stationary and is required by
the Markov Random Field model for texture synthesis), the stochas-
tic process is translationally invariant, and the two-point correlation
function can be written as SðiÞ2 ðrÞ or SðiÞ2 ðr; h;/Þ, where r can be
decomposed into three components: r gives the length while h
and / give the direction of the vector. If the material is also isotro-
pic, i.e., the material is rotation invariant, the two-point correlation
function becomes SðiÞ2 ðrÞ. For isotropic media, SðiÞ2 ðrÞ would degener-
ate into SðiÞ1 ðrÞ ¼ /i as r ! 0 and converge to /2

i , since two points fall
into phase i at same time become independent events if the dis-
tance between them is outside the correlation range.

Based on the above definition, one can deduce lower order cor-
relation functions from higher order correlation functions, simply
by shrinking the distances between sample points to zero. This
conceptual shrinking process reveals the lower order correlation
information is also captured by the higher order correlation func-
tions. Thus, the material class defined by higher order correlation
function is a proper subset of the one defined by lower order cor-
relation function.

Appendix B. Minkowski functionals

Minkowski functionals are a set of topological and geometrical
descriptors of material microstructure. There are dþ 1 Minkowski
functionals in d-dimensional space. One way to approach Minkow-
ski functionals is through Steiner’s formula. In three dimension, let
K be a compact convex body in R3, with regular boundary @K 2 C2.
Consider the convex body K� parallel to K at a distance �, i.e.:

K� ¼
[
x2K

B�ðxÞ

where B�ðxÞ is a ball with radius �. Steiners formula show that the
volume V� of K�

V� ¼ V þ F�þ H�2 þ 4p
3
�3 ðB:1Þ

where V ; F and H denote the volume, surface area and integral mean
curvature of K.

More generally, Steiners formula for convex bodies in d-dimen-
sional Euclidean space may be written as

V�ðKÞ ¼
Xd

a¼0

d

a

� �
WaðKÞ�a

whereby the dþ 1 Minkowski functionals Wa are defined. For d ¼ 3
we find by comparison

W0ðKÞ ¼ VðKÞ;3W1ðKÞ ¼ FðKÞ;3W2ðKÞ ¼ HðKÞ;W3ðKÞ ¼ GðKÞ
¼ 4pvðKÞ;

One important property the Minskowski functionals have is
additivity. Let K denote the class of closed bounded convex set in
Rd. For K1;K2 2 K

WaðK1 [ K2Þ ¼WaðK1Þ þWaðK2Þ �WaðK1 \ K2Þ

By induction,

Wa

[n
i¼1

Ki

 !
¼
Xn

i¼1

WaðKiÞ �
Xn�1

i¼1

Xn

j¼iþ1

WaðKi \ KjÞ þ . . .

þ ð�1Þnþ1Wa

\n
i¼1

Ki

 !
ðB:2Þ
Eq. (B.2) suggests a way to compute non-convex set if such set can
be represented as a finite union of Ki 2 K. Any material microstruc-
tures represented on lattices (images) fall into this category since
every pixel (voxel) is convex and constitutes the microstructure.

Appendix C. Texture synthesis

Let the input exemplar X be a binary image on a d-dimensional
lattice (d = 2, 3). For simplicity and without loss of generality, we
assume the input exemplar has same number of pixel (voxels) T
in each direction. If ft 2 ½1; T�dg is the index set of X, then Xt is
the value of X at site t. This notation extends naturally from sites
to neighborhoods of sites. If

Nt ¼ fs : kt � sk1 6 x; s – tg ðC:1Þ

be a ð2xþ 1Þd window centered at site t, then XNt assigns values to
all sites in the window Nt , which we call a neighborhood. For con-
venience of comparing the neighborhoods to each other, we will
also assume that the elements in Nt are ordered lexicographically.
Our goal is to synthesis a new material image Y by assigning the val-
ues of 0 or 1 to sites Yn. We will use N�t to denote the subset of win-
dow Nt where the value of Ys have already been assigned, i.e.

N�t ¼ fs : s 2 Nt ;Ys – ;g ðC:2Þ

and N�t ðsÞ to denote N�t shifted to center at site s. With this notation,
the texture synthesis procedure is formulated as follows.

1. Select a random start value t 2 ½1; T�d, let Y~1 ¼ Xt .
2. Suppose next site needing to be synthesized in raster (lexico-

graphic) order is n. let
d0 ¼ min
s2½1;T�d

d XN�nðsÞ;YN�n

� �
ðC:3Þ

where dð�Þ calculate the sum of squared difference (SSD) of avail-
able neighborhood. We denote d0 as the best SSD match among
all available neighborhoods. Choose t randomly from

t : d XN�nðtÞ;YN�n

� �
6 ð1þ �Þd0

	 

ðC:4Þ

3. Set Yn ¼ Xt .

Consider a quarter of the neighborhood window
Qt ¼ ½t �xþ 1; t�d, the space of all possible configurations in
which is X ¼ 2wd

. Denote the corresponding vector of values on
reconstruction result lattice sites as Q t ¼ YQt . Let FQ be the cumu-
lative distribution function of lattice sites’ values over all possible
xn neighborhood in the original exemplar X. The cumulative distri-
bution function of Q t is defined as

FQ t
ðqÞ ¼ PðQ t 6 qÞ ðC:5Þ

Levina and Bickel[19] proved that for all t 2 Zn:

sup
q2X
jFQ t
ðqÞ � FQ ðqÞj ! 0 a:s: as T !1 ðC:6Þ

under technical assumptions which include strict stationarity, short
range dependence, and mild regularity conditions. The proof in [19]
assumes d ¼ 2, but its extends to d ¼ 3 in a straightforward manner.
This result implies that, in most reasonable situations, texture syn-
thesis provides consistent estimates of the joint distribution in a
predefined neighborhood window.
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