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Abstract

Regularity of sets (both open and closed) is fundamental in the classical theory of solid modeling and is implicit
in many shape modeling representations. However, strictly speaking, the notion of regularity cannot be applied to real
world shapes and/or computed geometric models that usually exhibit irregularity in the forms or errors, uncertainty,
and/or approximation. We propose a notiorzefgularity that quantifies regularity of shapes in terms of set intervals
and subsumes the classical notions of open and closed regular sets as special exact cases. Our formulation relies on
e-topological operations that are related to, but are distinct from, the common morphological operations. We also
show thatz-regular interval is bounded by two sets, such that the Hausdorff distance between the sets, as well the
Hausdorff distance between their boundaries, is at mobstany applications of-regularity include geometric data
translation and solid model validation.

1 Introduction

Regularity of sets is fundamental in the classical theory of solid modeling and is implicit in many shape modeling
representations. Both open set and closed set have been used:

e closed regular [24], in which cas€ = ki(X);
e open regular [3], in which cas¥ = ik(X);

wherek, i denote respectively the topological closure and interior operations of a set. Both models correspond to
dimensionally homogeneous (without cracks or dangling pieces) sets with tight boundaries, the main difference being
that closed regular sets include their boundaries while open regular sets do not. A common characterization in both
models is that a neighborhood of every boundary point contains points in the set interior as well as points in its exterior.
Specifically, it is widely accepted that a suitable model for an “ideal” solid is-set [24], defined as bounded, semi-
analytic, and closed regular subsetf®f. The intuitive notion that every non-trivial solid has a non-empty interior and

a thin boundary is formally captured by requiring tlat= ki(X). With this terminology, a geometric representation

is deemedvalid if it corresponds to at least oneset, and two representations a@nsistentf they represent the

same set of points. The purpose of exact representation conversions is to produce representations that are valid and
consistent in accordance with this theory.

By requiring the regularity of sets, the classical solid models postulate that a solid is a set of points with dimen-
sionally homogeneous interior and well defined boundary, where dangling pieces and cracks on the set boundary are
not allowed. However, strictly speaking, the notion of regularity does not apply to most real world shapes and/or com-
puted geometric models that usually exhibit irregularity in the forms or errors, uncertainty, and/or approximation. Two
common situations where regularity is notoriously difficult to maintain are Boolean set operations and geometric data
translation of boundary representations. Theoretically, boundary evaluation and merging algorithms [26] implement
the regularized Boolean operations (union, intersection, difference) [25], but finite precision arithmetics and approx-
imations often mean that the output of such procedures does not bound any regular sets. Similarly, after geometric
data translation [13, 11, 16, 21, 10], boundary representations of translated solids are often found to have various
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errors, and the receiving systems cannot perform the intended tasks on these models unless they are repaired/healed
[6, 5,8, 7, 20, 30, 29, 32].

Thus, identifying a regular set in the presence of errors is not always feasible, practical, or even desirable. Repre-
sentation ofX is usually generated from user inputs, numerical computations, approximations, and physical samplings
— all of which contain somerrors. These data errors in the representatioiXaisually violate the validity conditions
(numerical, topological, combinatorial) implied by the properties of regular sets. For example, Figure 1 shows typical
‘invalid’ 2-dimensional boundary representations of a simple rectangle. As with most boundary representations, the
vertices, edges, and faces represent geometric information only approximately and redundantly. Depending on how
the boundary is constructed, it may also include small imperfections: isolated and dangling pieces, voids, gaps.

Applying directly the notions of (exact) closure, interior, and boundary to such representations and requiring reg-
ularity is problematic, because strictly speaking, all such representations are invalid. Either such representations need
to be ‘repaired’ or they must beinterpretedbased on semantics that recognizes the role of errors and imprecision.
Furthermore, any reasonable repair procedure would also require a prior reinterpretation. One possible model for
new semantics of imprecise representations studies conditions under which closed regular sets may be associated with
perturbed representations and computations [1, 15]. We advocate an alternative approach that modifies the very notion
of regularity, in order to account explicitly for the sizef errors in geometric models and algorithms. Hence, the key
guestion is\What is a proper model of regularithat would tolerate errors of size less tharsuch as those shown in
Fig. 1? To answer this question, we proposed the notioag@pological operations andregularity that subsume the
corresponding classical notions [23] and reinterpret valid geometric representations in tetasse®f sets. In this
paper, we further explore the propertieseatgular sets and their applications. In particular, we establish relationship
betweere-topological operations and morphological operations, and show thategular interval is bounded by two
sets that are withia Hausdorff distance of each other. Furthermore, the boundaries of these sets are alsceat most
Hausdorff distance apart.
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Figure 1: A theory ot-regularity must tolerate imperfections of size less thaear the theoretical boundary of a set:
(a) dangling edges or isolated points; (b) small cracks and voids; (c) misaligned or redundant vertices and edges.

The paper is organized as follows. Section 2 summarizes the notiertspdlogical operations;-regular sets, and
e-regular intervals. Most of the results in this section are also discussed in the recent technical report by the authors
[23]. Connection to the morphological operations and characterizatierregular intervals in terms of Hausdorff
distance properties are studied in Section 3. The last Section 4 discusses the significance of our findings and explains
how they can be applied in practice to a number of shape modeling problems, including geometric data translation.

2 e-Regularity of Sets and Intervals

In this section, we propose arregularity model that captures small irregularities in the forms of errors, uncertainty,
and/or approximation. The proposed model quantifies regularity of shapessugipglogical operations which are
generalizations of the corresponding classical set topological notioingeoior i, closurek, andboundaryd. The
generalized operations are defined in terms of finite size neighborhoods, to deal with inexactness of data and algo-
rithms. The size of a neighborhoedelates to the precision of data and algorithms; when precision is limited, the size



must be finite. The resulting generalized epsilon-topological operatioks, andd. satisfy many (but not all) of the
classical topological properties.

Based on the-topological operations, we propose notiong-atgular sets and intervals that explicitly recognize
the role of imprecision. Informally, the difference between the classical notions of closed/open regular sets and the
e-regular sets lies in that the set equality is replaced by a pair of set inequalities and the classical topological operations
are replaced by thecounterparts. The classical open and closed regular sets are shown to be special exact cases where
¢ = 0 corresponds to arbitrarily small neighborhoods.

2.1 e-Topological Operations

Traditionally, open and closed regular sets are formulated in terms of the classical topological concepts and operations
of closurek, interior 7, and boundary that are interpreted in terms of infinitesimal size neighborhoods. In contrast,
inaccuracy of data and finite resolution of algorithms imply that the neighborhoods of every point may be represented
only up to some finite size. This in turn requires redefining the usual topological operations.

Specifically, we propose thetopological counterparts of the classical topological operatiendosurek,, -
interior 7., ande-boundaryd., wheree is a non-negative real number. Intuitivelycorresponds to the maximum
algorithm precision and/or maximal data precision. In the following definitions, we refer to a metric sg&tedas
whereWV is a non-empty set and is a suitable distance function. In a metric spaBéz, ) denotes the open ball
about pointz of radiusr.
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Figure 2: Classical topological operations and the corresporndtogological operations. (a) Classical topological
operations are defined using infinitesimat 0 neighborhoods. (k)-topological operations are defined using finite
size neighborhoods. (c) Bothinterior ands-exterior decrease, ardboundary grows as ball radigsncreases.

Definition 2.1. Given a subseX of a metric space, a pointis said to be in the-closureof X, denotedk. (X), if for
everyr > ¢, B(z,r) N X # (), wheres is a non-negative real number.

Definition 2.2. Given a subseX of a metric space, a pointis said to be in the-interior of X, denotedi.(X), if
there exits an open ball abaubf radiusr > ¢ such thatB(z, ) C X, wheres is a non-negative real number.

Definition 2.3. Given a subseX of a metric space, a poiatis said to be in the-boundaryof X, denoted. (X), if
x is in bothk.(X) andk.c(X), wherec(X) denotes the complement of a set.

The above:-topological operations are illustrated in Fig. 2. Eoe 0, these operations correspond to the usual
classical topological operations, and in this sense, they are generalizations of the corresponding definitions in the
general (point-set) topology [17, 19]. But fer> 0, additional points are added to or subtracted from closure or
interior respectively, and the boundary of the set is “thickened” by the ball of radiNstice that operationks, and
i define sets that are closed and open in the usual metric topology with). It is not difficult to show that the
e-topological operations inherit and preserve many of the classical properties, as illustrated by the theorems below. In
what follows,c(X') denotes the complement of skt

Theorem 2.4. A pointz is in the complement df. (X) if and only if there is an open ball aboutof radiusr > ¢
such thatB(z,r) N X = ().



Proof. If B(z,r) N X = ( withr > ¢, then itis also true that there isi(z, ) N k. (X) = 0 with » > 0. Therefore,
x is notink.(X). Conversely, ifz is in the complement of.(X), there is aB(z, r) N k(X) = 0 with» > 0, and
thereforeB(z,7) N X = @ withr > ¢. O

Theorem 2.5. i.(X) = ckec(X).

Proof. If z is a point inck.c(X), then there is &(x,r) of r > ¢, B(z,r) Ne(X) = 0, or to sayB(z,r) C X,
so from Definition 2.2,z is a point ini.(X). Conversely, ifx is a point ini.(X), then there is &(x,r) of r > ¢,
B(z,7) € X,s0B(z,r) Ne(X) = 0, so from Theorem 2.4; is a point inck.c(X). O

Corollary 2.6. ci.(X) = kec(X), ke(X) = cice(X).

Similarly, it can be shown that many (but not'3ltlassical theorems are preserved under these generalized topo-
logical operations [12]. From the above definitions, a point cannot be in&o#mdi.. Thus, every sek.(X) is
partitioned into its=-interior and a ‘thickened’ boundary &s(X) = J.(X) U i.(X). It follows immediately that for
any setX,

i-(X) C X Ck(X). 1)

The set of points that amotin k. (X) is callede-exteriorof setX and will be denoted. (X). It can be also defined
directly following Theorem 2.4 using open ball. Since

ea(X)Uaa(X)Uis(X):VVv (2

we can say that any sé&f C W induces a patrtition of the spa®€ under the=-topological operations.
Consider what happens to the induced partition of spioender different values of (Fig. 2(c)). For a given set
X, alarger value of will result in a shrunk-interiori. (X ) and a growre-closurek. (X ). As a result, the-boundary
will thicken further as well. We can summarize this concisely by the theorem whose proof follows directly from the
above definitions.

Theorem 2.7. For a given subsek of a metric space, and non-negative numhgrandes, if e; > ¢4, then
7;51 (X) g iEQ(X)7651 (X) g 682 (X)78€1 (X) 2 882(X) (3)

Theorem 2.7 implies that ande. are monotonically decreasing functionseofase decreases, points can only
be added to the interiar (X') and exterior. (X ), while they are removed from the shrinking boundéryX). Ase
approaches @, i., 0. approach the classical exact sets of exterior, interior, and boundary respectively.

Many additional properties of-topological operations may be verified using straightforward application of set
calculus. We summarize the properties that are of particular importance to shape modeling, without giving the detailed
proofs. If A and B are arbitrary subsets of Euclidean space, then we have:

¢ ACB—k(A)Ck(B), ACB—i.(A)Ci.(B)
kekie(A) = koo(A),  icic(A) = iae(A);
ko(AUB) = ke(A) Uko(B), i-(ANB) =i.(A) Ni.(B);

k(AN B) C ke(A) Nko(B), ic(AUB) 2 i.(A) Ui(B);

keickeic(A) = keic(A),  ickeicke(A) = icke(A).

Other properties of the implied topological spaces follow from [12], but we do not consider them in this paper.
Throughout the paper, we rely on the common notions of open and closed sets, as defined in the usual natural topology
of Euclidean spac&?. In particular, note that-interiori. X ande-closurek. X of any setX are respectively open

and closed inz9,

INotably, the classical property(k(X)) = k(X) does not hold fok. operation wher > 0.



2.2 e-Regular Sets

Intuitively, it should be apparent that a proper definition of regularity must not eliminat®lesate errors and im-
perfections near the set boundary. The definition should be consistent with the classical notions of regular sets, and in
fact the generalization is relatively straightforward. destulatethat aknownset of X should be deemedregular if
an e-neighborhood of every boundary pojne 9y(X) contains points in the set interiog(X ) and points in the set
exterioreg(X). The challenge is to formulate this postulate in terms ofsthepological operations in a manner that
is consistent with the classical notions of regularity. Let us first consider what this means whenBy definition,
i0(X) is the largest open set containedXn andk,(X) is the smallest closed set that contaiiswhich means that
for any setX,

i0(X) C X C ko(X). (4)

Neither one of these bounding sets are guaranteed to be homogeneous in dimgidignmay contain voids and

cracks, whilek(X) may include dangling pieces and isolated points. The homogenization (or regularization) is
achieved by a second topological operation that grows the lower and shrinks the upper bounding sets respectively:
koio(X) is the smallest closed regular set containifigX ), andipko (X) is the largest open regular set contained in
ko(X). The regularization effectively reverses the set relationship (4) to

ioko(X) € X C koio(X). ®)

It should be clear that any open or closed regularSeatisfies the inequality (5) whose essence is to combine the
two classical definitions into a single definition of @megular set. But other sets satisfy the above inequality as well,
because it allows for imperfections (missing portions or isolated points) in the bousidgty. For example, a unit
sphere with half of its boundary missing would satisfy (5) and be consideregdular.

However, the two homogeneous bounds (5) are so tight that they are not realistic, becaus& reatigfying
(5) may contain even minor imperfections in its interior or exterior, such as those shown in Fig. 1. To say that
imperfections are tolerated in the interior of the Xetvithin distance:s from the boundary amounts to a statement that
X containsi ko (X); similarly, whenk.io(X) contains the seX, exterior imperfections withia from the boundary
are tolerated. This motivates our first attempt at definitiosrcgfgularity for aknownsetX .

Definition 2.8. A subsetX of a metric space is-regular if, for a given non-negative real number
icko(X) € X C keig(X). (6)

Informally, the above definition assumes that we can determine the closure and intéfiexattly, but we allow
errors within distance near the boundary. The concept is illustrated in Fig. 3 showing that imperfections within
the boundary in Fig. 1 are “covered” by either growiggX ) by k. as in Fig. 3(a), or by shrinkingy(X) by i. as in
Fig. 3(b). Thus, in contrast to the classical definitions, under the proposed notieegidlarity, these representations
of rectangles are considered to repregerggular sets.

By Definition 2.8,e-regularity of a set depends on the size of chase@lassical regular sets (open and closed)
clearly satisfy the definition in the special case whesa 0, with one side of (6) becoming an equality. Inequality
is crucial in the general case, because it corresponds to the notion of tolerant modeling near the boundary of the set.
By definition, increasing the value afcorresponds to shrinking ko (X) and expanding:.io(X). Thus, if X is
e-regular, it is alscae-regular for any=; > . We observe that every bounded set (or rather every set containing
bounded ‘imperfections’) with non-empty interiordsregular for some sufficiently large valueafNormally, we are
interested in the smallest valueofor which X is e-regular.

2.3 e-Regular Intervals

We now consider more realistic situations where we may not be able to compute the iigteXipand closures, (X)

of a setX exactly, but only some bounding sets can be determined — either as input or as a result of another approximate
computation. In what follows, we will refer to the bounding $ét asinner, and X asouter, assuming the inner

is open and the outer is closed. An example of inner and outer bounding sets is shown in Fig. 3(c). In this sense, the
interiorio(X) and the closuré,(X) are the tightest bounds computable for any give’&eThe inner and outer sets

form aset interva) [X_, X ;] — the class of set6X } such thatX_ C X C X, . Then Definition 2.8 generalizes in

a straightforward fashion by replaciig(X) andiy(X) respectively with arbitrary outeX ;. and innerX _:
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Figure 3: e-regular sets and intervals tolerate imperfections of size lesscthmezar the set boundary: (a) growing
i0(X) to cover dangling edges and isolated points; (b) shrinkij{d{) to cover small cracks and voids; (c) an interval
[X_, X.] covers the imperfection bi (X ) andk. (X_).

Definition 2.9. A set interval[ X _, X ] is e-regularif, for a given non-negative real number
iE(X+) c X_ c X+ - ks(X—)~ (7)

Technically, the test foe-regularity of an interval depends on two separate conditions illustrated in Fig. 4:
ie(X4+) € X_ requires that when outéf , is shrunk by a ball of size, it fits inside the inner; similarly, C k.(X_)
requires that inneX _ grown by a ball of size contains outeX , . For example, the rectangle in Fig. 3(c) is not reg-
ular in the classical sense, butdgegular as an intervalX _, X, ]. Once again, if the interval is-regular for any
particular value ot, then it must also be-regular for any greater value of but not necessarily for the smaller.

X, k(X
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Figure 4: A set interval becomesregular if thes is big enough: (a) set intervaK _, X ]; (b) X; C k.(X_); (c)
e(Xy) CX_.

Xy

Definition 2.9 for a set interval is written in the same form as Definition 2.8 for a set instance, in order to emphasize
their common structure. In fact, it is easy to show that Definition 2.8 is a special case of Definition 2.9, by recalling
that any sefX is contained in the intervad, (X), ko (X)].

Theorem 2.10. A setX is e-regular iff the intervalfio (X), ko (X)] is e-regular.



Proof. From Definition 2.8, we havé.io(X) 2 ko(X), andig(X) 2 iko(X). Thus, letX_ = ip(X) and X, =
ko(X). FortheintervalX_, X, ], we havek. X_ D X andX_ D i. X, whichis are-regular interval. Conversely,
if [i0(X), ko(X)] is e-regular, then from Definition 2.9%.io(X) 2 ko(X), i0(X) 2 icko(X). Thus, X is e-
regular. O

In other words, we really need only Definition 2.9 ofegular interval, because it subsumes Definition 2.8 of
ane-regular set. Henceforth, it should be understood that the temradular interval’ also applies te-regular set
instances. Furthermore, it is easy to see that every set instmeanc-regular interval X_, X ] is alsoe-regular.
This is reasonable and should be expected, since every such set interval represents an equivalence class of sets that are
not distinguishable beyond the inner and outer bounds of the interval. In fact, if we defirrgervallY_, Y, ] of
interval[ X _, X ;] asthe class of set§Y'} such thal_ C Y C Y,, with the innefY_ D X _ and the outet’, C X,
we can make an even stronger claim:

Theorem 2.11. Any subintervalY_, Y, ] of ane-regular interval[ X _, X, ] is alsoe-regular.

Proof. By definition,X_, Y_ are open, anX,, Y, are closed sets, witi_. O X_ andY, C X, . Sincek.(X_) D
Xy, thenk (Y_) D k. (X_) 2 X4 D Yy; similarly, sinceX_ D i.(X4), thenY_ D X_ D i.(Xy) D i (Yy).
Thus,[Y_, Y, ] ise-regular. O

This result is of paramourgractical significance, because it allows to verify regularity of an intef¥al, Y7 ]
even when the interval itself is not computable by testing a larger containing inféfvalX | that is computable.
In particular, Fig. 5 shows that any s&t contained in are-regular interval must be-regular. This statement is
conservative in a sense thdtmay bez-regular with even a smaller value of
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Figure 5: Any set contained in anregular interval i-regular with the same or smaller valuesof(a) set instance
X with dangling pieces and inner cracks, contained ia-a@gular set interval; (bX C k.io(X); (C) icko(X) C X.

3 Properties ofe-Regular Intervals

3.1 Connections with Morphological Operations

There appears to be every reason to believe that morphological operations, widely used in image processing, are closely
related to the proposed model of regularity, because they effectively filter out small ‘noisy’ features of finite size from
images [28, 14]. It is intuitive and has been observed by others that these operations are related to regularization [27,
28, 4]. Below we demonstrate the subtle differences betweepological operations and morphological operations,

and explain why morphological operations are not suitable for modelisgegular shapes.



For a comprehensive introduction to mathematical morphology, the reader is referred to the classic monograph by
Serra [28]. Here, we only briefly summarize the key concepts. dilation of a setA by a structuring elemenB is
defined as
Dp(A)=A®B={z:B,NX #0}, (8)

where® denotes the Minkowski addition arfél = {—b : b € B} is the transpose of sé. Similarly, theerosionof a
setA by a structuring elemer® is i}
Ep(A)=AcB={z:B, C X}, 9)

wheres denotes the Minkowski subtraction. By combining erosion and dilation, Matheron [18] proposed the notions
of morphologicabpeningA s andclosingA? as follows:

Ap=(AcoB)®B, AP=(A®B)oB. (10)

Informally, dilation and erosion are respectively ‘growing’ and ‘shrinking’ operations, while opening and closing are
obtained by sequential application of dilation and erosion to a given set. Furthermore, the following properties are
known to hold for opening and closing of any setand B:

e increasingA C A’ impliesAp C Az andAP C A'B;

e idempotent(Ap)p = Ag and(AP)B = AB;

e duality, (C(A))p = C(AB) and(C(A))? = C(Ap);

e extensive (closing) and anti-extensive (openinggy, C A C AB.

The above operations have found numerous applications in geometric and solid modeling, notably for offsetting,
blending and filleting operations [27], reconstruction [4], and shape simplification [33].

It may appear that the proposed operationg-gfosure ance-interior are special cases of the morphological
dilation and erosion respectively, when we restrict the structuring elemdotbe a ball of radiug. Just like the
morphological operations;topological operations grow or shrink a seétby the ball of size. However, this intuitive
correspondence does not hold under more careful analysis, because the Minkowski operations used in the definitions
of dilation and erosion do not capture the expected topological properties. In general, the dilation or erosion of a set by
closed ball may be neither topologically closed nor open. When we restrict structuring elBrteebe an open ball,
dilation always results in an open set and erosion always gives a closed set. Figures 6(b) and 6(c) illustrate respectively
the dilation and erosion of a closed seby an open balB. Clearly, the dilation (erosion) of sét does not correspond
to e-closure €-interior) of A because the latter must be closed (open). Furthermore, the dilation (erosion) of an open
(closed) set by a closed ball is identical to its dilation by an open ball of the same radius.

(a) (b) (c)

Figure 6: Morphological dilation and erosion of a closed set A by open ball B: (a) clésed openB; (b) dilation
of A by B is open; (c) erosion ofl by B is closed.




The relationship betweetttopological operations and morphological operations is established by the following

equations:
ke(X) = ko(Dp(X)), i(X) = io(Ep(X)). (11)

These equations are easy to understand intuitivelgtosure is thé)-closure of the dilation ofX by ball B, ande-
interior is the0-interior of the erosion oX by ball B. These rather technical differences are also the main reasons why
morphological operations cannot be used to formulatestfegularity concept proposed in this paper. For example,
we have already shown earlier that the sequencestopological operationg.i. andi k. satisfy the increasing,
idempotent, and duality properties of the opening and closing operations respectively. However, it is generally not true
thatk.i.(X) C X Ci.k.(X). Consider the rectangl¥ in Fig. 7(a). The rectangle itself could be open, closed, or
neither open nor closed, depending on whether or not the rectangle includes its boundary. By définitian), is the
closed set with rounded corners, whilé. (X) is the interior of the rectangle (an open set). Therefore, it follows that
no rectangles satisfy the inequalityi. (X) C X C i.k-.(X). Thus, it should be clear that the composite operation
ki is not anti-extensive, and k. is not extensive. In contrast, Fig. 7(b) shows that the corresponding opening and
closing of X by an open balB guarantee thakz C X C X7, sinceXp is always open an& ? is always closed
forany X.
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Figure 7: (a) Topologicat.i. andi k. operations violaté.i.(X) C X C i.k.(X). (b) Morphological opening and
closing preservé&{z C X C X5,

There have been several proposals to use morphological operations to generalize the notion of regularity, based
on the observations that opening and closing filter out small features of.sizer example, the authors in [4, 33]
proposed several types of regularity f§rdepending on whetheX = X and/orX = X 2. Such conditions may
hold in special situations arising in shape reconstruction and simplification, but they are not useful for our purposes.
If Bis aclosed set, then it is possible that= Xz = X7 if X belongs to a special subclass of classical regular sets.
However, if B is an open set, then the openiig; is an open set, while the morphological closik§ is a closed set;
therefore there aneo non-empty sets satisfyinf = X = X 7. In this case, regularity could be definedds= Xp
or X = X B, but again these conditions hold only for some subclass of open or closed regulr §gsire 8 shows
that, in general, neither opening nor closing are guaranteed to be regular sets in general. To summarize, in all cases,
the morphological regularityestrictsthe classical notions of closed and open regularity respectively, by eliminating
regular sets with features of small but finite size

In contrast, our goal is not to eliminate small features and imperfections, but to tolerate them. Because the rela-
tionship Xz C X C XP holds for any sefX, the openingX z and the closing¥ ? naturally suggest themselves as
the candidate sets tolerating bounds on the\gdtiowever, it should be clear from Fig. 8 that the opening and closing
themselves certainly do not define amegular interval. The essential conditionfegularity comes not from the
morphological properties of but from the additional containment requirements given in Definition 2.9. As we show



next, this definition also imposes Hausdorff distance properties that are not implied by the morphological operations.
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Figure 8: Morphological opening and closing are not topologicaly open and closed regular sets: (a) closing of a
rectangle with dangling edge is closed set but not closed regular; (b) opening of a rectangle with inner crack is open
set but not open regular.

3.2 The Hausdorff Distance Property

The Hausdorff distance between two sets is the standard tool in shape comparison, matching, and reconstruction. Let
X andY be two non-empty closed bounded subsets of a metric gppEcé), The Hausdorff distance is given by

dp(X,Y) = max{d,(X,Y),dn(Y, X)}, (12)

whered, (X,Y) = sup,¢y infy ey d(z,y) is the directed Hausdorff distance frakhto Y. Here, we use the Haus-
dorff distance on the closed subsetsiBf[22]. (If sets are not required to be bounded, the Hausdorff distance may
take infinite value.)

It is well known that there are many circumstances when Hausdorff distance is not effective without additional
assumptions, because qualitatively dissimilar sets may be within small distance of each other [9, 31]. As a patrtial
remedy, Boyer and Stewart [9] proposed themetric as the maximum value of the Hausdorff distance between sets
and the Hausdorff distance between the 0-boundaries of sets. In practice, both types of measures have been used,
for example see [2]. We now show that all sets withincaregular interval are withirr Hausdorff distance and,
furthermore, the maximum distance between their boundaries is also at.nhesther wordsg-regularity imposes a
strong similarity measure on all sets in the interval and subsumes the usual Hausdorff measures proposed by others.

By definition, ans-regular set intervalX _, X ] is bounded by two setX_ and X, satisfying thes-regularity
condition (2.9), withX_ C X . It suffices to bound the Hausdorff distance betw&enand X, and their boundaries.
SinceX _ is open, we consider the Hausdorff distance between the closekh§&ts) and X ..

Theorem 3.1. For ane-regular interval[ X _, X |, the Hausdorff distancéy (ko(X_), X1) <e.

Proof. We first proved;, (ko(X_), X;) < e. By definition, ko(X_) is the smallest closed set containing the open
setX_. SinceX is also a closed set containidg_, ko(X_) C X, and therefore the directed Hausdorff distance
dp(ko(X-), X4) = 0. By definition, dp,(k-(X_),ko(X-)) < e. SinceXy; C k.(X_), the directed Hausdorff
distancel, (X4, ko(X_)) < e. The theorem follows. O

Corollary 3.2. For ane-regular interval[ X _, X, ], the Hausdorff distancéy (c(X_), koc(X)) < e.
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Proof. From the definition ok-regular interval, if X_, X ] is e-regular, then so i§(X ), c(X_)]. The corollary
follows. O

In other wordsg-regularity implies the Hausdorff distance ©hot only between the bounding sefs. and X,
but also between their complements. Figure 9(a) demonstrates that this is a rather strong condition that does not hold
for an arbitrary set interval. In fact, Theorem 3.1 and Corollary 3.2 suggest-fegfularity can be characterized
in terms of Hausdorff distances. Specifically, it can be shown that twoJ)setsC X, form ane-regular interval
[X_, X ] only if the Hausdorff distance between the two sets and their complements is boundeBthermore,
it is now easy to prove that the Hausdorff distance between the boundaries of the bounding sets is alsa at most

Theorem 3.3. For ane-regular interval (X _, X, |, the Hausdorff distancé (9o (X - ), do(X4)) < e.

Proof. We first proved;, (0y(X ), do(X_)) < €. Instead of computing the directed Hausdorff distance e ;)
to 9y (X _) directly, it is easier to show that the directed distance from the largéx &8t_) to 9y(X_) is bounded by
e. This will prove thatd, (0y(X ), 99(X-)) < ¢, based on the definition of the directed Hausdorff distance.

Let us show thad. (X_) indeed containdy (X ). SinceX_ is closeddy(X,) C X, and since the interval is
e-regular,X; C k.(X_). Thereforedy(X ) C k.(X_). Since no point oby (X ) can be insideX _, it follows that
0o(X41) C ¢(X_). Also, by definition ofk., ¢(X_) C kee(X_). Thus,0y(X+) C k.c(X_). Therefore it is clear
thatdy (X ) C 0-(X_). Butd,(0-(X_),90(X_)) < ¢, by definition ofd..

The proof thatd;, (0 (X_), 9p(X4)) < eis very similar. Sincéy(X_) C 0.(X ), andd, (9-(X ), 00(X4)) <
g, it must be thatl;, (9y(X_), 0p(X4)) < e.

O

The above results show thatregularity imposes a stronger distance condition than is implied by both the Haus-
dorff distance and thd,, metric. This relationship is not reciprocal. Figure 9(b) shows a simple example where
[X_, X.]ise-regular fore values that must be larger than both the Hausdorff distance betweekX sef$, and the
Hausdorff distance between their boundaries. Intuitivelyggularity provides a stronger measure of shape similarity
because it is symmetric with respect to the intefél, X | and the complementary set interval, as indicated by the
Corollary 3.2 above.

X, unit closed
ball X,

L e hollow open
ring X_

(@) (b)

Figure 9: Ane-regular set provides stronger distance condition than the Hausdorff distance between sets and the
Hausdorff distance between boundaries of sets.dfgko(X_), X 1) is within ¢, while dg (¢(X_), koc(X 1)) is
bigger thare. (b) dpy (X_, X1 )is 0.25;dy (0(X_), 09(X)) is 0.75; the interval X _, X, ] is e-regular fore > 1.

4 Significance and Applications

This paper discusses a generalization of the classical regularity models, based on the observation that topological prop-
erties of sets may be represented and/or computed only within some finite precision[23]. Importantly, the formulated
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e-regularity subsumes the classical regularity formulations as special (but not very realistic) casedofin this
sense, the-regularity model captures more realistically the practices and the recognized limitations of geometric and
solid modeling.
We showed the connections and distinctions between-thpological operations and the common morphological
operations. From topological point of viewvclosurek. always generates closed sets asidteriori. always generates
open sets, while morphological dilation and erosion do not have these properties. From algebraic point of view, the
e-topological operations and the morphological operations share many (but not all) common properties that are useful
for shape modeling, simplification, and reconstruction. In particatéwpological operations allow quantification of
shape irregularities, while morphological regularity applies only to classical closed/open regular sets. Last but not
least, we characterized arfregular interval in terms of its Hausdorff distance properties and showee-tegularity
implies a stronger measure of shape similarity than the previously proposed Hausdorff-distance based measures.
We conclude by briefly explaining how the conceptsafegularity may be applied to a number of outstanding
problems, where geometric models cannotrdygresentedand/orcomputedexactly. The key premise is that most
problems involving uncertainly or approximation in geometric data or computation may benefit from reformulation in
terms ofs-regularintervals In other words, if representations of classical models and/or the evaluation algorithms for
representations are not exact, then our modeling space is aseegidlar intervals, with each interval representing
all of its subsets and sub-intervals, including the classical open and closed regular sets as special cases. For example,
suppose we have a representation of somesdiut its exact interioiy (X ) and closurék, (X ) cannot be computed
exactly, either because of imprecision in data or for the lack of exact arithmetic evaluation procedure. Theorem 2.11
implies that, for practical purpose&; may be treated asregular set if it is represented by aayregular interval
[X_, X 4] containingX. In practice, we often encounter the following cases and their combinations, listed in the
order of increasingly tight intervals:

1. X_ = i5(X)and X, = ks(X), whered > 0 is a real number representing default precision of a point
membership test [23].

2. X_ =is(X)U{p},p € (1oc(X)NOs(X)); Xy = ks(X)\{q}, ¢ € (eo(X) N Is(X). In other words,
the default intervalis(X), k5 (X )] can be tightened by adding £6_ or removing fromX ;. points fromds (X)
with known membership classification.

3. X_ =ig(X)and X, = ks (X), where0 < ¢’ < 4 is a function of spatial location, representing variable
resolution of computation.

4. X_ is the opening ofX by opens ball, X_ = Xp; X is the closing ofX by opené ball, X, = XB.

In the above list, the first case @i (X), ks(X)] demands the largest value gfwith ¢ > §. However, if we are
able to establish thdis(X), ks(X)] is e-regular, then so are the rest of the subintervals, includinigself. Tighter
intervals correspond to more precise computations, and possibly smaller valuédefilly, we would like to know
the smallest value of for which[X _, X, ] is e-regular. Notice that we included morphological operations of opening
and closing by an opeétball as means for inducingX_, X |; but § determines how closelX is represented by
[X_, X ] and does not directly determige

Various combinations of the above interval-inducing techniques are useful for problems in shape model recon-
struction, simplification, comparison, validation, repair, and translation. In all cases, the notioegflarity allows
to tolerate and ignore small features and errors that are contain®&d inX_. For instance, a major challenge in
geometric data translation is to develop a suitable formal model which can embrace and tolerate the inevitable changes
in data and algorithm precisions. In [23], we proposed the noticnsaflid model, defined assaregular set interval
[X_, X ] with non-emptyX_ and boundedX . The data translation problem then reduces to ascertaining that the
translated model is’-solid in the receiving system, given that the original model is-aolid in the sending system.
See [23] for systematic treatment of this question and classification of possible problems, based on possible changes
to data accuracy and algorithm precision.
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