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We describe a significant extension of the finite element method (FEM) that allows finite element

analysis (FEA) to be performed in situ, on a native geometric representation of a solid domain. The

proposed method, called Scan&Solve, is a particular implementation of the solution structure method

(SSM) that builds on the classical ideas of Kantorovich and Rvachev. It can be applied to any geometric

model and used within any geometric modeling system that supports two fundamental queries: point

membership testing and distance to boundary computation. The advantages of this approach include

unmatched flexibility in handling geometric errors, small features, complex boundary conditions, and

interfaces, while maintaining most of the benefits of classical FEA. This paper describes the technical

background behind the proposed method, compares it to classical FEA formulation, details its

implementation, and demonstrates its advantages.

& 2011 Elsevier B.V. All rights reserved.
1. Introduction

1.1. Fundamental limitations of meshing

Over the last 50 years, finite element analysis (FEA) has
become the predominant tool in engineering analysis, offered by
virtually all computer aided engineering (CAE) vendors and used
in a majority of analysis and simulation applications. One of the
key challenges in applying FEA method to realistic models is the
process of converting the geometric data into a form acceptable
for FEA. Specifically, all commercial FEA codes require that the
geometric model be converted into a conforming mesh of ele-
ments via an expensive and heuristic procedure known as mesh-
ing. The problem of automated mesh generation is almost as old
as solid modeling; great advances has been made over the last
twenty years (see [1] for a sampling of recent results in meshing),
and most commercial CAE tools have automated the process for
large classes of geometries.

The computed meshes are not intrinsic to the original geometric
model, introduce additional errors, are expensive to compute, and
affect the quality (or lack of it) in the FEA solutions. By definition,
meshes must adapt to the smallest geometric detail in the geometric
model, leading to excessively large meshes, and making accurate
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meshing impractical for any geometric model with small features or
geometric errors. This applies, for example, to all models shown in
Fig. 1 either due to presence of small features or because of small
geometric errors in the geometric model. The adopted industry-wide
solution is to simplify the geometric model (for example, by smooth-
ing or by removing blends and fillets), to defeature it (for example, by
eliminating small holes and protrusions), and to heal and repair it (for
example, gaps, self-intersection errors, tiny edges and surfaces, etc.).
Unfortunately, these additional heuristic steps could significantly
distort the original geometry and remove potentially important
geometric features. They are also only partially automated and break
the integration between geometric design and engineering analysis
that now operate on two distinct loosely related geometric models.

It is important to recognize that the above limitations are
intrinsic to all mesh-based approaches, and cannot be resolved by
incremental improvements in meshing technologies. These very
same limitations prevent wider adoption of finite element analy-
sis in many scientific, engineering and consumer applications,
ranging from engineering to art and medicine—not because finite
element analysis is difficult, but because the tedious and error
prone process of data preparation and meshing make it uneco-
nomical and impractical.

1.2. Engineering analysis in situ

In this paper, we describe a conceptually different approach to
FEA, called Scan&Solve. Instead of trying to improve the meshing
technology, we explicitly acknowledge that an informationally
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Fig. 1. Accurate meshing is difficult or impossible for: (a) piston with small

features, (b) pedal with geometric errors, and (c) David with noisy triangulated

surface.
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complete representation of a geometric domain is available,
usually in the form of a solid model, and can be queried from
within FEA software at run time. This, in turn, allows FEA to be
applied to the original, native, and non-simplified geometric
models – in other words, FEA in situ – essentially eliminating
the fundamental limitations associated with meshing, while
retaining the widely known advantages of classical FEA. For the
purposes of this paper, we focus on the most popular FEA
application of linear structural analysis, but the concepts are
broadly applicable to all types of FEA.

The proposed Scan&Solve approach is a Solution Structure
Method (SSM), rooted in classical work of Kantorovich [2],
Rvachev [3,4], and our earlier work on meshfree analysis and
simulation [5–7]. The basic idea of the Kantorovich method [2]
(summarized in Appendix A for the benefit of the readers) is to
assume that the solution structure of the field equations is of the
form u¼oFþu�, where function o enforces homogeneous (zero)
boundary conditions and thus represents the domain’s bound-
aries, function u� represents non-homogeneous boundary condi-
tions corresponding to prescribed non-zero displacements, and
function F is a linear combination of basis functions from some
sufficiently complete space.

Following the basic structure of the Kantorovich method, the
Scan&Solve approach creates separate geometric and physical
representations of the model in question and combines them only
when necessary, without requiring expensive and error-prone
data conversions and always using the most authentic represen-
tation available. The concept is illustrated in Fig. 2, and will be
explained more thoroughly in Section 2. The analysis model is
constructed on any mesh that encloses the given geometric
domain—typically, but not necessarily, on a uniform orthogonal
grid of space that initially knows nothing about the model being
analyzed. It can be thought of as a 3D ‘‘graph paper’’. The usual
(variety of) basis functions are associated with the nodes of this
mesh. The geometric model exists in the same space, in its native
unaltered form, and is not aware of the mesh surrounding it. The
geometric model can come from any source, as long as it is clear
which points in space belong to the model and which do not, and
it is possible to compute the distance from any given point to the
model’s boundary. The analysis problem will then be solved on
the enclosing mesh, but the usual FEA procedure is modified at
run time to account for the existence of the geometric boundaries
and restraints. For example, function u� shown in Fig. 2(c) can be
constructed at run time directly from the geometric model and
distance-like functions o to enforce the prescribed fixed bound-
ary conditions, and then used to modify the shape functions
(B-splines) on the uniform non-conforming grid. See Section 2 for
details.

1.3. Related research

Difficulties in handling complex real-world geometric models
and the limitations of mesh-based methods inspired development
of alternative methods of engineering analysis that do not rely on
the spatial mesh as a primary geometric representation for the
analysis. These methods called meshfree or meshless methods
discretize not the geometric domain but the underlying func-
tional space. A number of techniques with basis functions that do
not have to conform the geometry of the domain have been
developed: smooth particle hydrodynamics (SPH) [8,9], the
diffuse element method (DEM) [10], the reproducing kernel
particle method (RKPM) [11,12], the HP cloud method [13], the
meshless local Petrov-Galerkin (MLPG) approach [14], the parti-
tion of unity method (PUM) [15], and others. But geometric non-
conformance of all such meshfree methods makes treatment of
boundary conditions more problematic. Proposed remedies
include the combination of element free Galerkin method (EFG)
[16] with finite element shape functions near the boundary [17],
the use of a modified variational principle [18], window or
correction functions that vanish on the boundary [13], and
Lagrange multipliers. Although these techniques appear promis-
ing, they often contradict the meshfree nature of the approxima-
tion near the boundary, introduce additional constraints on
solutions, or lead to systems with an increased number of un-
knowns [19]. Several promising transformation-based approaches
to satisfying essential boundary conditions at desired nodal
locations have been proposed and compared by Chen [20]. A
review of most meshfree methods can be found in [21].

Over the years, the Kantorovich method (see Appendix A) has
been rediscovered by others many times and extended in various
ways. Most recently, generalized finite element analysis (GFEM)
and the extended finite element method (EFEM) [21] propose
different methods for supplementing the usual shape functions
using various enhancement functions, o, in order to alleviate
meshing problems or to capture asymptotically known behaviors
(for example, in the vicinity of cracks, interfaces, or stress
concentrations). A Ukrainian academician, Rvachev, recognized
Kantorovich’s representation of the field as a special form of the
Taylor series expansion by the powers of the function o and
showed that the notion of the solution structure generalizes to any
and all types of engineering analysis [4,22,23]. He also developed
a theory of R-functions specifically as a method for constructing
these functions, o, for arbitrary shapes [4,24,25] and proposed
the R-function Method (RFM) as a preferred implementation of
the Solution Structure Method (SSM). Unfortunately, the con-
structions based on R-functions require solving a number of
difficult algorithmic problems for realistic 3D solids and do not
appear to scale well with increase in geometric complexity.
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Fig. 2. Scan&Solve example of linear structural analysis: (a) solid and boundary conditions. The red faces are fixed in all directions, while a uniform pressure is applied to

the blue face. (b) Solid immersed into a uniform grid of B-splines, shown here at a low resolution for clarity. (c) Displacement function u� transfinitely interpolates the

boundary conditions. This function is zero at all points where the faces are fixed. (d) Computed displacement, shown magnified 5� . (e) Computed stresses.

(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Nevertheless, the above results paved the way for a first
generation of meshfree SSM implementations that provided a
method for satisfying all essential boundary conditions [5,6,26]
based on recognition that all required functions o may be
constructed automatically from geometric models [25]. For exam-
ple, Fieldmagic, a publicly available 2D system from Intact
Solutions [27] that was built on principles described in [6],
performs fully automated meshfree analysis for a range of
physical problems (thermal, elasticity, plate bending and vibra-
tion, electrostatics, and several others). The user can select a
variety of basis functions, including trigonometric and global
polynomials, but B-splines on a uniform orthogonal grid are
particularly popular due to their simplicity and attractive
computational properties [28–30]. These early systems demon-
strated the feasibility of in situ analysis, but significant computa-
tional and implementation bottlenecks remained. In particular,
constructions based on R-functions do not scale well with com-
plexity of realistic 3D models, and efficient 3D implementation
proved to be challenging. A number of improvements have been
suggested over the last ten years [30,7,31]. Notably, Höllig
proposed the method of WEB-splines, where functions o are
constructed procedurally and the B-splines are weighted to
improve the convergence and stability properties [30]. In [7],
we demonstrated that functions o may be constructed as smooth
approximation of the Euclidean distance function that is scan-
converted via standard Euclidean distance transform [32–34].
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Fig. 4. Finite element solution of the 1D string in tension problem.
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We also applied the SSM method to non-trivial heat transfer
problems, but the implemented solutions were brute-force and
computationally expensive.

1.4. Contributions and outline

In this paper, we describe a new design and efficient imple-
mentation of SSM, called Scan&Solve, that achieves the goal of
fully automated 3D linear structural analysis in situ via sampling.
In Section 2 we rely on a simple 1D problem, as well as 3D linear
structural analysis, to show that SSM can be viewed as an
extension of the classical FEA method. Section 3 uses the observa-
tions in Section 2 to propose an overall architecture of a
Scan&Solve system, making all required computations explicit.
In particular, we explain that all required geometric computations
are reduced to standard queries available in all CAD systems:
point membership (in/on/out) tests and distance to the boundary
computations. Experimental results and comparisons with known
solutions are described in Section 4. They demonstrate that
Scan&Solve achieves the accuracy and efficiency of mesh-based
FEA methods, but can also handle many problems that are beyond
the reach of most mesh-based implementations. Section 5 sum-
marizes the advantages of the method and discusses future
directions for research.
2. Comparison with mesh-based FEA

The goal of this section is to explain that theoretical founda-
tions of SSM laid by Kantorovich, Rvachev, and others have simple
and intuitive interpretations in terms of corresponding familiar
concepts in the classical mesh-based FEA. As such, this section
contains no new results, but thorough understanding of this
correspondence is the key to achieving full automation, general-
ity, and scalability for realistic finite element analysis problems.
In particular, the key principle behind Scan&Solve is the identi-
fication of the somewhat mysterious function o with the more
familiar concept of the Euclidean distance function. We will show
in Section 3, how this association allows transformation of all
finite element based solutions into a straightforward and efficient
computational pipeline that can be used within any CAD/CAE
system.

2.1. FEM vs SSM: one-dimensional example

For illustration purposes, consider a common one-dimensional
example shown in Fig. 3. A string is subject to an axial tension l,
fixed at the two end points x¼a and x¼b, and is loaded by the
vertical distributed force q. The problem is to determine the shape
of the string by solving for the vertical displacement u(x).

The classical Galerkin (weighted residual) formulation of the finite
element method is detailed below and is illustrated graphically in
Fig. 4. In this very simple 1D example, the finite element mesh is
simply a subdivision of the line segment [a, b] into smaller line
segments. Piecewise linear basis functions are associated with the
u
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Fig. 3. String in tension. Problem formulation.
nodes in that subdivision, yielding the ‘‘saw tooth’’ pattern. The first
and the last nodes must coincide with the end points x¼a and x¼b,
respectively, so that the displacements u1 and u2 may be enforced at
these locations. This corresponds to requiring that the finite element
mesh conform to the domain’s boundary.

The vertical displacement u is represented by a linear combi-
nation of shape functions wi:

u¼
Xn

i ¼ 1

Ciwi, ð1Þ

each of which takes the value of 1 at the corresponding node of
the mesh and is 0 on all other nodes. From the boundary
conditions at the end points of the string, we immediately
conclude that C1 ¼ uðaÞ ¼ u1 and Cn ¼ uðbÞ ¼ u2. The rest of the
coefficients Ci are determined by the weighted residual method
that requires that

Z b

a
l
@2u

@x2
þqðxÞ

� �
wjðxÞ dx¼ 0, j¼ 2, . . . ,n�1 ð2Þ

orZ b

a
l
@2u

@x2
wj dxþ

Z b

a
qðxÞwj dx¼ 0, j¼ 2, . . . ,n�1: ð3Þ

Substituting for u its assumed form from expression (1) and
applying the divergence theorem, the weighted residual balance
equation becomes:

�
Xn

i ¼ 1

Ci

Z b

a

@wj

@x
l
@wi

@x
dxþ

Z b

a
qðxÞwj dx¼ 0, j¼ 2, . . . ,n�1: ð4Þ

Applying the boundary conditions, we obtain the system of
linear equations that must be solved for the numerical values of
the coefficients Ci:
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l
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load due to applied displacements at the nodes

,

ð5Þ

with j¼ 2, . . . ,n�1. Expression (5) represents a system of linear
equations, where the left hand side is a matrix of stiffness coefficients
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Fig. 5. Scan&Solve solution of the 1D string in tension problem.
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and the right hand side amounts to integration of known quantities:
distributed force q and imposed boundary conditions. The basis
functions have compact support (which means that they overlap
only with their neighbors), implying that the stiffness coefficients can
be computed locally and efficiently, and the resulting stiffness matrix
is sparse and banded. Solving this linear system and substituting the
computed values of Ci into the assumed expression (1) of u produces
an approximate solution u(x) to the differential equation satisfying
the specified boundary conditions.

Now we obtain solution of the same problem using SSM,
which applies the ideas of Kantorovich and Rvachev to the
classical FEA. As is illustrated in Fig. 5, instead of meshing the
domain (line segment [a,b]), a uniform grid is associated with the
x-axis, and a basis function is associated with each grid point.
Notice that in this case the basis functions are the same as in the
FEA formulation, but the nodes of the mesh no longer coincide
with the boundary points x¼a and x¼b; in other words, the grid
and these initial basis functions do not know where the boundary
of the domain is. Following the Kantorovich method, the new
basis functions are created as the product of the function o and
the FEM basis functions (Fig. 5):

Zi ¼owi, i¼ 1, . . . ,n, ð6Þ

where o is a smooth function measuring approximate distance to
the end points of the segment. These new basis functions take on
zero values at the end points x¼a and x¼b. The displacement u is
then assumed to have a form:

u¼ u0þu� ¼
Xn

i ¼ 1

CiZiþu�: ð7Þ

The first term u0 satisfies the homogeneous Dirichlet boundary
conditions; the second term is a function u� that satisfies the
specified displacements u�ðaÞ ¼ u1 and u�ðbÞ ¼ u2.

All of the above functions are easily constructed using simple
distance functions, as illustrated in Fig. 5. Let o1 ¼ x�a and o2 ¼ b�x

be functions of distance to the boundary points x¼a and x¼b,
respectively. These are simply linear functions inclined at 451 to the
x-axis. Function o in expression (6) may be constructed by many
methods (see Section 4), but in this case using R-conjunction [3]

o¼o1þo2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

1þo2
2

q
is sufficient. The resulting function behaves

as an approximate distance to the boundary points x¼a and x¼b as
shown in Fig. 5. Finally, function u� interpolates the prescribed values
u1 and u2 at the end points a and b, respectively, and is easily
constructed as inverse-distance based transfinite interpolation [23] in
terms of distances o1 and o2:

u� ¼
o1u2þo2u1

o1þo2
: ð8Þ

Thus, we obtain a representation for displacement that satisfies the
fixed boundary conditions at the end points of the string, even though
the grid points do not coincide with a or b! We now repeat the
standard weighted residual formulation of FEA using the assumed
form (7):Z b

a
l
@2u0

@x2
þ
@2u�

@x2

� �
þqðxÞ

� �
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Z b

a
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@x2
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Z b

a
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ð10Þ

After expanding u0 as a linear combination of functions Zi and using

the divergence theorem, the weighted residual balance equation
becomes

�
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i ¼ 1

Ci

Z b

a

@Zj

@x
l
@Zi

@x
dx|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

stiffness coefficient

¼�
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load due to force q

þ
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@Zj

@x
l
@u�

@x
dx|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

load due to applied displacements

, j¼ 1, . . . ,n,

ð11Þ

which is structurally very similar to the FEM Eq. (5). One significant
difference between the two equations is the last term because SSM
enforces the boundary conditions at every point on the boundary,
whether they coincide with the nodes of the mesh or not. The other
terms are essentially the same as in FEM, and the stiffness matrix is
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still sparse, but evaluation of the integrals is more complicated
because the domain (line segment) is not meshed and the integrands
include the distance functions. Solving the linear system and
substituting the computed values of Ci into the assumed expression
(7) of u produces an approximate solution u(x) (Fig. 5, bottom) to the
differential equation satisfying the specified boundary conditions.

2.2. 3D linear structural analysis with SSM

The preceding 1D example highlights the essential similarities
and differences between FEM and SSM. Of course, meshing a line
segment is trivial, and the added complexity of SSM may appear
to defeat the purpose. However, the SSM approach applies to any
and all problems in engineering analysis and in any number of
dimensions.

The full 3D problem of static elasticity is a straightforward
generalization of the 1D string in tension problem, except all
relevant quantities (displacements, forces, basis functions, and
coefficients) are now vector valued (with components in each of
the three coordinates x, y, z). Thus, the one dimensional string in
Fig. 3 becomes a three-dimensional solid O with a two-dimen-
sional boundary G, part of which is fixed and part of which is
loaded by external forces (Fig. 2(a)). The tension l is generalized
to the stress-strain matrix D, and partial differentiation of the
basis function is replaced by application of the strain-displace-
ment matrix B commonly used in FEA literature. The solid is not
meshed, but it is immersed into pre-meshed space, as shown in
Fig. 2(b). In this case, the mesh is uniform but it does not have to
be. A basis function, wi, commonly a tri-variate B-spline, is
associated with every node of the mesh. Using distances to the
fixed portions of the boundaries, a global vector-valued displace-
ment function u� is constructed to interpolate all prescribed
displacements as shown in Fig. 2(c). The interpolation procedure
is a straightforward generalization of expression (8) used to
interpolate the displacements indicated at the ends of the string
in tension [23].

The SSM formulation of 3D elasticity can be derived in a
number of mathematically equivalent ways, including the
weighted residual method. It can be also viewed as a discretiza-
tion of the energy balance statement:Z
O
eTr dO¼

Z
O

uT F dOþ
Z
Gt

uT T dGt : ð12Þ

The boundary of a three-dimensional solid domain O is parti-
tioned into three subsets: Gu where the displacements are
prescribed (most commonly fixed), Gt where the loads (or ‘‘trac-
tions’’) T are applied, and the free boundary. The solid O is also
subject to the body (gravity) force F. The forces, as well as the
resulting displacements u are now vector valued quantities, for
example u¼ ðux,uy,uzÞ

T , while both strain e and stress r are
second order tensor quantities represented by six-dimensional
vectors according to the Voigt notation.

Following the Kantorovich method, we choose any suitable set
of basis functions wi and multiply them by a vector of approx-
imate smoothed distance functions

gi ¼ ðox,oy,ozÞ
Twi,

where o1, o2 and o3 measure distances to the fixed boundaries
in x, y and z coordinate directions, respectively. We combine the
individual displacements on the boundaries Gu using inverse
distance interpolation [23] into a single global vector-valued
function

u� ¼ ðu�x ,u�y,u�z Þ
T ,

that interpolates all non-zero displacements in x, y and z coordi-
nate directions, respectively. Finally, we assume that the
displacement u has a general form of

u¼
Xn

i ¼ 1

C igiþu�: ð13Þ

Note that the values of u on the boundary Gu correspond to the
fixed boundary conditions, and vector valued coefficients Ci are
yet to be determined. We now substitute this expression for u
into the weighted residual statement and proceed with deriving a
system of linear equations exactly as in the 1D case. Following the
widely used notation in FEA literature, we will use B to denote the
matrix of derivatives, also known as the strain–displacement
matrix, so that e¼ B½u�, and D for the stress–strain matrix so that
r¼De. The weighted residual balance equation becomes a system
of n linear equations with unknown coefficients Ci,i,j¼ 1, . . . ,n:

�
Xn

i ¼ 1

Ci

Z
O

BT
½gi�DB½gj� dO|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

stiffness coefficient

¼ �

Z
O
gjF dO|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

load due to body force

þ

Z
O

BT
½gj�DB½u�� dO|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

load due to applied displacements

�

Z
Gt

gjT dGt :|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
load due to applied loads

ð14Þ

Solving the linear system and substituting the computed values of
the vector-valued coefficients Ci into the assumed expression (13)
of u produces an approximate solution uðxÞ to the differential
equation satisfying the specified boundary conditions.

The resulting system of linear equations (14) represents a
force-balance equation for a 3D solid and is structurally very
similar to the system (11) for a string in tension. In fact, there is a
one-to-one correspondence between the integral terms, except
for the last integral in (14) which represents the loads due to
traction forces applied over the boundary of the solid. The
corresponding term is missing in the Eq. (11) for the string, only
because no boundary forces were indicated in the string problem
formulation. Solving the resulting system of linear equations for
the unknown coefficients Ci and substituting the computed values
of the coefficients into expression (13) immediately solves the
displacement problem as shown in Fig. 2(d). The stresses
(Fig. 2(e)) are recovered from displacement through application
of the usual relationship r¼DB½u� as in any FEA procedure.

There is also one to one correspondence between the derived
Eq. (14) and the classical FEA formulation, for example, in [35]. It
should now be clear that SSM belongs to the same (variational)
class of numerical solutions as classical FEA, but it eliminates the
need for meshing the domain, O, in favor of additional computa-
tions performed on the native geometric representation. These
computations are used to assemble and solve the system of
Eq. (14) and are at the very heart of the Scan&Solve technology.
The next section will discuss them in more detail.
3. Scan&Solve: system architecture and efficient
implementation

3.1. System design

Implementation of any FEA software involves several stages:
(1) problem setup involves specifying material properties for a
solid model and boundary conditions in the form of restraints or
displacements indicated on faces of solid’s boundary collectively
designated by Gu and loads on faces of boundary Gt; (2) allocation
of basis functions with unknown coefficients whose linear
combination represents the unknown displacement field;
(3) assembly of system of linear equations; the left hand side of
the equations involves computing stiffness (matrix) coefficients
via volumetric integration over the support of the basis functions,
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while the right hand side requires volumetric integration to
account for body forces and applied displacements, as well as
surface integration to compute forces allocated to each basis
function; (4) solving linear system of equation for the coefficients
associated with the basis functions; and finally (5) visualizing the
computed results over the (boundary and interior) of the solid.

In traditional mesh-based FEA implementations, all of the
above steps are straightforward because the solid is assumed to
be accurately represented by a boundary-conforming three-
dimensional mesh of nicely shaped elements. In this case,
restraints on solid’s faces are translated into fixed nodes of the
mesh, loads on faces are replaced by work-equivalent loads; basis
functions are allocated element by element; the linear system is
assembled via integration—by sampling the functions and their
known derivatives at the Gauss points; and once the linear
system is solved the same elements are used to interpolate and
visualize the computed displacement and stress fields.

Fundamentally, Scan&Solve must accomplish the same tasks,
eventually assembling and solving a system of Eq. (14), but using
a set of basis functions whose supports do not conform to the
boundary of the solid model. This leads to a very different system
architecture that is shown in Fig. 6.

The key difference from mesh-based FEA is that the basis
functions fgig are obtained by multiplying any chosen basis fwig by
functions x¼ ðox,oy,ozÞ that, roughly speaking, measure the
distances to the fixed boundaries (in the corresponding coordi-
nate directions) of the solid. The choice of basis fwig is geome-
trically irrelevant; completeness and approximation proper-
ties are the only important criteria. Suitable choices include
polynomials, radial basis functions, B-splines, or FEA shape func-
tions. In our earlier implementations [5–7], we relied on multi-
variate B-splines functions allocated on a uniform grid of space
that completely covers the solid. The same choice was advocated
by Höllig [30] and most recently by Kumar [31].

There are two non-trivial technical challenges in realizing this
architecture. First, construction of boundary-enforcing xi func-
tions is a key unresolved (until now) problem. These functions are
also used to interpolate restraints specified at different boundary
locations into a single vector-valued displacement function u� as
indicated in expression (13). We propose a theoretically sound
and practical solution to this problem below in Section 3.2.
Second, the constructed functions fgig and u� and their derivatives
must be integrated at run time over the non-meshed geometric
domain, usually represented by a boundary representation. There
Fig. 6. The overall structure o
are many known solutions to this problem [36], but we will
discuss integration and related tasks in Section 3.3.

The key assumption is that the geometric modeling system
provides a boundary representation of the model that not only
allows specifying boundary conditions, but also supports two
fundamental geometric queries: PMC (point membership classi-
fication) to test if the point is in/on/out of solid and computing
the distance from a point in space to the solid’s boundary. This
assumption is reasonable because these queries are supported by
virtually all solid modeling systems. Other useful queries, such as
surface polygonization, ray/boundary and box/boundary intersec-
tion, are also usually available, but they typically reduce to PMC
and distance computations [37]. Below, we explain how these
geometric utilities resolve the two technical challenges, leading to
relatively straightforward and efficient implementation of
Scan&Solve.
3.2. Approximate smoothed distances and derivatives

Within a Scan&Solve linear stress solution, x¼ ðox,oy,ozÞ is
used to satisfy restraints and specified displacements. Smooth-
ness in o is necessary to avoid non-physical artifacts in the solved
displacement field. The location of the zero in x is the location
where the specified displacements will be enforced. We therefore
seek a representation for x that is smooth inside the domain and
that is zero at the boundary where displacements are specified.
For the sake of simplicity, let us talk now about construction of a
single component of the vector function x which will be desig-
nated by o written using a non-bold typeface.

Many proposals have been put forward for constructing the
boundary-enforcing function o. Unfortunately, no one method
satisfies all the requirements on o which include: (1) accuracy of
zero-value at the boundary, (2) positivity and sufficient smooth-
ness in the interior, (3) efficient (rapid) evaluation of values of
derivatives. For example, exact Euclidean distances are not
differentiable on the medial axis of the domain, procedural
definitions used by [30,31] may be inaccurate, inefficient or
non-differentiable, R-functions [4,25] are difficult to construct
automatically and do not scale with increase in geometric com-
plexity, and all methods may require expensive automatic differ-
entiation. Below we propose a compromise solution that achieves
all of the above goals using sampled smooth approximation of a
Euclidean distance field.
f the Scan&Solve system.
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Euclidean distance satisfies most of the properties required of
o. At the boundary, Euclidean distance is zero, with a gradient
magnitude of 1. Importantly, distance is intrinsic property of the
shape itself, and can be computed from any representations of the
shape, at least in principle. But two related difficulties prevent
adoption of Euclidean distance as boundary enforcing function o:
(1) a distance field is not differentiable on the points of medial
axis of the shape, and (2) computation of distances and their
derivative can be quite time consuming. To overcome the non-
differentiability of Euclidean distance, we may approximate the
distance field using a set of smooth basis functions (e.g. B-splines)
that are fit to samples of distance [7]. Derivatives are then
computed by applying automatic differentiation to the represen-
tation or by hard-coding the derivatives. While this approach
generalizes well and evaluation at run-time is localized, it
requires the solution of a global linear system, and suffers from
the inefficiency of computing distance at the necessary sample
densities for a stable least squares solution and good geometric
accuracy. The distance computation may be streamlined by
voxelizing the geometry and applying a distance transform
[38,39], but the burden of solving the linear system remains.

We now observe, that the effort of sampling and fitting
globally is an unnecessary burden when all that is necessary is
the ability to compute the value and derivatives of a smooth,
distance-like, o. With appropriate choice of basis function, the
coefficients can be computed from a collection of Euclidean
distance samples taken in the neighborhood of each basis func-
tion’s support. In fact, the distance samples themselves may be
used as the coefficients in conjunction with basis functions that
either smoothly interpolate or approximate the samples. Suitable
basis functions may be drawn from reconstruction kernels [40], so
named for their role in reconstruction of continuous functions
from discrete (usually image) data. Developed for image proces-
sing applications, reconstruction kernels may be used to smooth
distance by substituting signed Euclidean distance for pixel value.
Interpolation using kernels is based on tensor products of one-
dimensional kernels, see Fig. 7. Any number of kernel functions
may be selected that exhibit the smoothness properties required
of o while also supporting local interpolation from regular
samples.

To use interpolation kernels to compute o, pixel values are
replaced with the values, dði,j,kÞ, coming from distance sampled
on a regular grid. Assuming a unit sample spacing, the following
(x, y )

Fig. 7. Figure (from [40]) demonstrates recursive interpolation among local

samples in 2D. First, interpolation is carried out in the X-direction to determine

a value within each row. The resulting values are interpolated in the Y-direction to

yield the interpolated value at (x, y).
results:

oðx,y,zÞ ¼
X

k

X
j

X
i

dði,j,kÞ � hðx�xiÞ � hðy�yjÞ � hðz�zkÞ, ð15Þ

where i, j, k are indices into the neighborhood of samples around
the point (x, y, z) and xi, yi, zi are the coordinates of each sample.
The size of the neighborhood is determined by the size of the
kernel, with sizes typically in the range of 73 for a Blackman–
Harris windowed-sincð Þ kernel and 71 for linear interpolation.
Derivatives of o are easily computed by evaluating the deriva-
tives of the kernel functions. For example, the first partial of o
with respect to x is

@oðx,y,zÞ

@x
¼
X

k

X
j

X
i

dði,j,kÞ �
dhðx�xiÞ

dx
� hðy�yjÞ � hðz�zkÞ: ð16Þ

Derivatives with respect to other coordinates follow naturally.
All of the kernels commonly used in image interpolation

exhibit convergence of their zero sets to the geometric boundary
with increasing sampling density. A particular choice of the kernel
(e.g. Blackman–Harris sincð Þ interpolation kernel, four point cubic
approximation of a windowed sincð Þ, cubic spline approximation
kernel, etc. [40]) is determined by the type of geometry and by
the desired tradeoff between speed and accuracy. Fig. 8 demon-
strates application of a tri-cubic B-spline approximation kernel.

Irrespective of the method of construction, two or more
approximate distance fields may be further combined using
R-functions [4,24] and derived operations [4,41,25]. For example,
exact or approximate analytic or procedural distance fields for
unbounded surfaces, may be trimmed into approximate distance
fields corresponding to faces in the boundary representation of a
solid, using localized volumes constructed automatically from the
Boundary Representation faces. During sampling, the inputs to
the R-function are sampled and their values are combined based
on the algebra of the chosen R-function. An example demonstrat-
ing the result of such trimming operation is shown in Fig. 9.
Fig. 8. Smoothed distance field plotted on the boundary of a simple geometry in

arbitrary position and orientation. The distance samples are smoothed using a

tri-cubic B-spline approximation kernel applied to the lattice of samples taken on

a uniform grid. The zero set on the interior of the planar faces is exact, while the

zero set undershoots the cylindrical edges and spherical corners. In this example,

the sample grid spacing is relatively coarse, at 0.5� radius on the rounded edges.
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3.3. Putting it all together

We can now explain how the system diagrammed in Fig. 6
reduces assembly of the linear system (14) to an efficient
computational pipeline based on sampling. The coefficients of
the linear system are determined by three volume integrals and
one surface integral. The integrands are compositions of known
functions: trivariate B-splines wi, boundary enforcing functions xj

and their derivatives, prescribed displacements that are inter-
polated by functions xj into interpolating function u�, applied
loads T and body force F.

All integration algorithms reduce to sampling the values of
these functions at a finite number of integration (Gauss) points
that are allocated over the intersection of (compact) support of
B-splines with the unmeshed solid or its boundary (for surface
integral). These sample points are generated by volumetric and
surface integration algorithms that operate directly on the geo-
metric representation using boundary polygonization and queries
of point membership, ray-boundary intersection, and box-bound-
ary intersection. Surface integration is a standard operation
involving quadrature over triangles [42]. Geometrically adaptive
volumetric integration algorithms allocate Gauss points based on
the type of intersection between the B-spline support and the
solid, and are described thoroughly in [36]. The only required
geometric queries are point membership classification and ray-
solid intersection [36]. The linear system that results from these
integration algorithms is then solved using a standard linear
solver. Visualization of the solution is an operation akin to surface
integration, except the solution structure (13) is sampled over the
domain and the sampled values are mapped to hue for visual
interpretation.

By representing these functions locally, the sampling and
subsequent computations may be carried out efficiently with a
computational complexity that is largely independent of the
geometric complexity of the domain. Furthermore, locality allows
parallelization of the solution algorithms. For example, significant
improvements in efficiency are realized by clamping distance
samples to a maximum value outside of the narrow band
neighborhood near the solid’s boundary, and smoothing the
transition using techniques similar to Höllig [30]. This ‘‘flattened’’
distance is then sampled on a regular grid and smoothed using
kernels that operate only in the narrow band neighborhoods.
Unlike Höllig, the boundary’s minimum radius of curvature is not
limited by the clamping distance. Instead, smoothing among the
clamped samples removes the discontinuities that would other-
wise arise on the medial surfaces near regions of high curvature.
Fig. 9 illustrates application of this techniques, and additional
details may be found in [43].

The gains in efficiency are two-fold. First, the distance sam-
pling needs to occur only within the narrow band neighborhood
where the distance to the boundary is less than dc. Acceleration of
distance computations in this manner is common in geometric
kernels such as Parasolid [44]. The second efficiency gain occurs
during numerical integration: in the regions where the clamped
distance, and thus x are constant, x and its derivatives do not
need to be re-computed.
4. Experimental results

In this section we validate the Scan&Solve approach by a few
carefully selected numerical experiments and demonstrate its
power on several non-trivial real world examples.

4.1. Comparison with known analytic and experimental solutions

Only a few very simple problems in linear elasticity admit
exact analytic solutions, and only a few experimental solutions
have been obtained over the years. We will rely on three such
known solutions to provide experimental evidence for correctness
and consistency of the results computed by Scan&Solve.

Experiment 1 (Linear displacements and constant stresses): In
a simple experiment, we use Scan&Solve to simulate the basic
tensile stress test. The purpose of this experiment is to validate
that linear displacements and constant stresses can be accurately
computed by Scan&Solve. One can think of this experiment as an
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equivalent of a ‘‘patch test’’ used in validating mesh-based FEA
solutions. The setup of this numerical experiment is shown in
Fig. 10. A cylindrical rod, made of aluminium with modulus of
elasticity of 68.95 GPa and Poisson ration of 0.33, 1 m long and
0.02 m in diameter is loaded by a distributed load of 50 N applied
to one of its ends. Symmetry boundary conditions have been
specified (zero displacement along the rod and unrestricted
motion in other directions) on the other end of the rod. These
conditions correspond to those in a tensile test. Accordingly, the
induced tensile stress is s¼ 4P=pD2 ¼ 4� 50=p � 0:022

� 159,
154:943 Pa. Plots in Fig. 11 show the computed distributions of
the components of the displacement vector and von Mises stress
obtained by Scan&Solve, confirming that the components of the
displacement vector u, v and w are linear functions of the
corresponding coordinates, and that the value of von Mises stress
is constant in every cross section of the rod. Fig. 12(a) shows the
P = 50N

Fixed boundary

1m

0.02m

Fig. 10. Experiment 1: simulating the tensile test.

Fig. 11. Linear displacements and constant stresses. Plots in (a, b, c) show that the

corresponding coordinates; (d) von Mises stress is constant in every cross section of th
dependence of the computed solutions on the size D of the
support of the basis function, indicating that the solution con-
verged. Fig. 12(b) illustrates that the value of the von Mises stress
predicted by Scan&Solve is in very good agreement (the relative
error e computed using L2 norm is less than 0.01%) with the
theoretical value of the tensile stress.

Experiment 2 (Comparison with analytic solution): The second
numerical experiment compares the Scan&Solve solution with the
known analytic solution for a loaded infinite 2D plate shown in
Fig. 13(a). The analytical solution of this problem can be written
in polar coordinates ðY,rÞ [45]:

ux ¼
s1R

8G

r

R
ðkþ1ÞcosY

h
þ2

R

r
ðð1þkÞcosYþcos3YÞ�2

R3

r3
cos3Y

�
;

ð17Þ

uy ¼
s1a

8G

r

R
ðk�3ÞsinY

h
þ2

R

r
ðð1�kÞsinYþsin3YÞ�2

R3

r3
sin3Y

�
,

ð18Þ

where k¼ ð3�nÞ=ð1þnÞ for plane stress problem, G¼ E=ð1�2nÞ is
a shear modulus, n is a Poisson ratio and E is the elastic modulus.
The corresponding stresses are [45]:

sx ¼ s1 1�
R2

r2

3

2
cos2Yþcos4Y

� �
þ

3

2

R4

r4
cos4Y

� �
; ð19Þ
components u, v and w of the displacement vector are linear functions of the

e rod.
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A close 3D finite approximation of this problem was created in
the Scan&Solve system using a thin but finite 3D plate (2 m�2 m,
0.02 m thick) with a central hole of radius R¼0.1 m. In order to
mimic the loads specified at infinity (s1 ¼ 2500 Pa) we
prescribed displacements that coincide with the analytic solution
(17) and (18) on the right and upper sides of the plate leaving the
boundary of the circular hole free (Fig. 13(b)). On the left and
lower sides of the plate symmetry boundary conditions have been
prescribed. We then solve for displacements and stresses inside
the thin solid and compare results to the analytic solution
((17)–(21)). Plots in Fig. 14 demonstrate exponential convergence
of the displacement and von Mises stress obtained by Scan&Solve
as the element size D decreases. Fig. 14 also illustrates that
Scan&Solve solutions are in a good agreement with analytic
results: error of the displacement computed using L2 norm does
not exceed 0.1% and von Mises stress is within 1% of the
analytically predicted value.

Experiment 3 (Comparison with empirical data): The final
numerical experiment compares the stress concentration factor
computed by Scan&Solve with the widely accepted and empiri-
cally determined value (Fig. 15). To avoid dealing with a pure
traction problem, in our numerical simulations we consider only a
quarter of the plate as shown in Fig. 16 and specifying symmetry
boundary conditions on the left and bottom sides of the plate.
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On the right side of the plate a distributed load F¼1000 N is
applied. For the given diameter-to-width ratio of 0.2, the empiri-
cal data in Fig. 15 predicts the stress concentration factor of 2.5,
which is defined as the ratio of the max stress at the boundary of
the hole to the average stress over the end of the plate (see [46]
for more details). Figs. 17 and 18 show the results computed by
Scan&Solve. Fig. 17 indicates that the maximum values of the
components of the displacement field converged and do no
change as the element size decreases. As expected, the plots in
Figs. 18(a) and (b) also demonstrate good agreement between
empirical data and the stress concentration factor computed by
Scan&Solve. The relative error in the stress concentration factor is
less than 1%.

4.2. Real world examples

The above experiments confirm that Scan&Solve performs as
expected, computing correct answers in carefully controlled



Fig. 19. Scan&Solve solution for a complex piston geometry. (a) The boundary

conditions. The red faces are fixed, while the blue face has a pressure applied.

(b) The computed von Mises stress distribution over the piston with the deflection

magnified 60� . (For interpretation of the references to color in this figure legend,

the reader is referred to the web version of this article.)
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experiments. But these experiments do little to demonstrate the
claimed advantages of Scan&Solve, particularly when it comes to
handling complex real-world geometry. We conclude this section
with three examples (introduced in Fig. 1) chosen to highlight the
power, flexibility, and robustness of the technology.

Example 1 (Native CAD model; no defeaturing or simplifica-
tion): Fig. 19(a) shows a solid model of a piston, with indicated
boundary conditions, and Fig. 19(b) shows the displacement field
computed by Scan&Solve. Despite the large number of small
features in this model (holes, blends, fillets), Scan&Solve can use
any desired resolution for stress analysis. In this case, with 60,000
basis functions, the solution is computed in 3 min 10 s on an Intel
CoreTM2 Quad CPU computer.1 The solution procedure is fully
automatic, no geometric features have been removed or simpli-
fied, and no preprocessing is required to change the resolution of
stress analysis.

Example 2 (Imported CAD model; no need for healing and
repairs): Fig. 20(a) shows another example. In this case, the solid
model of an automotive pedal is subjected to loads as shown.
Because the CAD model was translated between CAD systems, the
routine quality check of the geometric model reveals a large
1 Q6700 (8 MB L2 cache, 2.66 GHz, 1066 MHz FSB), 4 GB of RAM.
number (more than a hundred) of small errors and inconsisten-
cies in the pedal’s boundary representation, including tiny edges
and surfaces, overlapping and intersecting faces, mismatching
tangents, and so on. These errors, highlighted in Fig. 20(b), are
likely to cause problems in most mesh-based FEM systems, but
not in Scan&Solve, because it relies only on the relatively simple,
robust and stable geometric computations that are supported in
most CAD systems even in the presence of the small errors. If a
model is good enough for point membership and distance
computations, then it is also good enough for Scan&Solve.
Fig. 20(c) shows the displacement solution for the model in
Fig. 20(a). With 58,000 basis functions, the total computation
time is less than 6 min.

Example 3 (Native geometry, any representation, any resolu-
tion): Our final example was recently profiled by the National
Science Foundation [48]. Fig. 21(a) shows the first principal stress
for the statue of Michelangelo’s David under gravity, computed
using Scan&Solve. The displacements and stresses were computed
directly from the triangulated model provided by the Digital
Michelangelo Project at Stanford University. Minimal automated
preprocessing was needed to create a valid model supporting
point and distance queries. No simplification, smoothing, or
meshing was required. The computed results correlate well with
experimentally observed cracks (Fig. 21(b)), confirming and
refining previous FEM computations performed on a crude manu-
ally smoothed and simplified mesh-based approximation of the
statue in [47]. As expected, high stresses arose in the areas shown
when David’s orientation was 31 off vertical.
5. Conclusions

Despite the perceived computational overhead, performance
of Scan&Solve is already comparable to that of commercial FEA
systems, and is likely to exceed them on models containing small
features, errors, and noisy boundaries. A first commercial imple-
mentation of Scan&SolveTM was recently released for Rhino-
ceros, a popular 3D modeling system [49] and is available from
www.intactsolutions.com. The deterministic simplicity of the
Scan&Solve computational pipeline virtually guarantees signifi-
cant future performance improvements via optimized algorithms,
improved hardware, and the ongoing shift towards increasingly
parallel and multithreaded computing (e.g. using GPU).

A brief comparison of Scan&Solve and the classical mesh-
based FEA, is shown in the Table 1. The discussion in this paper
was confined to linear stress analysis, but the concepts and
methods of Scan&Solve apply to any and all analysis problems.
FEA revolutionized engineering by enabling analysis and simula-
tion to be performed by analysts for simple and complex
problems that could not be solved by hand, and at speeds that are
not possible without use of computers. We have now shown that
the benefits of FEA may be obtained in situ on any geometrically
complete information, without additional preprocessing, conversion,
or meshing. Integration of engineering design and analysis has
remained an elusive goal, not in small part due to meshing and
data model translations that introduce discrepancies between
design and analysis models, thus breaking the design-analysis cycle.
With analysis in situ, design and analysis models are always
consistent, allowing repeated analysis of parametric and free-form
changes in geometry, shape and topology optimization [50], as well
as effortless (and even simultaneous) ‘‘what if’’ studies.

Our results point to a number of promising research directions
and opportunities. We note that, with Scan&Solve, FEA can be
performed directly on the native representation and within the
familiar representational framework, whether this model is a
boundary representation, STL file, volumetric representation,

www.intactsolutions.com
www.intactsolutions.com
www.intactsolutions.com
www.intactsolutions.com


Fig. 21. Stress analysis on Michelangelo’s David: (a) first principal stress distribution computed using Scan&Solve and (b) location of cracks in existing statue [47].

Fig. 20. Scan&Solve stress analysis of automotive pedal. (a) The boundary conditions. The red faces are fixed, and a 600N load is distributed over the blue faces. (b) The

geometric errors and inconsistencies that prevent meshing. (c) The computed von Mises stress within the pedal. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)

Table 1
Comparison of mesh-based FEA and Scan&Solve technology.

Mesh-based FEA Scan&Solve

Geometry approximated by the mesh Native geometry is used

Preprocessing: heuristic simplification & meshing Preprocessing: none

Meshing must resolve all geometric errors and

tolerances

Geometric errors are irrelevant as long as points can be classified and distances to the boundary can be

computed

Mesh size is determined by the smallest feature size Mesh size is determined by the desired resolution of the analysis model (uniform grid)

Small features must be removed Small features are preserved and handled automatically

Boundary conditions: enforced at the nodes only Boundary conditions: enforced on all points of the boundary

Derivatives: pre-computed Derivatives: pre-computed & run time

Integration: Gauss points of finite elements Integration: Gauss points determined at run time

Basis functions: local support Basis functions: local support

Sparse linear system Sparse linear system

Geometric accuracy control: fixed and limited by the

mesh

Geometric accuracy control: determined by accuracy of geometric computations (point test, distance);

adaptive.

Analysis accuracy control: h-, p-, and k-refinement Analysis accuracy control: h-, p-, and k-refinement
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constructive solid geometry, polygonized model, or even an appro-
priately interpreted point cloud. Developing efficient algorithms and
implementations may lead to new applications and uses of FEA. For
example, a wealth of digital data has been acquired over the last
several decades, but by all indications, digital content creation is still
in its infancy. Today most of this data is used for archiving, visual, or
geometric planning purposes; physical analysis of such models is
expensive and impractical on a large scale because it requires tedious,
error-prone, manual data preparation. But point membership queries
and distance computations may be performed on all models, includ-
ing those scanned, imaged, digitized, or sensed, enabling direct
application of Scan&Solve analysis to medical scans, 3D reconstruc-
tions from laser-scanned data or photogrammetry, and reverse
engineered models.

An important consequence of separate controls for geometric
resolution and numerical accuracy is that one can perform rough/
precise analysis on coarse/accurate geometric models, allowing
for both conceptual studies and detailed analysis within the same
computational framework. In particular, analysis of geometrically
imprecise models may lead to more realistic results in engineer-
ing analysis, quantification of these results in terms of geometric
errors and uncertainty, and application of engineering analysis to
tolerance, sketched, and conceptual models.
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Appendix A. The Kantorovich method

This classical numerical technique for approximating solutions
of partial differential equations with homogeneous boundary
conditions was described by Leonid Kantorovich in [2] and has
become known as the Kantorovich method. The key idea of the
method is based on the observation that the solution of a
differential equation with homogeneous Dirichlet boundary con-
ditions uj@O: ¼ 0 can be represented in the form

u¼oF, ðA:1Þ

where o is a known function that takes on zero values on the
boundary of the domain @O, and is positive in the interior of O,
and F is some unknown function. For example, in Fig. 22, the
function oðx,yÞ is identically zero on the boundary of the shown
two-dimensional domain and is positive in the domain’s interior.
As such, o completely describes all the geometric information for
Fig. 22. (a) Function o satisfying the homogeneous Dirichlet boundary condition; (b)

chosen coefficients; (c) the combination of function o with B-splines on a 30�30 grid
the homogeneous Dirichlet boundary value problem, and in fact
any function u of the form (A.1) will satisfy the homogeneous
boundary conditions exactly. In the context of structural analysis,
the solution field function u is displacement, and the homoge-
neous boundary conditions correspond to the boundaries that are
rigidly fixed.

The expression (A.1) contains no information about the differ-
ential equation of the boundary value problem. Rather, it repre-
sents the structure of any solution to a boundary value problem
satisfying the given boundary conditions. For any given boundary
value problem, determination of the unknown F immediately
translates into the solution to the boundary value problem. Since
we usually cannot expect to determine such F exactly, we can
approximate it by a finite (convergent) linearly independent
series of basis functions:

F¼
Xn

i ¼ 1

Ciwi, ðA:2Þ

where Ci are scalar coefficients and wi are some basis functions.
Kantorovich relied on the standard global polynomial basis, but
many other well known basis functions, such as B-splines, radial
basis functions, or finite element shape functions among others
can be used to represent F. For example, function, whose plot is
shown in Fig. 22(b), is a combination of the function o (Fig. 22(a))
and bicubic B-splines wi defined over a uniform 30�30 Cartesian
grid with randomly chosen coefficients Ci.

It is important that the structure (A.1) does not place any
constraints on the choice of the basis functions fwig that approx-
imate the function F. In particular, the choice of the basis
functions does not depend on any particular spatial discretization
of the domain. The grid of B-splines in our example is aligned
with the space and not with the domain. For any given boundary
value problem and a choice of basis functions fwig, the approx-
imate solution is obtained as

u¼o
Xn

i ¼ 1

Ciwi, ðA:3Þ

using variational, projection, or a variety of other numerical
methods to solve for the numerical values of the coefficients Ci.
For example, if we choose the coefficients to approximate the
solution of the differential equation r2u¼ 1�sinðyÞ in the least
square sense, we obtain the function u shown in Fig. 22(c). From a
computational point of view, the intrinsic advantage of the
method lies in the clean and modular separation of the geometric
information represented by the function o from the differential
equation and numerical procedure used to determine the analytic
component F.
the combination of function o with B-splines on a 30�30 grid with randomly

that approximates the solution of r2u¼ 1�sinðyÞ.
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