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We propose a formal framework for modeling multiscale material structures by recursive composition
of two-scale material structures. The framework comprises three components: (1) single scale shape–
material models, supported by single scale queries, to represent the geometry and spatial distribution
of material property on each coarse and fine scales, (2) mechanisms to link the scales by establishing an
explicit relationship between shape–material properties at fine scale and material properties at the coarse
scale, and (3) multiscale queries abstracting fundamental multiscale operations by recursive composition.
While the first component is consistent with classical solid heterogeneous material modeling, the second
component manifests itself as a pair of conceptually new upscaling and downscaling functions. We show
that classical solid modeling queries, exemplified by point membership testing, distance computation,
and material evaluation, generalize to the corresponding multiscale queries that support implicit representations of multiscale structures as a composition of distinct single scale solid material models. The
concept of neighborhood is indispensable in all three components. The framework provides a formal
and consistent extension of solid modeling framework that underlies most commercial systems in use
today, encompasses the variety of different approaches to multiscale modeling, identifies open issues
and research problems with existing two-scale modeling methods, and provides foundations for nextgeneration systems by identifying key objects, classes, representation schemes, and API queries.
© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

The complexity of such structures is often distinctly characterized by the apparent presence of multiple length scales (see Fig. 1).
The length scale is loosely defined as the smallest interval where a
notable change of material property or physical phenomenon of
interest can be observed or measured. The presence of multiple
scales significantly changes the characteristics of a structure, in
particular, its surface area. For example, metal foams with 5%
relative density may have a surface area density up to 10,000
m2 /m3 , which is several orders of magnitude larger than that in
traditional homogeneous solids. Heavily relying on the boundary
representation (BRep), current CAD systems do not scale well with
and often break down in the face of such geometric and material
complexities.
Over the last decade, several methods have been developed for
design and modeling of fine scale structures, ranging from periodic
lattice infills to stochastically generated structures in materials.
For example, material descriptors such as correlation functions [2]
and nearest neighbor distribution [3] have been used to represent
and reconstruct random heterogeneous materials. Metal foams are
commonly modeled by various construction procedures, such as
Boolean model [4] and Voronoi cells [5,6], defined over stochastic
distribution of points. Periodic lattice structures may be efficiently
represented by composing periodic functions with implicitly [7]

1.1. Motivation
Current computer-aided design (CAD) systems are widely
adopted by the industry, replacing manual drawings with intuitive
user interfaces, robust three-dimensional modeling, and the automatic generation of engineering drawings. The inherent limitations of traditional subtractive manufacturing processes also shield
CAD systems from the need to model mechanical components
with complex internal geometries and heterogeneous material
compositions. This status quo is challenged by the rapid development of advanced manufacturing technologies, creating a critical
demand for computer models to facilitate the design, analysis, and
manufacturing planning of complex structures. A diverse body of
examples includes, but is not limited to, laminated and composite
objects, such as airplane wings and ship hulls, embedded sensors
and actuators for active structures, mechanical components made
of polycrystalline, porous, insulating materials and complex structures enabled by additive manufacturing.
author.
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Fig. 1. Multiscale structures of bamboo. The complexity of the structure is distinctly characterized by the apparent presence of multiple length scales. SEM micrograph
image courtesy of [1].

or parametrically [8] defined shapes. Unit cell approaches decompose the coarse-scale shape into disjoint regions that are filled by
unit cells with predefined shapes and material properties [9–11].
The sample-based approach is most versatile among all methods,
capable of modeling a wide range of material structures while
fulfilling the requirement of effective material properties on the
coarse scale [12]. We briefly review these methods in Section 2.2.
Some of these methods led to new commercial tools, such as
nTopology and Autodesk Within, where periodic or Voronoi-based
lattice structures are used to create light-weight infills. However,
despite the abundance of new methods for modeling fine scale
structures, few of them are supported by legacy commercial CAD
systems. The lack of a common mathematical model to compare
and categorize these methods leads to the rising difficulty in the
composition and interoperability with other two-scale modeling
methods and classical solids. This, in turn, leads to the proliferation of ad hoc approaches and dependence on specific software/hardware architectures that may not be extendable. The lack
of a unified framework of modeling the multiscale structure stands
out as a key issue that is addressed by this paper.
1.2. Contributions and outline
In this paper, we propose a formal framework for modeling
multiscale structures. It is based on recursive application of a twoscale shape–material model. Each two-scale model includes the
following components: (1) two single-scale shape–material models to represent the geometry and spatial distribution of material
property on coarse and fine scales, respectively, each abstracted
by single scale queries; (2) mechanisms to link the coarse and
fine scales, such that homogenized shape and material properties
of the structures on the fine scale correspond to those on the
coarser scale; and (3) multi-scale queries that generalize singlescale queries to their multi-scale counterparts.
In the first component, each scale is self-contained shape–
material model that supports all classical single scale queries and
analyses. The single scale shape–material model and queries are
consistent with classical solid and heterogeneous material modeling, and are briefly reviewed in Section 2.1. We note that the material properties on the finest scale are assumed to be well-defined,
i.e. they are achievable by a single material or an idealized mixture
of multiple materials, as is usually assumed in the heterogeneous
material modeling literature.
The second component, mechanisms to link coarse and fine
scales, is the focus of Section 3. The mechanism to link the scales
manifests itself in terms of upscaling or downscaling operations,
where upscaling estimates the coarse scale shape–material model
of a given fine-scale structure and downscaling generates the finescale structure that refines the shape–material model at the coarse
scale. The correspondence in mechanical behavior between the
scales is expressed in term of effective material properties computed by homogenization of neighborhoods at each scale.

Multi-scale queries, the third ingredient of the formulated
framework, is discussed in Section 4. We start by redefining
the single-scale queries explicitly in terms of neighborhood scale
to support the multiscale operations. The redefined single scale
queries reduce to their classical form when neighborhoods become
infinitesimal. We then formulate multiscale queries to return scale
dependent results. For example, a point may be inside the shape
on the coarse scale while outside the structure on some finer
scale; material properties are also different on different scales.
When the upscaling or downscaling algorithms support localized
computations, the multiscale queries are implemented recursively
based on the local evaluation of neighborhoods. Localized multiscale queries hold the key to efficient multi-scale modeling operations. In particular, they support on-demand streaming and local
evaluation of multiscale structures that may be defined implicitly
and/or procedurally, eliminating the need for complete evaluation
of models at all scales.
Section 5 showcases a reference implementation to demonstrate the generalities and capabilities of the proposed framework
and multiscale queries. Examples of three different implementations of fine-scale structures with the same coarse scale material
properties but different representations are shown to demonstrate the interchangeability enabled by the proposed query-based
framework. Another example demonstrates the design of a threescale structure by the recursive application of the proposed framework. Section 6 concludes with a brief summary and discussion of
open research issues.
2. Background and related work
2.1. Single scale shape–material model and queries
Single scale shape–material models combine the classical results of solid modeling in shape and heterogeneous material representations. For decades modeled solids were generally assumed
to have a homogeneous interior, dividing space into three pointsets: the interior of the solid, its boundary, and the exterior of
the solid. With advances in manufacturing, modeling of material
composition became a major research issue in solid modeling. The
material properties are usually represented by a collection of scalar
or vector fields defined over a decomposition of the geometric
domain. Over the years, a great variety of shape and heterogeneous material representations have been developed. Readers are
referred to [13] and [14] for comprehensive reviews on heterogeneous solid modeling.
The various representations have been evolved and refined to
respond to the specific needs of the applications using them. If
a multiscale modeling framework is to realize its full potential,
the various representations used for different scales and phases
(see Section 3) have to be integrated. Conventional wisdom relies
on a data-centric approach which focuses on either specific format or representation conversions. Recently, we saw a departure
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from a data-centric to a query-based approach as the basis for
system integration and interoperation. Queries have been used
to make CAD systems interoperate, exchange partial or complete
model information [15], and integrate solid modeling systems with
engineering analysis systems [16]. As argued in [15], at the very
minimum, the following fundamental queries must be supported
by any single-scale shape–material representation scheme:

• Point Membership Classification Query PMC (Ω , p, ϵ ) returns ‘‘in’’ if the ϵ -neighborhood of p contains only points
inside the shape Ω and returns ‘‘out’’ if no point in the ϵ neighborhood of p is contained inside the shape. The query
returns ‘‘on’’ and some representation of the point’s neighborhood otherwise.
• Distance Field Query DF (Ω , p, ϵ ) returns the distance from
point p to the boundary of Ω if p is at least ϵ away from the
boundary.
• Material Property Query MP(M , p, ϵ ) returns the material
property M at point p if p is inside the shape with respect
to ϵ .
The traditional formulation of PMC query is based on a characteristic function, which is not continuous on the boundary of
the domain, and hence is not formally computable. In practical
terms, it leads to numerous robustness issues and undermines applications where differentiability of PMC is required. For example,
topology optimization via geometric projection methods requires
the sensitivity of the point membership query to update the design
parameters via chain rule [17]. We adopt the definition of point
membership query from [18] using ϵ to return a scalar value
that is continuous with respect to the location of the point p. For
example, it could be an integral query that measures the volume
fraction over a finite neighborhood of size ϵ . If the neighborhood is
chosen to be a ball, it becomes differentiable for almost all practical
purposes.
Other useful single scale queries, such as set membership classification and boundary evaluation, may be defined based on these
three fundamental queries. Readers are referred to [15] for more
details. We will further update these core queries in Section 4,
making them scale-dependent, in order to facilitate the multiscale
operations defined in Section 3.
2.2. Existing methods for multiscale modeling
Several methods for the design and modeling of fine-scale
structures have been developed in the last decade. Without trying
to be exhaustive, the following is a small sample of recent work in
this area. The sample-based approach, together with Voronoi cell
and unit cell approaches, are implemented in Section 5 to generate
fine-scale structures.
Material descriptors. Material descriptors based methods
characterize random heterogeneous material via statistical descriptors, such as volume fraction, two-point correlation function,
and two-point cluster function. Material descriptors are commonly
based on the geometry of the material structure and are relatively
efficient to evaluate [19]. The problem of reconstructing a material
sample characterized by material descriptors is formulated as a
large-scale stochastic optimization problem, where reconstruction
result, as well as its material descriptors, are updated iteratively to
match the target material descriptors [20,21,2]. The advantage of
this approach is that it is applicable to a broad spectrum of random
heterogeneous materials in that it is independent of the stochastic
model describing the formation of random heterogeneous material [22]. However, material descriptors usually represent an
ensemble of materials as different material structures may share
the same set of material descriptors. To the best of our knowledge,
material descriptors based methods have not been generalized

beyond reconstructing existing material structures, for example,
to model functionally graded materials.
Procedural models. Procedural model is an umbrella term for
a number of methods to generate the shape of material structures.
Most of the procedural models follow a grain–germ architecture: a
material shape is generated by placing grains (primitive shapes)
at germs (locations) and composing them into microstructure
following some physically justified rules. Examples of procedural
models include Boolean set operations [4], grain packing subject to
non-interference (random sequential adsorption model) or minimum distance constraints [23], and Voronoi cell models [5]. The
Voronoi cell method has been generalized to generate foams with
orthotropic stiffness [24]. Structures modeled by procedural models are very efficient to generate. However, only limited types of
structures can be represented procedurally. Often, the procedural
model yields poor approximations to the actual geometry of the
material. For example, Arns et al. [25] showed that neither particlebased model nor models based on Voronoi tessellations of Poissondistributed points are able to accurately reproduce the structure of
natural materials such as sandstone.
Unit cell approach. Designing a two-scale structure with unit
cells involves three steps: (1) precomputing a collection of unit
cells spanning a wide range of material properties, (2) optimizing
the coarse scale material property distribution constrained by the
precomputed unit cell effective properties, (3) mapping the optimal material properties onto the microstructures with the corresponding properties to generate the two scale structure [10,9,26].
The first two steps correspond to the common problem of singlescale shape–material design at fine and coarse scales, respectively.
Known as inverse homogenization [27], synthesis of unit cells
on the fine-scale focused on achieving extreme material properties, such as negative Poisson ratio [28] and negative or turnable rate of thermal expansions [29] remains an active field of
research [11,30,17,31]. Different representations of the shape such
as voxelization [32], level set [33], and parametric models [18]
have been investigated. The material property optimization on the
coarse scale is usually performed in conjunction with shape [34],
topology [35], and free material optimizations [36]. Possible representations of the material properties distribution include B-Spline
basis [37], radial basis function [38], and distance-based representations [39]. More recently, the two scales have been combined
to design functionally graded structures with spatially varying
material properties on the coarse scale [10,9,26]. We will discuss
mechanisms to link the scales in Section 3 and related open issues
in Section 6 of the paper.
Functional composition. Modeling fine-scale structure via
composition of functions can be seen as a special case of the unit
cell approach, where the units cells, their deformations, gradations,
and spatial distributions are represented by functions of spatial
variables, either parametrically with B-spline basis [8] and Fourier
basis [40] or implicitly with function representation [7]. Function
composition approach has the advantage of having very compact
representation that is efficient to evaluate. In principle, the composition of functions may be used to model an unlimited variety of
shapes and material fields. However, to the best of our knowledge,
relating parameters of such functions to target material properties
and/or descriptors remains an open research issue and an active
area of research.
Sample-based approach. Liu and Shapiro [41] showed that
sample-based approach reconstructs random heterogeneous material structures with guarantees on commonly used material descriptors, such as correlation functions and Minkowski functionals,
as well as effective material properties. A systematic procedure for
selecting the size of neighborhood based on the two-point correlation function is also proposed. Bostanabad et al. [42] improved the
speed of reconstruction with a feature-based supervised machine
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learning. The sample-based approach has been further applied to
design functionally graded materials [43] and anisotropic material
structures [44]. One distinct feature of the sample-based approach
is that overlapping neighborhoods are used to map the coarse scale
material property to the fine-scale structures, allowing a higher
sampling rate of the material property distribution on the coarse
scale. However, this results in a large amount of neighborhoods and
renders the approach computationally expensive.
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In this section, we formulate the second component of the
proposed multiscale modeling framework: the mechanism to link
the scales. We start by constructing a coarse scale model based
on the shape and material property information on the fine scale.
We refer to this homogenization process as upscaling. With the
help of the vocabulary and intuition developed in this process, we
then formulate the reversed operation of downscaling that, given
a coarse-scale model, generates corresponding fine-scale structures. The downscaling operation encompasses all valid design and
synthesis procedures. The recursive application of upscaling and
downscaling supports the modeling of structures of more than two
scales.

where |·| measure the volume of the neighborhood, u and t are
displacement and traction on the boundary of the neighborhood,
respectively. Values of stress and strain are commonly evaluated
numerically by finite element method or FFT-based Green’s function method [47]. We denote the process of evaluating effective
material property with function E(S i , N i (x)).
Numerical simulation of stress and strain is applicable to all
types of material structures represented by the shape–material
model. However, it can be computationally expensive when the
effective material properties of multiple material samples need to
be evaluated. Methods for homogenizing specific a priori known
material architectures are usually more efficient to use. These
methods include Gibson and Ashby’s model for cellular structures [48], the self-consistent method for random heterogeneous
material with low contrast on phase properties [49], and Mori–
Tanaka method for composites with spherical dispersion [50], to
cite a few.

3.1. Neighborhood function and local effective material property

3.2. Upscaling from the fine scale

The correspondence of physical behaviors between the two
scales is established under premise of locality and the notion of the
neighborhood, i.e. assumption that changes in the fine-scale structure only propagate locally to the coarse scale effective properties
and vice versa. The local physical behavior on the fine scale is captured by evaluating the effective material within neighborhoods.
For a multiscale structure with a total of I scales, we use S i =
i
(Ω , M i ) to represent the shape and material property on ith scale,
with i = 1 being the coarsest scale and i = I being the finest
scale. We introduce ϵ i to represent the characteristic length of
the scale i, with the unit of length (meter, millimeter, etc.). The
lower bound on size of the neighborhood is dictated by ϵ i per Hill’s
condition for homogenization: the neighborhood should contain
‘‘a sufficient number of inclusions for the apparent overall moduli
to be effectively independent of the surface values of traction and
displacement, so long as these values are ‘macroscopically uniform’’’ [45]. Similar conditions on the size of the neighborhood may
be postulated for other types of homogenized material properties.
A neighborhood N i is a set of points and may take up various
shapes. For practical purposes, we use a square with side length αϵ .
The value of α depends on the specific upscaling or downscaling
functions. A neighborhood function on each scale N i (x) is therefore
defined by positioning neighborhood N i to location x.
Generally speaking, the effective material property of a neighborhood is an integral aggregation of the properties of materials
within the neighborhood. For example, in linear elasticity (and
similarly for other linear properties), the effective stiffness C of a
heterogeneous material neighborhood N i (x) is defined as follows:

To construct the shape–material model on ith scale, we apply
the upscaling procedure to both shape and material properties on
i + 1-th scale. The first part of the upscaling procedure is shape
upscaling. Intuitively, we would like the shape upscaling to fill the
voids and to smooth the boundary of Ω i+1 . Also, shape upscaling
should be extensive, i.e. Ω i+1 ⊂ Ω i , which allows the coarse
scale material properties to be defined over any neighborhood of
structures on the finer scale. One example of shape upscaling is the
effective shape–material model of Fused Deposition Modeling process, where the air gaps within the printed structure are smeared
out to simplify the geometry of the printed part. For a more general
treatment, we define the coarser scale shape Ω i via mathematical
morphological closing:

3. Multiscale material structures modeling

σ = Cϵ

(1)

where ϵ and σ are the mean value of stress ϵ and strain σ in N (x).
Their values may be measured or imposed through divergence
theorem [46]:
i

ϵ jk =
=

∫

1

|N i (x)|

ϵjk (y) dy

∫

1
N i (x)

|

N i (x)

|

1
∂ N i (x)

2

Ω i = Ω i+1 • N i+1

(4)

Here N i+1 takes on the role of a structuring element in mathematical morphology. The closing of a shape by a structuring element is
the erosion of the dilation of that shape by the structuring element.
This process is exemplified in Fig. 2, in which (b) shows the
coarse scale shape of the bone structure in (a) with a square as the
structuring element.
The coarse scale material property field M i is defined by the
effective material properties of all neighborhoods covering the
interior of the coarse scale shape Ω i :
M i (x) = E(S i+1 , N i+1 (x)),

x ∈ Ω i ⊖ −N i+1

(5)

where Ω i ⊖ −N i+11 is the set of all locations that N i+1 fits inside
Ω i and is illustrated in Fig. 2(c) as the gray-scale region. For points
outside this region but inside the coarse scale shape, shown as
the red band in Fig. 2(c), M i (x) are not well-defined since their
neighborhoods inevitably cross the boundary of Ω i . For example, if
we only consider the portion of the neighborhoods within Ω i , the
resulting neighborhood becomes too small to satisfy Hill’s condition. If the material property of void is used outside the boundary of
Ω i , properties of neighborhoods crossing the boundary would be

(2)
(uj nk + uk nj ) dS

1 Calculated as the Minkowski difference between Ω i and −N i with −N i being
the reflection of N i with respect to the origin.
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(a) Finer scale structure and example neighborhoods.

(b) Coarser scale shape.

(c) Coarser scale material property, coarser
scale material property is not well-defined
within the red band near the boundary during
upscaling.

Fig. 2. Shape and material upscaling from the fine scale. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

much weaker than ones remains inside. If the fine-scale structure
is stationary, i.e. effective material properties remain constant
at different locations, such consideration will result in different
material properties near the coarse scale boundary.
To summarize, the upscaling process U is a function that maps
the structures on the fine scale to the structures on the coarse scale:
U i : S i+1 ↦ → S i

(6)

where

Ω i = Ω i+1 • N i+1
M (x) = E(S i+1 , N i+1 (x)),
i

(7a)
x ∈ Ω i ⊖ −N i+1

(7b)

When the fine scale material structure is periodic or stochastic
but stationary, M i (x) is constant and can be measured using the
notion of Representative Volume Element (RVE) [45] or Statistical Volume Element (SVE) [51]. These notions are supported by
evaluation of single or multiple neighborhoods N i+1 in the above
formulation.
3.3. Downscaling from the coarse scale
Downscaling is the process of design and synthesizing fine scale
structure given the coarse scale shape–material model. It can be
seen as the inverse of the upscaling process:
Di+1 : S i ↦ → S i+1

3.4. Phases
We recognize that the coarse scale structure may be made of
different types of fine-scale structures that we will refer to as
phases. ‘Phase’ traditionally refers to regions sharing the same constituent material in literature dealing with heterogeneous materials [23]. We now extend its definition to represent regions of finescale structures that share common characteristics. Specifically,
fine-scale structures are in the same phase if they share the same
upscaling and downscaling functions. For example, all honeycomb
structures belong to the same phase in the part shown in Fig. 3(a).
Subscript k can be used to denote different phases on the coarse
scales in Fig. 3(b), but can be omitted when there is no ambiguity,
e.g. when there is a single fine-scale phase.
3.5. Multiscale modeling by recursion
Structures with more than two scales, such as the one shown in
Fig. 1, are modeled through the recursive application of upscaling
and downscaling operations. The shape and material properties at
the coarsest scale are obtained by the homogenization function
that is a sequence of compositions of upscaling operations applied
repeatedly starting from the finest scale I:
S 1 = U 1 ◦ U 2 ◦ · · · ◦ U I −1 (S I )

(9)

that can also be evaluated recursively as follows:
(8)

such that the conditions of Eq. (7) are satisfied. Eq. (7) become
constraints on D for downscaling: generating a finer scale structure
whose effective material property field is as prescribed on the
coarse scale. In other words, we would like to recover S i after
composing U and D: S i = U i (Di+1 (S i )). We note that the values
of M i near the boundary of Ω i are lost due to the finite size of N i+1 .
Clearly, downscaling procedures are not unique. Both material
properties and shape of the fine scale structure need to be generated. In many two-scale design procedures, the fine-scale material
is often set to be constant so that it can be manufactured with a
single (e.g. additive) manufacturing process, but this need not be
the case in general. The fine-scale shapes are therefore generated
such that the effective material properties match the ones on the
coarse scale. This scenario is shown in the two-scale design in
Section 5.1. However, it is also possible to generate the shape of
the fine-scale structure first, then adjusting its material properties
to match the ones on the coarse scale. This second scenario is
illustrated in the three-scale design in Section 5.2.

Si =

{

SI ,
U i (S i+1 )

if i = I ,
otherwise.

(10)

Similarly, the downscaling functions are composed starting
with the coarsest scale S 1 to generate the finest scale structure S I :
S I = DI ◦ DI −1 ◦ · · · ◦ D2 (S 1 )

(11)

that can be written in recursive form as
Si =

{

S1,
Di (S i−1 )

if i = 1,
otherwise.

(12)

The framework allows all U i and Di to be different functions
and have different implementations, generating shapes and materials with different representations. This is enabled by the single
scale queries implemented on each scale. In the next section, we
discuss how the proposed multiscale modeling framework may be
discretized and implemented with a recursive data structure.
In what follows, we will limit our discussion to downscaling processes that capture and abstract design and synthesis of
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on the fine scale to corresponding locations on the coarse scale.
With the discretization, the conditions on the shape and material
property in Eq. (7) are now approximated by

Ωi =

⋃

(N i+1 (x) ∩ Ω i )

(13a)

x∈Ai

M i (x) = E(S i+1 , N i+1 (x) ∩ Ω i ),

x ∈ Ai

(13b)

The trimming of neighborhood to Ω is necessary for the neighborhoods in the cover that intersect the boundary ∂ Ω i . We note
that the homogenization of trimmed neighborhood is an open
research issue (see Section 6) and is outside the scope of current
discussion. For our purposes, we shall assume that the downscaling
function will prescribe appropriate mapping for these neighborhoods as dictated by particular application.
To sample the neighborhood function, two options become immediately obvious: the neighborhoods may form a partition of Ω i
with a (typically, but not always) regular grid, or they may overlap
each other. The former option corresponds to our implementations
of Voronoi foams and unit cell method, and the latter to samplebased approach. The implementations of all three methods, together with their respective representation of the structures, are
shown in Section 5.
Second, the multi-scale framework is implemented as a recursive composition of downscaling procedures stored in a tree
structure. The shape–material model of the coarsest scale S 1 is
stored in the root node. The shape–material models of the other
scales are stored and evaluated in the rest of the nodes at ith scale
as downscaling functions Di and the corresponding neighborhoods
functions N i . To evaluate the structure, we compose the downscaling function with the shape–material model from the parent
node using fundamental queries (point membership, distance, and
material property evaluation). The number of children of each
node equals to the number of phases. Fig. 3(b) shows the tree
data structure for a three-scale structure with three phases on
the coarse scale. The data structure corresponds to the multiscale
structure in Fig. 3(a) with the beam of octet truss in phase 3 made of
another structure on the finer scale. In the next section, we discuss
the multiscale queries that can be evaluated recursively on such a
data structure.
i

(a) Multiscale structure with multiple phases. Image courtesy of Concept Laser.

(b) Illustration of the tree-type data structure. The data structure corresponds
to the multiscale structure on the left with the assumption that the beams of
octet truss in phase 3 are made of another structure on the finer scale. I is used
to represent identify mapping for solid phases.

Fig. 3. Multiscale structure with multiple phases and illustration of its tree type
data structure.

multiscale structures. In this sense, efficient representation and
evaluation of downscaling procedures is a critical component of
multiscale modeling. The upscaling procedures are fundamentally
important in that they specify the validity constraints on the corresponding downscaling procedures. However, practical application
of upscaling may require explicit representation of the structure at
the finest scale, which we would like to avoid whenever possible.
3.6. Discretization and implementation
The first implementation issue requires a departure from the
continuous formulation, where infinitely many neighborhoods are
assumed to constrain the fine scale structure generated by downscaling functions D. However, in practice, D are usually implemented only over a finite number of neighborhoods. These finite
neighborhoods can be seen as a sampling of the neighborhood
function N i+1 (x) with the constraint that the sampled neighborhoods still cover the coarse scale shape Ω i . If Ai denotes the finite
set of neighborhood locations,
then {N i+1 (x), x ∈ Ai } is a cover of
⋃
Ω i , implying that Ω i ⊂ x∈Ai N i+1 (x).
The sampling of neighborhood function induces the discretization such that D links each sampled neighborhood N i+1 (x), x ∈ Ai

4. Multiscale queries
In this section, we formulate the multiscale queries to serve the
multiscale modeling framework. The section is organized into two
parts. In the first part, we reformulate single scale queries to return
results that are specific to a particular scale. The need to formulate
multiscale queries stem from the fact that the shape and material
properties of structures are different on each scale. For example,
a point may be ‘‘in’’ on the coarse scale while ‘‘out’’ on the fine
scale; material properties and distance of a point to the boundary
are also different on different scales. Second, we introduce the
mechanism to localize queries at all relevant scales that is based
on the recursive composition of neighborhoods.
4.1. Reformulating single scale queries
We reformulate distance query to return scale dependent value
such that DF (Ω , p, ϵ ) returns the distance to boundary of Ω i if
ϵ i+1 < ϵ < ϵ i . If ϵ is 0 or infinitesimal, i.e. ϵ < ϵ I , distance
query returns the value based on the finest scale shape Ω I . If
ϵ > ϵ 1 , the query returns the value based on the coarsest scale
shape Ω 1 . This formulation acknowledges that the measurements
of length are scale dependent, as popularized by the now iconic
Mandelbrot’s ‘‘how long is the coast of Britain’’ question. We note
that ϵ in the reformulated query is different from the one from the
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traditional definition, where it specifies the accuracy (tolerance)
of computation. However, the two different uses of ϵ are related
in that a smaller tolerance is necessary for answering the query on
the finer scales.
The same approach applies to the definition of point membership classification query PMC (Ω , p, ϵ ) as well. For point membership classification, we want the result to be insensitive to features
smaller than ϵ i as the answer with smaller ϵ depends on the knowledge of the fine scale model. Material property query MP(S , p, ϵ )
return the material property at the corresponding scale for point
p that is classified to be inside or on the boundary of the shape at
that scale.
Since all three queries require comparing a given ϵ to ϵ i of
each scale to determine which scale i the query should reference,
it is convenient to define a scale query scale(S , ϵ ) to return the
corresponding scale i. Alternatively, all of the above queries could
be specified at scale i, implying that they should be performed at
the characteristic length scale ϵ i . We will adopt this as a convention
in the discussion below. Finally, we note that when neither scale,
nor ϵ are specified, it may be appropriate to return the results of a
query on all scales, i = 1, . . . , I.
4.2. Recursion to the target scale
Conceptually, multiscale queries return scale specific values.
It is easy to implement multiscale queries as single-scale queries
returning values on the specific scale. For example, multiscale
point membership query on scale i becomes single scale point
membership query on Ω i . However, we want to avoid generating
representation for whole Ω i and evaluate the query locally, whenever this is possible. Locality becomes particularly important when
several scales are composed, making complete evaluation of the
finest scale impractical.
Consider any one of the three fundamental queries Q (p, S i , i)
that needs to be evaluated at point p on scale i against shape–
material model S i = (Ω i , M i ). We first define the extent L(Q , p, i)
of the query Q as the smallest set of neighborhoods N i (x) such that
the localized shape–material model [S i ]|L(Q ,p,i)| provides complete
information to answer the query, where |L(Q , p, i)| is the union
of all neighborhoods in L(Q , p, i). For example, the extent of both
point membership classification query and the material property
query includes all neighborhoods containing the point p. The extent of the distance query at a point p inside the coarse scale shape
consists of the neighborhoods containing p and all the adjacent
neighborhoods. For clarity of presentation, we omit arguments Q
and i and simply write L(p) when there is no danger of ambiguity.
Then, it is clear that evaluation of query Q at a point p on scale i can
be localized as
Q (p, S i , i) = Q (p, [S i ]|L(p)| , i)

(14)
i

With proper localization, we only need to evaluate [S ]|L(Q ,p,i)|
to answer the query Q at p on scale i. Whether this localization
is actually feasible or not depends on how S i = Di (S i−1 ) is
represented, and in particular, on how the downscaling function
Di is constructed. For some Di , the fine scale structure within a
neighborhood is completely determined by the material property
at the location of the neighborhood on the coarse scale, as is often
the case with unit cell downscaling methods. For some other Di , the
fine scale structure within a neighborhood [S i ]N i (x) may depend on
more than just the neighborhood covering it on the coarse scale,
but is still local, for example in procedurally defined Voronoi cell
methods. If Di requires global evaluation of S i , queries still can be
localized but the impact of localization will be limited (and similar
to localized computation at a single fully-evaluated scale).
In order to compare and differentiate downscaling functions
in terms of their localization properties, we define the kernel

K (Di , N i (x)) ⊂ Ω i−1 of Di for N i (x) as the union of smallest set
of neighborhoods such that [S i−1 ]K (Di ,N i (x)) provide complete information for Di to generate [S i ]N i (x) . For example, implementation of
Voronoi tessellation in [5] requires the 2-ring of nearby neighborhoods to decide the structure within a given neighborhood. We can
now compute the least amount of information needed from scale
i − 1 in order to localize the query Q (p, Di , i). It is determined by
the scope Bi (p, Q ) of the query that is defined as the union of the
kernels for all the neighborhoods within the extent of the query:
Bi (p, Q ) =

⋃

K (Di , N i (x)).

(15)

N i (x)∈L(p)

It follows that localized shape–material model [S i ]|L(p)| is determined by restricting the downscaling function Di to the scope of
query Bi (p, Q ). In other words,

⏐
[S i ]|L(p)| = Di ⏐Bi (p,Q )

(16)

Substituting into the expression for multiscale query Q (Eq. (14))
we conclude that localization of query Q amounts to
Q (p, S i , i) = Q (p, Di ⏐Bi (p,Q ) , i)

⏐

(17)

to be evaluated recursively.
The above formulation of locality reflects the observation that
brute force implementations of downscaling functions (such as
naive implementation of Voronoi tessellation) are often characterized by very large kernels that do not support localization of the
scope of queries. Such implementations are inefficient and do not
scale because they are likely to require complete evaluation of the
fine-scale structures.
We conclude our discussion of multi-scale queries by noting that point membership classification and material property
queries may benefit from the usual ‘‘short-circuit evaluation’’
strategy2 : if a point p is classified as ‘‘out’’ on a particular scale,
the point is ‘‘out’’ and the material property at p is not defined
on all the finer scales. This follows directly from the extensive
properties of the coarse scale shape, which implies that if a point
classifies as ‘‘out’’ against Ω i , it would also be classified as ‘‘out’’
against Ω i+1 . Therefore, we can further increase the efficiency of
point membership classification and material properties queries
in downscaling by terminating the algorithm whenever p becomes
‘‘out’’.
5. Prototype implementation
In this section, we demonstrate that the proposed framework allows the interchange of different downscaling functions to
achieve the same coarse scale material properties. We then further
demonstrate that the proposed framework’s ability to model three
scale structures by the recursive composition of two-scale models.
5.1. Two scale structure design
Fig. 4(a) shows the coarse scale shape–material model of a cantilever beam designed by SIMP-based topology optimization [52]
with fixtures at the left edge and downward loads at the lower
right corner. The objective of the optimization is to minimize the
structure’s compliance (total strain energy, a measure of global
deformation). The gray-scale image represents volume fractions
at different locations, ranging from 30% to 75%. Young’s moduli, if
desired, are calculated with the SIMP formula:
E = Emin + ρ p (E0 − Emin ),

ρ ∈ [0, 1]

(18)

2 The concept of ‘‘short-circuit evaluation’’ is commonly used in evaluation of
logic expressions in many programming languages.
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(a) Coarse scale shape and material.

(b) Fine scale structure by Voronoi tessellation.

(c) Fine scale structure by unit cell approach.

(d) Fine scale structure by sample-based approach.

Fig. 4. Two-scale structure modeling by three different downscaling approaches.
Table 1
Interchanging three downscaling functions.
D

Ω

M

N

E

Coarse scale
Voronoi
Unit cell
Sample-based

Voxel
Hybrid: parametric edge + implicit edge thickness
Parametric: width of the cross
Explicit:voxel, but not limited to

Voxel, Volume fraction 30% to 75%
Constant
Constant
Constant

–
Disjoint
Disjoint
Overlapping

Density
–
–
–

where E0 and Emin are Young’s moduli of the solid and void materials, respectively. Power p penalizes intermediate relative density
and driving the structure towards a black-and-white design during
the topology optimization.
Three different downscaling methods, Voronoi tessellation
(Fig. 4b), unit cell approach (Fig. 4c), and sample-based approach
(Fig. 4d), are used to generate fine-scale structures. With fine
scale material properties fixed to be constant, the shapes of the
fine scale structures are generated by respective downscaling approaches, sharing the same coarse scale material property. The
neighborhoods used in each downscaling approach are illustrated
on the right next to the images. We note that while disjoint
neighborhoods are used in Voronoi tessellation [5] and unit cell
approach [53], overlapping neighborhoods are used in the samplebased approach [12], allowing a much denser sampling of the
coarse scale property field.
Different representations are used for each downscaling
method and the corresponding structure. The Voronoi tessellation
uses a hybrid representation that combines the parametrically
represented Voronoi edge and implicitly represented cylinder for
edge thickness. A parameterized cross-like shape with thickness is
used to populate unit cells. The sample-based approach uses the
native representation of the sample material, which is voxelized.
The resulting fine scale structures are visualized through the point
membership query of regular spaced sampling points, with white
being inside and on the boundary and black pixels outside. The representation and neighborhood for every structure are summarized
in Table 1.

5.2. Multiscale structure design
We further demonstrate the capability of the proposed framework of constructing a three-scale structure by composing two
different downscaling functions: sample-based method and unit
cell method. We start with the same coarse scale shape–material
model as in Fig. 4. The construction of middle (meso)scale model
involves two steps. We first use the sample based method to generate the shape of the structure (Fig. 5a). This step only generates
mesoscale structure to fill the interior of the coarse shape. In the
second step, we update the volume fraction distribution within
the mesoscale structure so that effective volume fraction of the
mesoscale structure agrees with the volume fraction on the coarse
scale. The result is shown in Fig. 5(b). The higher volume fraction is
observed near the boundary of mesoscale structure to compensate
the volume loss near large voids. Fig. 5(c) shows the fine-scale
structure generated by unit cell approach with a constant material
property. A detailed view of the fine scale structure is shown in
Fig. 5(d). The representation and neighborhood for the multiscale
structure is summarized in Table 2.
6. Summary and open issues
We proposed a framework for modeling of multiscale material structures that subsumes classical solid modeling, while
generalizing and extending it in several significant ways. The
three key ingredients of the framework are single scale shape–
material model supported by fundamental single-scale queries
(point membership, material, and distance computation), upscaling and downscaling mappings linking the adjacent scales, and
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(a) Middle scale shape by sample based approach.

(c) Fine scale structure by unit cell approach.

(b) Middle scale shape and material.

(d) Zoom in view of the fine scale structure.

Fig. 5. Three-scale structure modeling by composing two different downscaling approaches.
Table 2
Composition of two downscaling functions.
Component of multiscale model

Property

Ω1
Ω2
Ω3

Voxel
Voxel
Parametric

M1
M2
M3

Voxel
Voxel, calculated after Ω 2
Constant

D2
D3
N2
N3

Sample-based
Unit cell
Overlapping
Disjoint

E

density

multiscale queries that reduce to single-scale queries performed
at appropriate scales. In contrast to traditional solid modeling,
shape and material models are intrinsically connected in multiscale models through the concept of neighborhoods and neighborhood functions. Computationally, such neighborhood functions
appear as discretizations at each scale that must be represented
and managed explicitly by upscaling and downscaling mappings
linking adjacent scales.
The proposed framework is compositional by construction: interaction between adjacent scales are encapsulated in terms of
a small number of standard abstractions, primitives, and computations; recursive composition of such two-scale models yields a
general method for building multiscale representations and systems. This approach effectively removes two major bottlenecks in
multiscale modeling. First, it liberates multiscale modeling from
dependence on specific restricted representations by allowing
‘‘mixing and matching’’ variety of standard shape and material
representations that support the basic queries. Second, the compositional approach shows a path towards computationally scalable
multiscale modeling where downscaling mappings are defined

procedurally or implicitly, allowing efficient localized evaluation
of models at multiple scales via multiscale queries. This stands in
stark contrast to other popular approaches that do not scale with
the complexity of models and multiple scales because they require
global model evaluation and depend on expensive and error-prone
representation conversions.
The proposed formulation also revealed several significant unresolved challenges in multiscale modeling, particularly in identifying computationally efficient upscaling and downscaling functions with valid neighborhood functions. One challenge arises in
connection with discretized neighborhood functions where the
material homogenization (Eq. (7b)) is enforced is only within individual cells in the discretization. This means that effective material
properties over other regions (for example, those intersecting multiple neighborhoods) may not be enforced. An extreme example of
this situation arises when the fine scale structures of adjacent unit
cells may not be properly connected, necessitating heuristic and/or
global optimization methods to minimize the discrepancy between
every pair of adjacent cells [26]. However, such approaches defeat
raison d’etre for use of local neighborhoods and unit cells in multiscale modeling, while failing to provide the guarantee of validity
that is required for all structural engineering problems. Another
challenge stems from the observation that, strictly speaking, the
homogenization condition (Eq. (7b)) holds only for the neighborhoods that are fully contained within the coarse scale shape domain Ω . Whenever a neighborhood intersect the boundary ∂ Ω (as
is common with most downscaling approaches relying on regular
unit cells), it no longer retains its intended effective properties.
Possible approaches to addressing this issue include boundary
conforming neighborhood functions (requiring generating an unstructured mesh of the domain) and boundary modification via
projection [54]. The practicality of these and other proposed approaches depends on identification of computationally effective
means to predict effective material properties over the modified
neighborhoods.

X. Liu, V. Shapiro / Computer-Aided Design 102 (2018) 194–203

Acknowledgments
This research was supported by Defense Advanced Research
Projects Agency’s TRAnsformative DESign Program. This work was
partially performed under the auspices of the U.S. Department
of Energy by Lawrence Livermore Laboratory under contract DEAC52-07NA27344. The responsibility for errors and omissions
lies solely with the authors. Vadim Shapiro’s research is also
supported by DARPA Contract HR0011-16-2-0042 and National
Science Foundation grants CMMI-1344205, CMMI-1361862, and
CMMI-1547189. The responsibility for errors and omissions lies
solely with the authors.
References
[1] Dixon PG, Gibson LJ. The structure and mechanics of Moso bamboo material. J
R Soc Interface 2014;11(99):20140321.
[2] Jiao Y, Stillinger F, Torquato S. Modeling heterogeneous materials via twopoint correlation functions: Basic principles. Phys Rev E 2007;76(3):1–15.
[3] Xu H, Dikin D, Burkhart C, Chen W. Descriptor-based methodology for statistical characterization and 3D reconstruction of microstructural materials.
Comput Mater Sci 2014;85:206–16.
[4] Stoyan D, Mecke KR. The Boolean model: from Matheron till today. In: Space,
Structure and Randomness. New York, New York, USA: Springer; 2005. p. 151–
81.
[5] Martínez J, Dumas J, Lefebvre S. Procedural voronoi foams for additive manufacturing. ACM Trans Graph 2016;35(4):1–12.
[6] Kou X, Tan S. A simple and effective geometric representation for irregular
porous structure modeling. Comput Aided Des 2010;42(10):930–41.
[7] Fryazinov O, Vilbrandt T, Pasko A. Multi-scale space-variant FRep cellular
structures. Comput Aided Des 2013;45(1):26–34.
[8] Massarwi F, Elber G. A B-spline based framework for volumetric object modeling. Comput Aided Des 2016;78:36–47.
[9] Panetta J, Zhou Q, Malomo L, Pietroni N, Cignoni P, Zorin D. Elastic textures for
additive fabrication. ACM Trans Graph 2015;34(4):135:1–135:12.
[10] Zhu B, Skouras M, Chen D, Matusik W. Two-Scale Topology Optimization with
Microstructures, vol. 36(5). 2017.
[11] Hopkins JB, Shaw LA, Weisgraber TH, Farquar GR, Harvey CD, Spadaccini
CM. Organizing cells within non-periodic microarchitectured materials that
achieve graded thermal expansions. In: Proceedings of the ASME 2015 International Design Engineering Technical Conferences & Computers and Information in Engineering Conference IDETC/CIE 2015 (310). 2015. p. 1–11.
[12] Liu X. Sample-Based Material Structure Modeling (Ph.D. thesis), The University
of Wisconsin-Madison; 2017.
[13] Kou X, Tan S. Heterogeneous object modeling: A review. Comput Aided Des
2007;39(4):284–301.
[14] Hoffmann CM, Shapiro V. Solid Modeling. In: Goodman JE, O’Rourke J, Tóth CD,
editors. Handbook of Discrete and Computational Geometry. CRC Press, Boca
Raton, FL; 2017. p. 1503–39.
[15] Hoffmann C, Shapiro V, Srinivasan V. Geometric interoperability via queries.
Comput Aided Des 2014;46(1):148–59.
[16] Freytag M, Shapiro V, Tsukanov I. Finite element analysis in situ. Finite Elem
Anal Des 2011;1–27.
[17] Watts S, Tortorelli DA. A geometric projection method for designing threedimensional open lattices with inverse homogenization. Internat J Numer
Methods Engrg 2017.
[18] Norato J, Haber R, Tortorelli D, Bendsøe MP. A geometry projection method for
shape optimization. Internat J Numer Methods Engrg 2004;60(14):2289–312.
[19] Bostanabad R, Zhang Y, Li X, Kearney T, Catherine Brinson L, Apley DW, et al.
Computational Microstructure Characterization and Reconstruction: Review
of the State-of-the-art Techniques. Prog Mater Sci 2018.
[20] Yeong C, Torquato S. Reconstructing random media. Phys Rev E 1998;58(1):
224–233.
[21] Cule D, Torquato S. Generating random media from limited microstructural
information via stochastic optimization. J Appl Phys 1999;86(6):3428.
[22] Torquato S. Optimal Design of Heterogeneous Materials. Ann Rev Mater Res
2010;40(1):101–29.
[23] Torquato S. Random heterogeneous materials: microstructure and macroscopic properties. In: Interdisciplinary Applied Mathematics: Mechanics and
Materials, New York, NY, USA: Springer; 2002.

203

[24] Martínez J, Song H, Dumas J, Lefebvre S. Orthotropic k-nearest foams for
additive manufacturing. ACM Trans Graph 2017;36(4):1–12.
[25] Arns CH, Knackstedt Ma, Pinczewski WV, Mecke KR. Euler-Poincaré characteristics of classes of disordered media. Phys Rev. E (3) 2001;63(3 Pt 1):031112.
[26] Schumacher C, Bickel B. Microstructures to control elasticity in 3D printing.
ACM Trans Graph 2015;34(4).
[27] Sigmund O. Materials with prescribed constitutive parameters: An inverse
homogenization problem. Int J Solids Struct 1994;31(17):2313–29.
[28] Larsen UD, Sigmund O, Bouwstra S. Design and fabrication of compliant
micromechanisms and structures with negative Poisson’s ratio. J Microelectromech Syst 1997;6(2):99–106.
[29] Sigmund O, Torquato S. Design of smart composite materials using topology
optimization. Smart Mater Struct 1999;8(3):365–79.
[30] Osanov M, Guest JK. Topology optimization for architected materials design.
Ann Rev Mater Res 2016;46(1):211–33.
[31] Panetta J, Rahimian A, Zorin D. Worst-case stress relief for microstructures.
ACM Trans Graph 2017;36(4):1–16.
[32] Sigmund O. A 99 line topology optimization code written in matlab. Struct
Multidiscip Optim 2001;21(2):120–7.
[33] Wang MY, Wang X, Guo D. A level set method for structural topology optimization. Comput Methods Appl Mech Engrg 2003;192(1–2):227–46.
[34] Bendsøe MP. Optimal shape design as a material distribution problem. Struct
Optim 1989;1(4):193–202.
[35] Sigmund O, Maute K. Topology optimization approaches: A comparative review. Struct Multidiscip Optim 2013;48(6):1031–55.
[36] Kocvara M, Stingl M, Zowe J. Free material optimization: Recent progress.
Optimization 2008;57(1):79–100.
[37] Chen J, Shapiro V. Optimization of continuous heterogeneous models. In:
Lecture Notes in Computer Science (Including Subseries Lecture Notes in
Artificial Intelligence and Lecture Notes in Bioinformatics), vol. 4889 LNCS,
2008. p. 193–213.
[38] Wang MY, Wang X. A level-set based variational method for design and
optimization of heterogeneous objects. Comput Aided Des 2005;37(3):321–
37.
[39] Biswas A, Shapiro V, Tsukanov I. Heterogeneous material modeling with distance fields. Comput Aided Geom Design 2004;21(3):215–42.
[40] Rumpf RC, Pazos JJ, Digaum JL, Kuebler SM. Spatially variant periodic structures in electromagnetics. Phil Trans R Soc Lond Ser A Math Phys Eng Sci
2015;373(2049).
[41] Liu X, Shapiro V. Random Heterogeneous Materials via Texture Synthesis.
Comput Mater Sci 2014;99:177–89.
[42] Bostanabad R, Bui AT, Xie W, Apley DW, Chen W. Stochastic microstructure characterization and reconstruction via supervised learning. Acta Mater
2016;103:89–102.
[43] Liu X, Shapiro V. Sample-Based Synthesis of Functionally Graded Material
Structures. J Comput Inf Sci Eng 2017;17(3):031012.
[44] Liu X, Shapiro V. Sample-based synthesis of two-scale structures with
anisotropy. Comput Aided Des 2017;90:199–209.
[45] Hill R. Elastic properties of reinforced solids: Some theoretical principles. J
Mech Phys Solids 1963;11(5):357–72.
[46] Willis JR. Elasticity theory of composites. In: Mechanics of Solids. Elsevier;
1982. p. 653–86.
[47] Liu X, Shapiro V. Homogenization of material properties in additively manufactured structures. Comput Aided Des 2016;78:71–82.
[48] Gibson LJ, Ashby MF. Cellular Solids: Structure and Properties. Materials Science and Engineering: A, vol. 123, Cambridge, England: Cambridge university
press; 1990. p. 282–3.
[49] Hill R. A self-consistent mechanics of composite materials. J Mech Phys Solids
1965;13(4):213–22.
[50] Mori T, Tanaka K. Average stress in matrix and average elastic energy of
materials with misfitting inclusions. Acta Metall 1973;21(5):571–4.
[51] Qidwai SM, Turner DM, Niezgoda S, Lewis AC, Geltmacher AB, Rowenhorst
DJ, et al. Estimating the response of polycrystalline materials using sets of
weighted statistical volume elements. Acta Mater 2012;60(13–14):5284–99.
[52] Bendsøe MP, Sigmund O. Material interpolation schemes in topology optimization. Arch Appl Mech 1999;69(9–10):635–54.
[53] Suzuki K, Kikuchi N. A homogenization method for shape and topology optimization. Comput Methods Appl Mech Engrg 1991;93(3):291–318.
[54] Aremu AO, Brennan-Craddock JP, Panesar A, Ashcroft IA, Hague RJ, Wildman
RD, et al. A voxel-based method of constructing and skinning conformal and
functionally graded lattice structures suitable for additive manufacturing.
Additive Manuf 2017;13:1–13.

