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Abstract

Classical theory of solid modeling relies on the notion of regular sets a&stdipposes exactness in both geometric
data and algorithms. In contrast, modeling, exchange and translati@owfegric models in engineering applications
usually involve data approximations and algorithms with different numigsiegisions. We argue that an appropriate
formulation of the geometric data translation problems requires finite sigb@rhoods, leading to the notion of
e-topological operations. These operations are then used to formulatefingions ofe-regularity ands-solidity
that extend and subsume the corresponding classical conceptscasgaeial cases. The proposed theory allows
systematic classification and investigation of problems in geometric datéetiansin particular, it explains why the
current methods for validity checking of boundary representatianeeither necessary nor sufficient for maintaining
e-solidity in the presence of numerical inaccuracies, whereas georhetiing procedures may be avoided in many
common situations. Furthermore, the proposed theory suggests holag&al solid modeling paradigm should be
extended in order to deal with the outstanding problems in geometric rassstralidation, and data translation.

1 Introduction

1.1 Motivation

Computer aided design (CAD) data translation, especiallig snodel translation, has been a challenging problem
for both industry and academia. Ability to exchange anddliate data with no or little remodeling effort is a critical
component of any scenario where design, manufacturinganalysis applications share geometric models in a truly
collaborative fashion. Despite the recent progress, ge@rata interoperability between different systems rieima

an elusive goal, costing industry substantial amountsnoé tand money [15]. A typical geometric data translation
problem between two systems is illustrated in Figure 1. Angetoic representation can be thought of as a composition
of geometric primitives by rules specific to a given représton scheme. In data translation, such a representation i
transferred explicitly by various translators. Howevle theaning of any representation is determined by the corre-
sponding evaluation algorithms that usually also diffenirsystem to system. Therefore, it is reasonable to assume
that the evaluation algorithms are also transferred iritgli€ The scenario in Figure 1 subsumes many other types of
translation problems. For example, the classical probleiht®undary evaluation, boundary to CSG conversion, and
other types of representation conversions correspondetedabes when the translations apply also to representation
rules but usually take place within one common system.

Perhaps the most widespread difficulty arises from mismiagtiveen the precision of geometric representation
and the precision of the evaluation algorithms used in a fimggleystem. For example, if the sending and receiving
systems rely on different precisions, the points on surfatsections may classify differently (ON or OFF) in the
two systems. As the result of such a data translation, masiglemanufacturing, and analysis tasks cannot be
performed in the receiving system until the geometric modek either corrected (“healed”) or remodeled. It is
widely believed that many of the geometric data translatidficulties can be alleviated or bypassed altogether if
the geometric representations, and rules in particularsafficiently high-level. Translation of parametric featu
based representations is particularly promising[51]alee such representations are largely symbolic struciiities
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minimal numerical data. However, success of this approauiels on existence of standard and formal semantics of
parametric and feature-based representations, includieg for determining boundaries of represented models and
valid ranges of parameters. Development of such semastars active area of research [46, 27, 18, 48, 39, 6, 38, 10,
9, 52], but as of this writing, acceptable formal models aoking in a number of important areas, including blending,
persistent referencing, constraints, and validity, to @anfiew.

Primitives Geometric Translation Primitives Geometric
Rules Representation s Rules Representation
Evaluation algorithms Evaluation algorithms

Sending system Receiving system

Figure 1: A generic geometric data translation diagram

Engineering applications require that all data transteticesult in solutions that are valid and consistent with
intended use by the receiving system. Therefore all suaktisns must be based on sound formal principles. Most
currently proposed methods for dealing with data trarsfately on the theoretical foundations laid out by Requicha
over twenty years ago[40]. Specifically, it is widely acezpthat a suitable model for a solid object israset, defined
as bounded, semi-analytic, and closed regular subggt oT he intuitive notion that every non-trivial solid has a non
empty interior and a thin boundary is formally captured byuieing thatX = ki(X), wherek, < denote respectively
the topological closure and interior of a sét With this terminology, a geometric representation is degwalid if it
corresponds to at least oneset, and two representations aansistentf they represent the same set of points. The
purpose of exact representation conversions is to prodzresentations that are valid and consistent in accordance
with this theory [40].

Unfortunately, the above definitions do not apply to modghnd translation problems in the presence of numer-
ical errors or approximations. The classical solid modgtimeory assumes that all sets of points and functions may
be represented exactly by data structures and algorithneskndtv that this is not true, but the issues of errors and
precision are delegated to “robust” geometric computatimnpractical implementation issues for system designers.
It should not be surprising that most of the proposed traiosiasolutions are either very limited or provi@ée hoc
heuristic solutions without any guarantees. A common lassirpractice to alleviate the translation problems alto-
gether is to standardize on a single geometric modelinggkeont this practice appears to be expensive, limiting, and
unacceptable for many applications. Use of exact commusitis not helpful because exact computations make no
sense with much of the engineering data that is inherentiyewgise. Lacking fundamental remedies to the translation
problem, the industry has embraced “healing” (CAD datairgjga a method for ensuring the quality of the model
in a receiving system. But such modifications of the origigabmetry are dangerous, expensive, and provide no
guarantees. We discuss these approaches and other relsg¢adch in Section 1.3.

The fundamental difficulty with all proposed solutions isttithey are not based on a suitable formal model. In
particular, we will demonstrate in Section 2 that the cleedsnotions of solid representation validity and consisyen
(based on assumption of exactness) are too simplistic fartdanslation problem. As implied by the diagram in Figure
1, a proper formal model for data translation must explicitcount for three sources of errors: approximations of
geometric primitives, different precisions of evaluatalgorithms, and inconsistent or ill-defined rules. In théger,
we propose a theory focusing on the approximation and poecesrors and apply it to several specific instances of
the data translation problem.

1.2 Approach and Outline

After briefly summarizing in Section 1.3 previous efforts g@ometric data translation, in Section 2 we formulate
the general data translation problem based on several celd examples. We define validity and consistency in the
context of data translation, and focus on the issues of itsalia the rest of this paper. Specifically, in this paper, we



are interested in the most common case of data translatienevthe representation rules are assumed to be the same
in the sending and the receiving systems. Thus, we assuftedtadary representations are translated into boundary
representations, CSG representations to CSG represastaéind so on. This means that translation problems may
arise only from approximation of primitives and/or changethe precision of evaluation algorithms.

In order to deal with inexactness of data and algorithms eictiSn 3, we generalize the classical set topological
notions ofinterior 4, closurek, andboundaryd in terms of finite size neighborhoods. The size of a neighbath
¢ relates to the precision of data and algorithms; when pretis limited, the size must be finite. The resulting
generalized epsilon-topological operatians k., and 0. satisfy many of the classical topological properties, and
provide the basis for formal definitions efregular sets ane-solids that explicitly recognize the role of imprecision.
The classicat-set solid model proposed by Requicha [40] is shown to be ei@pEase where = 0 corresponds to
arbitrarily small neighborhoods.

Practical consequences of the proposed theory should leeder in Section 4. We show that, under the proposed
model, popular solid validity-checking procedures ar¢hezinecessary nor sufficient when either solid repredentat
or evaluation algorithms are limited in precision. We thearaine common translation problems and discuss how
validity may be maintained in each case without healing.

Open issues and promising extensions of the proposed ajpana considered in section 5. We also discuss the
broader implications of the proposed formal modet-ablidity and its relation to classical solid modeling, gesiric
robustness, and other theories.

1.3 Related Work

A vast amount of literature exists on subject of geometrlwusiness that also deals with issues of data errors and
algorithm precision. In this sense, CAD data translatiopeaps to be a special of the general geometric robustness
problem. But there are also important differences. For g@tapexact computation is one popular technique originally
proposed to address the robustness problem in geometriputations [56, 23, 29]. The basic philosophy of this
approach is to generate exact output model from exact inpdehby using exact integer arithmetic, rational arith-
metic, or algebraic computations. But this philosophy ispractical in the context of CAD data translation, because
most engineering models are intrinsically imprecise, aadynuseful engineering computations cannot be represented
using exact arithmetic. Furthermore, CAD data translaisoa relative simple one-stéproblem, while the general
robustness problems must assume that an output of georoetnigutations is used as the input for geometric oper-
ations iteratively. In addition, CAD data translation usp@volves two modeling systems with different precisson
while robust computations only involve a single ‘native’ deting system.

Several other proposals attempted to deal with imprecisfatata and/or algorithms. Notably, Guibas, Salesin,
and Stolfi [25] proposed an Epsilon Geometry framework falding robust geometric algorithms out of imprecise
computations that arise from the use of finite precisiorharétic. Their results are not applicable to the solid validi
and translation problems because they assume that geouwhatiai is exact and because they only deal with computa-
tional geometry predicates (such as coincidence, collitye@oint inclusion in convex polygon, and convexity). In
[20, 21], Edalat and Lieutier proposed the domain solid rhtmlextend the classicatset model in solid modelingy.

The underlying philosophy of their model is to use two disjapen subsets4, B) calledpartial solid to capture the
interior and exterior of a classical soliX at finite stage of computation by using dyadic voxels or retigolyhedron.
The formulation does not appear to provide any mechanisnonoect the theory to practical representations and
algorithms in solid modeling. A related notion of approximate interval soli@4] arises naturally from numerical
considerations and was used to repair defective geometdels[49] and to develop robust algorithms for intersectio
of surfaces[36].

Below, we briefly review previous work that is specificallyated to the translation problem. Broadly, these efforts
can be categorized aslerant computingand geometritiealing. Use of numerical tolerances in solid modeling has
been advocated by many in order to improve the robustnessdéling computations [45, 22, 28], and consequently,
to allow use of imprecise data and different precision inrdeiving system. Typically, numerical tolerances are
assigned to vertices, edges and faces in a solid boundamgsesgation, and inferred geometric tolerance zones are
used to maintain the relationships between the geomettittesn After every computation, the tolerances are uptlate
incrementally in an attempt to maintain the consistencyben the geometric data and the topological (combinato-

2In other words, every translation can be viewed as a unitgg®that may or may not introduce additional errors.
3As there are inconsistencies between the two papers, wethefeewer paper [21] for discussion.



rial) part of a boundary representation. Implied by all taté modeling approaches is the notion that a toleranced
representation is valid ifhere exists an exact-setwhose boundary has the same combinatorial structure asd lie
within the tolerance zones. However, such a definition oitlitglis not practically verifiable, and the proposed ap-
proaches differ in the proposed heuristic algorithms faidiag on validity. For example, it is shown in [45, 22] that
some choices of tolerance values may lead the proposedthigdo the erroneous answers. Commercial software
systems such as ACIS [3] and Parasolid [35] rely on tolerasdeating and suggest default tolerances for improved
reliability, but do not offer any deterministic rules for meaining tolerances or provide guarantees of validity.

In the absence of guaranteed solutions with toleranced Isiddeth industry and academia embraced ‘geomet-
ric healing’ or CAD data repair as the only pragmatic solutto the data translation problem. The idea appears
straightforward: since we know that the original data wd&hia the sending system, and that translation may have
introduced some small changes in data or algorithm pregigichould be possible to fix the model in the receiving
system by making small changes in the representation. Bmessgeometric repair is another attempt to find that one
r-set model that guarantees solidity. A variety of repaircpdures have been proposed for linear polyhedral models
[8, 7, 13, 12, 34] as well as for more general solids [50, 49, Bérturbation techniques [7, 50, 49] attempt the repair
by matching and modifying vertices, edges, and faces thgiitolo be merged in order to maintain the topology of
a boundary representation. Because this is not alwayshpessiore drastic repair procedures use triangulations to
fill holes and gaps between adjacent faces [8, 7, 13] andtmw @ubstantial changes in topology or combinatorial
structure for the sake of repair. A more successful of thppecaches is the linear polyhedron repair method based on
space decomposition into convex cells by planes assoaidthgolyhedron’s faces[34]. A valid boundary represen-
tation model is generated by re-evaluating the boundarigeotihion of all solid cells that are judged (heuristically) t
classify inside the solid.

To summarize, all known repair techniques have limitatiang provide few guarantees. They also may be com-
putationally expensive. For example, it is known that oplimatching of vertices and/or edges for repair is NP-hard
[8, 49]. But by farthe biggest problem with geometric healing algorithms is tiat they alter the original geomet-
ric data, with possibly unpredictable and dangerous consequentde tepaired data is translated into yet another
receiving system, it may become invalid and in need of hgaligain; if the repaired data is translated back into the
original sending system, it may or may not be valid again.dthlzases, the geometric models before and after healing
will never be the same.

The formal model of validity advocated in this paper is cetesit with the overall philosophy of tolerant modeling,
but it does not seek or requires existence of exaetset. Under this model, we will also see in section 4.2 that
some popular tolerant modeling algorithms ao¢ sufficientand that typical repair algorithms anet necessarjor
maintaining the solidity of boundary representations.

2 Formulation of Data Translation

2.1 Motivating Examples

Many references [19, 24, 16, 30, 37, 15] have illustratedbuardata translation problems. We will not attempt to
add to the long list of well known difficulties, but rather ciaher few carefully chosen but real examples that provide
important insights into the nature and intrinsic sourcethefgeneral translation problem. The choice of commercial
systems in the following examples is not important, becdliegroblems are generic. The described difficulties are
representative of the current state of the art, andatdndicate inferiority of the any specific systems.

Example 1 The first example illustrates the well-known fact that evananchanges in geometric representation
may invalidate the model, causing irreparable difficultiredata translation. In this case, the model shown in Figure
2(a) is created in SolidWorks and saved in the STEP (STarfdattle Exchange of Product model data) neutral data
exchange file format [1]. Then the STEP model is reloadedSatiad\Works, but was found to be invalid. The built-in
healing algorithm attempted but was unable to recover a \allid, generating instead the model shown in Figure
2(b).

The above situation is common when geometric representatice archived in another non-native format. For
example, saving the same model in ACIS format instead of SIE&Bs to similar difficulties. This double data
translation corresponds to a situation in Figure 1 whereew @rrors are introduced in the evaluation algorithm by
the receiving system (because it is the same as the senditegrgy The problem arises because primitives in the



boundary representation — in this case, filleting surfacesiatersection spline curves in the original model — are
mapped approximately into the STEP format by the transfator

Cracks after healing algorithm fails to
reconstruct a valid boundary representation

(b)

Figure 2: Even minor changes in geometric primitives dutragslation may invalidate the model: (a) original model;
(b) a failed attempt to repair the translated model.

Example 2 The second example (Figure 3(a)) is intended to show thatwhen geometric healing is successful in
repairing the received model, the result may not be alwagsmable. The double translation procedure is identical
to the first example, except in this case, the healing alyoris successful and generates the model shown in Figure
3(b). The smooth blends near the corner have been replacshaby corners in the translated model; such drastic
changes are not acceptable for engineering applicatioeseddiend radius is an important parameter.

Smooth blends Sharp corners

(@) (b)

Figure 3: Healing algorithms may drastically change imguatrtgeometric properties: (a) the original model with
smooth blends; (b) an automatically repaired model witlishkarners.

Example 3 The third example shows that differences in precision ofuatang algorithms is another key ingredient

of the translation difficulties, even when the changes imgstoic representations are negligible. The solid model in
Figure 4(a) was created in SolidWorks using only planar ajticidrical primitives with integer and fixed-precision
coordinates. The dimensions of the model range from 0.001(thenminimum thickness of the part) to 2000 mm
(the length of the part). The model is translated into Prgifeer through the STEP format, and both formats support
exact representation of the original primitives. Therefdt is reasonable to assume that the changes in geometric
representation during the translation process remaingieig. Figure 4(b) shows the translated model after it is

4Similar translation problems are common whenever tangenteastfare approximated in the course of translation.



evaluated in Pro-Engineer. It is certainly a valid solidt With a drastically different shape that is not likely to be
consistent with the intended use of the original solid.

This last example demonstrates clearly that a geometrieseptation alone does not uniquely define a set of
points. Rather, the set of points, and therefore all its grigs, are also determined by the properties (in particula
precision) of the evaluation algorithm. In this case, Smticks relies on incidence testing algorithms with a default
tolerance of 10E-6 mm, while Pro-Engineer uses a relatieednce of 10E-6 times the maximum size of the bounding
box of the model measured in meters. The latter effectivetgmnines the smallest feature size to be 10E-6 meters,
matching the minimum thickness of the model in Figure 4(ahe Evaluation algorithm includes the process of
merging what Pro-Engineer now considers coincident geacrettities, and results in the ‘repaired’ model shown in
Figure 4(b).

€Y (b)

Figure 4: Evaluating the same geometric data with diffepgatisions results in inconsistent solids: (a) the origina
model with small feature in the sending system; (b) the veckmodel with small feature removed after healing.

2.2 Anatomy of Translation

Conceptually, every geometric translation procedure limsthree ingredients: primitive mapping, rule mapping,
and possibly modified evaluation algorithms. This view iBected in Figure 1, is born out by the examples, and
includes classical solid representation conversion prabl For example, when boundary representation is evdluate
from Constructive Solid Geometry (CSG), primitive halfspain CSG are mapped into surfaces, curves, and vertices
of the boundary representation; regularized set opesatiwe replaced by combinatorial topological rules forming
faces, edges, loops, and shells; and the CSG point mempaisisisification (PMC) algorithm is replaced by the
corresponding PMC on b-reps. Not all of the ingredients rtegalay a role in each translation problem. In each of
the above translation Examples 1 and 2, the rule mappingeigtitgt and the evaluation algorithm is unchanged. In
Example 3, geometric primitives remain the same, but thiiatian algorithm is modified.

Primitive mapping is often accompanied by approximatidrat introduce data errors. The most common change
in an evaluation algorithm corresponds to change in pratisf point membership classification testslnder most
scenarios, the transformation of rules is a matter of logit semantics and generally does not introduce numerical
errors. Based on these observations, our approach to th¢rdaslation problem recognizes explicitly the two sosarce
of errors: uncertainty of geometric data and precision ofPdMgorithm, while ignoring any issues associated with
rule mappings.

2.3 \Validity and Consistency of Translation

From the above examples, we observe that there are two typestdbems in data translationalidity andconsistency.
In Example 1, a solid that is deemed valid in the sending syssgudged invalid in the receiving system. Examples
2 and 3 show that valid translations may not always produpeced solids that are consistent with intended use,

5]t can be argued that all geometric algorithms sooner or latiuae to a finite number of point membership tests[47].
6This is not to say that rule mapping is a trivial issue; for exlmihe outstanding issue of persistent naming continueadenmine ability to
translate and exchange parametric representations o§solid



particularly when healing algorithms alter the originabgetric model. Furthermore, the classical notions of wglid
and consistency of solid models as defined by Requicha indeOhot sufficient to formulate the translation problem.
Under the classical definition, the geometric models in s&ndnd receiving systems cannot be consistent in the
presence o&nyapproximations in geometric primitives. On the other hdgxample 3 clearly shows that validity of

a geometric model is not absolute but is relative to a pddicevaluation procedure used by a system.

In order to properly account for the roles of geometric agignations and algorithms that are specific to individual
systems (recall Figure 1), we will say thatranslation is valid if the original geometric model is valid in the sending
system and the translated model is valid in the receivingegysOur definition of translation validity is axiomatic
in the sense that it does not depend on specific interpregatb validity criteria. This implies that even different
interpretations of model validity are permitted. For ex#&mjif a solid boundary representation is translated into a
surface model, it may still be valid in a receiving systent fferforms surface visualization and/or area computations
Furthermore, this definition recognizes that model validigpends not only on the geometric model but also on the
specific evaluation procedure used by the system.

Consistency of translation may be defined in the same spif@.will say that avalid translation is consistent
if the original model and the translated model are indistirfghable under a specific comparison criteri®nce
again, this definition is axiomatic; it recognizes explicithat the notion of consistency depends on a comparison
criteria which may involve a variety of geometric (e.g., wole, area, minimum feature size, distance), topological
(e.g., homeomorphism, homotopy, combinatorial), and rotieenputable measures. It is logical that the notion of
consistency applies only to valid translations, becaugheatery least, the translated models must be valid for the
purpose of evaluating the specified comparison criteria.ekample, if we want to compute the difference between
volumes of the original model and the translated model, veglte know first that volume computations are supported
by the corresponding systems.

The above definitions suggest an approach for formulatirdy sriving geometric translation problem. Since
validity is a necessary condition for consistency, it mwesebtablished first. Accordingly, the remainder of this pape
deals with validity of translation of solid models. This it requires formulating and evaluating solidity of georicet
models in the respective systems in the presence of errdra@aroximations.

We chose not to explore translation consistency in this pipeseveral reasons. First and foremost, consistency
is clearly an application specific notion. For example, intaia applications (for example packaging), it may be
perfectly acceptable to translate a complex solid intogts/ex hull or a containing ball, while this clearly would not
be acceptable for purpose of process planning or detailgidrnleThus, it would be counterproductive to put the issue
of consistency before the issue of validity, or worse yetde an arbitrary assumed concept of consistency in place of
validity — a common practice in many geometry healing andiregpplications.

Arguably, validity without consistency does not solve theole problem, but without proper notion of validity, we
have no hope for verifiable solutions to consistency problefproper notion of solidity should include the classical
theory as a special exact case (thus supporting exact catignal models), support currently used ad hoc solutions
(such as using the same modeling kernel throughout thelatamsprocess or adjusting tolerances to increase model
robustness), and allow for trivial or drastic translatiaugsh as in the above examples. At the same time, since the
representation rules are often preserved under transl@hiereby eliminating from consideration trivial trartga
cases), the issue of validity in the presence of errors andhbla precision is far from trivial.

3 Solidity with Finite Neighborhoods

In this section, we propose a theory that captures the rotibinexact data and imprecise algorithms. The theory
relies on finites-size neighborhoods to defiretopological operations, which are then used to formullagecbncept

of e-regularity and, finally, the notion of-solidity. The theory contains the classical theory of daliodeling as a
special (though unrealistic) case. We will consider agpians of the theory to data translation in Section 4.

3.1 Epsilon-Topological Operations

If we accept that both geometric data and algorithms arer@mtily imprecise, we have no choice but to reconsider the
very foundations of the solid modeling theory. Traditidpadolidity is formulated in terms of the classical topailceay
concepts and operations of closurginterior i, and boundary that are interpreted in terms of infinitesimal size
neighborhoods. In contrast, inaccuracy of data and fingelution of the algorithms imply that the neighborhoods



of every point may be represented only up to some finite sizgs ifi turn requires redefining the usual topological
operations.

Specifically, we propose epsilon-topological counterpaftthe classical topological operationsclosurek,, e-
interior i., ande-boundaryd., wheree is a non-negative real number. Intuitivelycorresponds to the maximum
algorithm precision and/or maximal data precision. In tifving definitions, we refer to a metric space(&g, d),
whereTV is a non-empty set and is a suitable distance function. In a metric spaBéz, ) denotes the open ball
about pointz of radiusr.

Boundary

e-boundary

Exterior

(9

g-interior

Interior @

@ g-exterior

(a) Classical topological operations are defined (b) e-topological operations are defined (c) Both e—interior and e—exterior decrease, and
using infinitesimal e=0 neighborhoods using finite size neighborhoods e-boundary grows as ball radius ¢ increases;
(a) (b) (©)

Figure 5: Classical topological operations and the cooedmge-topological operations

Definition 3.1. Given a subseX of a metric space, a pointis said to be in the-closureof X, denoted. (X), if for
everyr > ¢, B(z,7) N X # (), wheres is a non-negative real number.

Definition 3.2. Given a subseX of a metric space, a pointis said to be in the-interior of X, denotedi.(X), if
there exits an open ball abaubf radiusr > ¢ such that aB(z,r) C X, wheres is a non-negative real number.

Definition 3.3. Given a subsekX of a metric space, a pointis said to be in the-boundaryof X, denoted. (X), if
z is in both thek. (X') and thek.c(X ), wherec(X ') denotes the complement of a set.

The aboves-topological operations are illustrated in Figure 5. Eet 0, these operations correspond to the usual
classical topological operations, and in this sense, tleyganeralizations of the corresponding definitions in the
general (point-set) topology [31, 32]. But fer> 0, additional points are added or subtracted from closuraterior
respectively, and the boundary of the set is “thickenedheyldall of radiug. Notice that operationk. andi. define
sets that are closed and open in the usual metric topolodyewit 0. It is not difficult to show that the-topological
operations inherit and preserve many of the classical ptiegeas illustrated by the theorems below. In what follows
¢(X) denotes the complement of s€t

Theorem 3.4. A pointz is in the complement df. (X)) if and only if there is an open ball aboutof radiusr > &
such thatB(z,r) N X = 0.

Proof. If B(z,r)NX = (@ with » > ¢, then itis also true thaB(xz,r) N k. (X) = @ with » > 0. Thereforey is notin
k.(X). Conversely, ifr is in in the complement of. (X), there is aB(z, r) N k. (X) = 0 with » > 0, and therefore
B(z,r)NX =0 withr > e. O

Theorem 3.5.i.(X) = ckec(X)

Proof. If z is a point inck.c(X), then there is &(z,r) of r > ¢, B(xz,r) N ¢(X) = 0, or to sayB(z,r) € X,
so from Definition 3.2,z is a point ini.(X). Conversely, ifx is a point ini.(X), then there is &(xz,r) of r > &,
B(z,r) € X,s0B(z,r) Ne(X) =0, so from Theorem 3.4; is a point inck.c(X). O

Corollary 3.6. ci.(X) = kec(X), ke(X) = cice(X).



Similarly, it can be shown that many (but not’3ltlassical theorems are preserved under these generaized
logical operations [17]. From the above definitions, a poentnot be in botld. andi.. Thus, every sek.(X) is
partitioned into its=-interior and a ‘thickened’ boundary &s(X) = 9.(X) U i.(X). It follows immediately that for
any setX,

i (X) C X C ko (X). Q)

The set of points that amotthe k. (X)) is calleds-exteriorof setX and will be denoted. (X). It can be also defined
directly following Theorem 3.4 above. Since

ee(X) U0:(X) Uic(X) =W, (2)

we can say that any sé&t C W induces a partition of the spat¢E under thes-topological operations.

Consider what happens to the induced partition of spécender different values of (Figure 5(c)). For a given
set X, the larger value of will result in a shrunke-interior i.(X') and a growre-closurek.(X). As the result, the
e-boundary will thicken further as well. We can summarizs ttoncisely by the theorem whose proof follows directly
from the above definitions.

Theorem 3.7. For a given subseX of a metric space, and non-negative numhgrande,, if £; > €2, then
ey (X) C ey (X)) ee, (X) C ecy (X)) 0e,(X) D 0., (X) )

The Theorem 3.7 implies that ande. are monotonically decreasing functionscofase decreases, points can
only be added to the interiar (X') and exteriok. (X), while they are removed from the shrinking boundéryX).
As ¢ approaches @, i., 0. approach the classical exact sets of exterior, interiat,undary respectively.

3.2 e-Regular Sets

The classical models of solidity postulate that a solid istao$ points with dimensionally homogeneous interior and
well defined boundary. This notion can be captured by reggievery valid computer representation correspond to at
least one well definedkgular setX:

e Closed regular[40], in which cas€ = ki(X), or
e Open regular[5], in which cask = ik(X)

Both models correspond to dimensionally homogeneous ¢wittracks or dangling pieces) sets with tight boundaries,
the main difference being that closed regular sets inclhde boundaries while open regular do not. A common
characterization of solidity in both models is that a neigtiood of every boundary point contains points in the
solid’s interior as well as points in its exterior.

As we argued above, identifying a regular set in the presehegrors is not always feasible, practical, or even
desirable. Representation &f is usually generated from user inputs, numerical compnafiapproximations, and
physical samplings — all of which contain soragors. These data errors in representation’ofusually violate
the validity conditions (numerical, topological, combioi@al) implied by the properties of regular sets. For exlEmp
Figures 6 shows typical ‘invalid’ 2-dimensional boundagpresentations of a simple rectangle; as with most boundary
representations, the vertices, edges, and faces repgsamietric information only approximately and redundantly
Depending on how the boundary is constructed, it also mdydiecsmall imperfections: isolated and dangling pieces,
voids, gaps. Applying the notions of (exact) closure, iiotgerand boundary to such representations and requiring
regularity does not really make sense, because strictigkapg, all such representations are invalid. Hence, the key
question is:What is a proper model of solidity in terms &stopological operationghat would tolerate errors of size
less tharx, such as those shown in Figure 6? Below, we answer this gudsyfi proposing notions afregularity and
e-solidity that subsume the corresponding classical netion

Intuitively, it should be apparent that a proper definitidrregularity must not eliminate bublerateerrors and
imperfections near the solid’s boundary. The definitionuttidoe consistent with the classical notion of regular sets,
and in fact the generalization is relatively straightfordia\We postulatethat aknownset of X should be deemed
e-regular ifan e-neighborhood of every boundary pojnt 0y contains points in the solid’s interiof and points in

"Notably, the classical property(k(X)) = k(X ) does not hold fok. operation wher > 0.



(a) Dangling edges or (b) Small cracks and voids (c) Misaligned or redundant
isolated points vertices and edges

Figure 6: A theory ot-solidity must tolerate imperfections of size less tharear the theoretical boundary of a solid.

solid’s exterioreg. The challenge is to formulate this postulate in terms ofethepological operations in a manner
that is consistent with the classical notions of regularity

Let us first consider what this means wheg: 0. By definition,io(X) is the largest open set containedXn and
ko(X) is the smallest closed set that contaiswhich means that for any sat

i0(X) € X C ko(X) (4)

Neither one of these bounding sets are guaranteed to be leo@ogs in dimensioniy(X) may contain void and
cracks, whileky(X) may include dangling pieces and isolated points. The homaggon (or regularization) is
achieved by a second topological operation that grows tverl@and shrinks the upper bounding sets respectively:
koio(X) is the smallest closed regular set containigigX ), andipko (X) is the largest open regular set contained in
koX . The regularization effectively reverses the set relatom (4) to

ioko(X) C X C koio(X) )

It should be clear that any open or closed regular’Sedatisfies the inequality (5) whose essence is to combine the
two classical definitions into a single definition of @megular set. But other sets satisfy the above inequalityedls
because it allows for imperfections (missing portions oféged points) in the bounda@y X . For example, a unit
sphere with half of its boundary missing would satisfy (5)l #ve considered-regular.

However, the two homogeneous bounds (5) are so tight thgtatee not realistic, because no sétsatisfying
(5) may contain even minor imperfections in its interior ategior, such as those shown in Figure 6. To say that
imperfections are tolerated in the interior of the Xetvithin distance:s from the boundary amounts to a statement that
X containsi ko (X); similarly, whenk.io(X) contains the seX, exterior imperfections withia from the boundary
are tolerated. This motivates our first attempt at definitiba-regularity for aknownset.X .

Definition 3.8. A subsetX of a metric space is-regular if, for a given non-negative real number
icko(X) C X C keio(X). (6)

Informally, the above definition assumes that we can detezithie closure and interior &f exactly, but we allow
errors within distance near the boundary. The concept is illustrated in Figure Watpthat imperfections within
e of the boundary in Figure 6 are “covered” by either growipgX ) by k. as in Figure 7(a), or by shrinking, (X)
by i. as in Figure 7(b). Thus, in contrast to the classical defingtj under the proposed notionasfegularity, these
representations of rectangles are considered to represegtilar sets.

By definition 3.8,s-regularity of a set depends on the size of chaseflassical regular sets (open and closed)
clearly satisfy the definition in the special case wher 0, with one side of (3.8) becoming an equality. Inequality
is crucial in the general case, because it corresponds tadtien of tolerant modeling near the boundary of the
set. By definition, increasing values ofcorresponds to shrinking ko (X) and expanding:.io(X). Thus, if X is
e-regular, it is alsce-regular for any=; > . We observe that every bounded set (or rather every setioomga
bounded ‘imperfections’) with non-empty interiordsgegular for some sufficiently large valueafNormally, we are
interested in the smallest valueofor which X is e-regular.
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and k(X )

Figure 7:e-regular sets and intervals tolerate imperfections of leige thare near the set boundary.

3.3 e-Regular Intervals

We now consider more realistic situations where we may natieto compute the interidg(X) and closures (X)

of a setX exactly, but only some bounding seXs. and X, can be determined — either as input or as a result of
another approximate computation. In what follows, we wéfler to the bounding sef _ asinner, and X, asouter.

An example of inner and outer bounding sets is shown in Fig@e The interiorio(X) and the closuré,(X) are

the tightest bounds computable for any given EetThe inner and outer sets formsat interva) [X_, X ] — the
class of set{ X'} such thatY_ C X C X . Without loss of generality, we will assume that the intiér of any

set interval is open and the out&r, is closed. Then the definition 3.8 generalizes in a straogivird fashion by
replacingko (X) andio(X) respectively with arbitrary outeX . and innerX _:

Definition 3.9. A setinterval X _, X ] is e-regularif, for a given non-negative real number
i(X4) C X_ € Xy Che(X) )

Technically, the test foe-regularity of an interval depends on two separate conwtidustrated in Figure 8:
ie(X4+) € X_ requires that when outé¥ , is shrunk by a ball of size, it fits inside the inner; similarly(, C k.(X_)
requires that the inneX_ grown by a ball of size contains the outeK, . For example, the rectangle in Figure 7(c)
is not regular in the classical sense, but-iegular as an intervglX _, X ]. Once again, if the interval isregular for
any particular value of, then it must also be-regular for any greater value ef but not necessarily for the smaller.

The definition 3.9 for a set interval is written in the samenfaas definition 3.8 for a set instance, in order to
emphasize their common structure. In fact, it is easy to shatvDefinition 3.8 is a special case of Definition 3.9, by
recalling that any seX is contained in the intervdl (X), ko (X)].

Theorem 3.10. A setX is e-regular iff the intervalfio(X), ko (X)] is e-regular.

Proof. From Definition 3.8, we havé.io(X) 2D ko(X), andig(X) 2 iko(X). Thus, letX_ = ip(X) and X, =
ko(X). Fortheinterva] X _, X, ], we havek. X O X, ,andX_ D i. X, whichis are-regular interval. Conversely,
if [i0(X),ko(X)] is e-regular, then from Definition 3.9%.io(X) 2 ko(X), io(X) 2 icko(X). Thus, X is e-
regular. O

In other words, we really need only one definition 3.9=afegular interval, because it subsumes definition 3.8
of ane-regular set. Henceforth, it should be understood thatra tefregular interval’ also applies toregular set
instances. Furthermore, it is easy to see that every sehicsX in as-regular interval X _, X, ] is e-regular. This
is reasonable and should be expected, since every suchtaetlrepresents an equivalence class of sets that are
not distinguishable beyond the inner and outer bounds ointieeval. In fact, if we define aubinterval[Y_, Y, ] of
interval [X_, X, JwithY_ D X_ andY, C X_, we can make an even stronger claim:

11
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(@) Agiven setinterval [X_, X,] (b) The set interval is e-regular since X, c k.(X_) and i,(X,) c X_

Figure 8: A set interval becomesregular if thes is big enough.

Theorem 3.11. Any subinterva[Y_, Y, | of ane-regular interval [ X_, X ] is alsoe-regular.

Proof. By definition,X_, Y_ are open, an&, Y, are closed sets, with. 2 X_ andY, C X . Sincek.(X_) 2
X4, thenk (Y_) D ko(X_) D X4 D Y4 similarly, sinceX_ D i.(X4), thenY_ O X_ D i.(X1) D i (Y5).
Thus,[Y_,Y,]ise-regular. O

This result is of paramoungractical significance, because it allows to verify regularity of atemal [Y_, Y, ]
even when the interval itself is not computable by testingrgdr containing intervdlX _, X, | that is computable.
In particular, Figure 9 shows that any s€tcontained in arz-regular interval must be-regular. This statement is
conservative in a sense th&tmay bes-regular with even a smaller value of

Set instance X /‘ Kio(X_

€-regular set interval [X_, X,]

/TL\Q

(a) An E-regular set interval has a set instance (b) Set instance X is &-regular as X < ki, (X_) and ik, (X,) = X
X with dangling pieces and inner cracks

Figure 9: Any set contained in aaregular interval ig-regular with the same or smaller value=of

3.4 =-Solidity

The e-regularity extends the notion of solid homogeneity to s&trvals and, as such, is a necessary condition for
the notion ofe-solidity. Note however, that the innéf_ and the outertX, of ane-regular interval do not need to
be dimensionally homogeneous sets. It is also customamgouaine that every solid is bounded and has a non-empty
interior. These statements translate respectively inditiadal constraints on set intervals requiring that theeinX _

is non-empty and the oute¥ ., is bounded.
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Definition 3.12. An e-solid is ans-regular set intervalX _, X, ] with non-emptyX _ and bounded .

Given any computer representation of a set, its interiordosure can be computed only within some precision
. In this casejs(X) € X C ks(X), but sinceX is really not known, it is more reasonable to consider irgerv
[is(X), ks(X)] in place of the set. lis(X) is not empty and:;(X) is bounded, this interval is astsolid if it is
e-regular, for a particular choice ef Following definition 3.9, the later requires satisfactairiwo conditions:

icks(X) Cis(X), and ks(X) C keis(X). (8)

The choice ot is critical. Smaller is preferable because it corresponds to a more accuragsesyation, but if
we choose < 4, then the intervatannotbe regular becaudeis(X) C X C i ks(X). The regularity conditions (8)
can only be satisfied starting with some> §. At this point, we would have established that the intefél , X, |
is indeed arz-solid according to the definition 3.12. Furthermore, tHeofeing theorem is an immediate corollary to
Theorem 3.11 and implies that the sétitself is also are-solid.

Theorem 3.13. Any subintervalY_, Y, ] of e-solid [ X _, X ;] is e-solid.

Proof. From Theorem 3.11, any subinterval[iki_, X, ] is e-regular. Since the inner bourki_ is non-empty, so is
the corresponding inner bound of the subintei¥aj the boundedness of the outer gt implies the boundedness of
Y,. Thus the subintervdl”_, Y, ] is ane-solid. d

For example, if we can establish that diw( X ), ks(X)] ise-solid, then our formulation implies that (X ), ko (X)],
and henceX itself, is alsoes-solid — even thoughX may contain errors or may not be known. For a specific given
value ofe > §, X may or may not be-solid. However, unless séf is unbounded or its interial; (X ) is empty, it
is ane-solid for somesufficiently large value of. An essentially identical procedure may be used to detexiifian
arbitrary interval X_, X | is e-solid.

The above notions af-regularity and:-solidity recognize explicitly that the closure and interof any set may be
determined only up to some limited precisidmnd may be tested for regularity only within some resolution J.
Thus, a givere-solid X now may or may not be solid in the classical sense, dependirigeospecific values af and
e. This is reasonable, since in practice we are not likely tehexact representations and computation& of

4 Validity and Translation of £-Solid Representations

The above definitions and theorems explicitly acknowledgs topological properties of geometric data may be
represented or computed only within some finite precisiohe Thallenge is to build on these definitions, in order
to formulate the notion of validity of solids and translaisoin the presence of errors and limited precision, and to
develop practical algorithms that implement these dedingi Any credible solution to the geometric data transtatio
problem must acknowledge fixed precision of algorithms fleaform geometric evaluations and queries, as well as
the fact that this precision varies from system to system.

4.1 Accuracy of Data and Precision of Algorithms

Representations of geometric objects are stored on a cemguod queried by algorithms. Below we will distinguish
between theccuracyof a geometric representation and firecisionof geometric queries on this data. The accuracy
of any point of the geometric data is measured Byradius of the uncertainty ball about that point. If the dadenes
from the ideal source and is represented exacdtly: 0; if the source of the data is only approximate or the data
underwent an approximate conversian;> 0. Unfortunately, accuracy of geometric data is not commamnbhived.
We will argue below that recognizing explicit changes iniecy of geometric data can help to classify and sometimes
avoid common difficulties in the data translation problems.

Most geometric algorithms and queries on geometric dataeaar later reduce to a finite number of Point Mem-
bership Classification (PMC) tests[47]. For a given poiaind a sefX, PMC returns IN, ON or OUT depending on
whetherp belongs to the interior, boundary, or exterior ¥frespectively. The classical semantics of PMC in solid
modeling assumes an ability to compute an arbitrary sméadhi®rhood of poinp in order to identify the interior,
exterior and boundary oK. However, all practical implementations of PMC algorithhresse finite precision and
always rely on finite size neighborhoods implied by floatiminp roundoff errors and approximations. Even when a
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setX is represented exactly\ (= 0) using a finite collection of geometric primitives, PMC tgaear the boundary of
the primitives have limited precision, and return ON notydiok the points on the boundary but also for the points that
are near the boundary. Thus, when we say that a geometresesgiation can queried with precisidrwe specifically
refer to precision of a PMg£test that is defined in terms of thetopological operations as:

IN  ifpeisX
PMCs(p, X) =< OUT ifpe€esX
ON ifpedsX

In other words, PMg is just an operational definition of the partition of spacgif2iuced by any seX under thej-
topological operations. Itis a straightforward genegtlan of the classical PMC test that reflects the role of gieni

in practical implementations of the test. The classical PBI{Dst a special exact case of the above test with 0.
Informally, PMG; classifies a poinp as IN or OUT with respect to a given s&t if it is farther thené from the set
boundary, otherwise the point is classified as ON. Sikiciself is usually represented with some finite accuracy
PMC; test make sense only when its precision is greater thanamcof the data i.e. under all conditions, we must
haves > \ — irrespectively of the semantics of the representatioeseh

The precision of PMgis a major limiting factor in deciding whether a geometritadeepresents a valig-solid
or not. Recall from section 3.4 that an inter{ig| X), ks (X )] may be are-solidonlywhene > ¢. It may be tempting
to identify § ande and treat them as one constant, but the distinction is sécaiptimportant, as illustrated by the
following examples.

Consider a standard query on a CSG representation [53].rdsdi0(a)-(c) show the classical regularization in-
tersection operation that assumes exact representattbe pfimitive setsA and B and ability to compute arbitrarily
small neighborhoods. In practice, however, depending caracy of CSG primitives and PMGlgorithm, a point
may be classified with respect to each primitive only withimg precisionj. The classifications from individual
primitives are combined according to the regularized setatpons (Figure 10(d)), but the regularized combination
operation depends critically on explicit representatiod analysis of the neighborhood of the point. As shown in
Figure 10(e), the size of the neighborhaothust be greater or equal & or regularization may fail, producing results
that are inconsistent with the semantics of the exact reigethset operations.

The distinction between ande is even more pronounced for boundary representations. id@rte boundary
representation of a rectangle in Figure 13(a). The facdhi@rcase, the line segments) may or may not be represented
exactly (i.e. A may or may not be 0), but their connectedness may be estatblishly within precisiony > .
Depending on selected value gfthe connected set itself may or may not be a boundarysiflid, but under all
conditions we must have > § (Figure 13(b)).

4.2 Validity and Repair of Representations

The e-solid model is a generalization of the classicadet solid model that requires a significant revision of the
modeling paradigm proposed in [40], as shown in Figure 1k &hiended mathematicalodeling spacés the space

of all e-solids, which includes all closed and open regular setsafpgiven representation scheme, ifygresentation
spaceis the space of representations — pais ,(PMGC;s), whereR) is a geometric data represented with accuracy
and PMG is a point classification procedure with precisidn> \. Therepresentation schenitself is a mapping
from the space of-solids to representation pair8{, PMCs). In this updated modeling paradigm, the definition of
representatiomalidity reflects more accurately how solids are handled in moderretimgdsystems.

Definition 4.1. Representationi{,, PMCs) is valid if application of PMG on R, induces arz-solid.

This notion of validity should support systematic devel@niof provably correct algorithms and will allow to
validate and verify existing and proposed methods. As a dstnation, it is easy to argumsed on empirical evidence
and assumed theoretical foundatighat popular methods of “healing” geometric boundary repneations are neither
necessary nor sufficient to solve the data translation probl

In classical solid modeling, validation of boundary regr@ation requires proper connectivity of the vertices,
edges, faces, and verification that shells of a boundargseptation are two-manifolds [40, 26, 43]. Theoreticalig,
metric conditions of such a model are required to be exadtydren geometric carriers (curves, surfaces) improperly
overlap or do not match “closely enough,” geometric healéwpniques attempt to correct “invalid” solids by various
surgical operations.
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6-PMC from i5 (A) and i5 (B) for regularization i5 (A) N i5 (B)

Figure 10: Comparison of the theoretically exact PMC on C&gasentation (top row) and PM&cognizing limited
precision of PMG against individual primitives

Figure 12(a) shows a tessellated boundary representdtmnircle. This is a valid polygon, but every vertex has
a PMC tolerance zone of sizg and the zones of adjacent vertices overlap as shown. Onggodpchnique used for
robust geometric computations merges the adjacent veriibenever their zones overlap into a single vertex with a
larger zone[45]. In our example, this process will resulaisingle vertex with a tolerance zone covering the whole
polygon, suggesting that the object is not a valid polygout & shown in Figure 12(b), the polygon is bounded has
a well-defined non-empty-interior ando-closure. In other words, a suitable Plyi@st on the representation gives
ane-regular set interval for some numhber This example shows thablid validation and healing procedures based
solely on boundary representations are not sufficieihother familiar and simple example is shown in Figure 13(a)
In this case, a typical boundary-based validation procediauld determine that the representation is invalid, beeau
the adjacent edges don't intersect at common vertices. Anlggarocedure would usually be invoked to re-intersect
the edges, in order to get more precise vertices. But it shioelclear from the from Figure 13(b) and discussion in
sections 3.4 and 4.1, that with suitable PM@e can still induce the interior and exterior of the rectangt even
though the connectivity of adjacent vertices and edges tignaranteed. In other wordbpundary-based healing
procedure are not necessary.

4.3 Maintaining e-solids in Data Translation

The proposed formulation of geometric data translatiomler relies on validity of the geometric model respectively
in the sending and the receiving systems, see Section 2., Weuwill assumehat the geometric model is valid in
the sending system, and asinder what conditions the translated model is valid in theeiging system7he term
“valid” can now be interpreted to mean that “geometric maaigh accuracy\ is ane-solid with respect to a suitable
PMC; algorithm with precision”. Let ), ¢, € be respectively data accuracy, algorithm precision, ahdisomeasure
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Figure 11: Modeling and representation spaces{eolids with limited data accuracyand algorithm precision

in the sending system; and &%, &', ¢’ be the corresponding quantities in the receiving systeraréare four possible
types of data translation, depending on possible changgestéoaccuracy and algorithm precision:

Accuracy is fixed A = X, precision is fixedd = ¢’ . The sending system and the receiving system have the same
accuracy of geometric data and precision of evaluationréllgns, and there are no approximations in translation.
Then, if the modelX wase-solid in the sending system, it will remainsolid in the receiving system.

Accuracy is changed\ # X, precision is fixedd = ¢’ . Both systems evaluate the model with the same precision,
but geometric model in the receiving system has a differeatiacy\’. This happens, for example, when a model
is archived in a neutral format and subsequently reloadiedtive native system (recall Example 1 in section 2.1), or
when curved surface model is tesselated into an approxipedybedron model. The received model may or may not
be valid under the same precisiéh= 4. Specifically, when the received model is less accurate aitincreased
value of )\, the precisiond’ of the PMG. procedure may also need to be increased to maintain)\’ in the receiving
system. If the received model has smalléthan the original value of the sending model; automatically satisfies

0" > XN in the receiving system. Assuming that condit®rn> )’ is satisfied, the receiving system induces a different
set interval X’ , X ] from the original[X_, X, | in the sending system. If inneX’_ becomes empty or outex’,
becomes unbounded, then the received model can not be asaditid However, in most practical situations, the
received model approximates closely to the sending modéltfge conditions of non-empty inner and bounded outer
are usually maintained. Conservative analysis of what éapjo the solidity constant is not difficult.

Let the sending modglX_, X, ] be e-regular, and the change in the inner and outer sets is bdunglsome
constantA. In other words, if the outer did not grow by more tharand the inner did not shrink by more than we
have

ka(X')2X_, and  ka(Xy)DX) 9)

These conditions together imply that (X’ ) O X', wheres’ = 2 x A + <. Similarly, if the inner did not grow by
more thamA and the outer did not shrink by more than then
iA(X_) - X/_, and ZA(XS'_) - X+, (10)

and thereforé.. (X' ) C X! also withe’ = 2 x A + ¢. Intuitively, the received model satisfying Equations @ 49
is apossiblylarger (might be tighter) set interval approximating thiggimal one. It should be clear thatif (X _) is
non-empty, then innek”_ is still non-empty. Also, ifca (X ) is bounded then outex”, is still bounded. Therefore,
we conclude that ifX_, X ] is ane-solid and the changes in inner and outer sets are boundéd then[ X’ , X/ |
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Figure 12: Solid validation procedure based on boundarsesgmtation is not sufficient under indicated tolerances:
(a) vertex merging algorithm indicates that the represemas a single point, and hence is invalid; (b) non-emjty
andk;s indicate a valid boundary representation of a solid.

is guaranteed to be a-solid wheres" = 2 « A + ¢. The above is a conservative worst case analysis, sinceet dir
comparison ofX’ andX', may in fact give a smaller regularity constant

Accuracy is fixed A\ = )/, precision is changed # §' . The geometric model is transferred exactly, but the two
systems evaluate the model with different precisions (seaple 3 in Section 2.1). In current practice, the change
of precisioné often triggers “healing” which is neither necessary noffisight (see section 4.2). In contrast, the
following analysis shows thatsolidity is usually guaranteed in this case.

If the precision of the receiving system is higher than ttidhe sending systemd{( < 4, with ' > )’), a tighter set
interval [X”_, X' ] is induced for the model in the receiving system. Based oroféme 3.13 weknowthat the model
must be a valid’-solid withe’ < ¢ being smaller than the original value ©fn the sending system. Specifically, let
the modelX_, X ] in the sending system heregular, and let translation satisfy

ian(X')DX_, and  ka(X})C Xy (11)

Informally, we assume that a tighter precisi@rgrows the inner by at least and shrinks the outer by at leait In
this case, it is straightforward to show that with= ¢ — 2 x A, the conditiong:., (X_) D X andi_ (X;) C X_ are
satisfied. This guarantees that’ , X, | is ¢’-regular. Furthermore, if the original moded_, X ] is ans-solid, then
the received modglX'’ , X', | is also guaranteed to satisfy the conditions of non-emptgriand bounded outer. Thus,
if the original model was an-solid, the received model is guaranteed to be’asolid. (By definition, the received
model is also am-solid, but we are usually interested in the tightest pdedibund.)

When the precision of the receiving system is lower®dx ¢), a larger set intervglX’ , X', ] is induced for the
model in the receiving system. Based on Theorem 3.1%nevthat the model is a valid’-solid , but for some
possibly larger and computable valee if X _ is still non-empty. The bound of = 2 x+ A + ¢ can be estimated
following a procedure analogous to the previous case ofgihgraccuracy\. However, in contrast to the previous
worst case analysis, the set interi&l, X' | is guaranteed to grow whenewv&rincreases.

Accuracy is changed\ # )/, precision is changeds # &’ . This is the most general and most difficult case
of geometric data translation. The received model is afitdty a composition of data errors and changes in the
algorithm precision. The solution in this case will be a camakion of techniques used in the special cases identified
above.
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Figure 13: Repair of boundary representation is not necg$sassure validity under tolerances: (a) common errors
in boundary representation indicate invalid object; (bligadble choice of PMg procedure can classify points of the
interior and of the exterior in the presence of errors.

5 Conclusions

5.1 Summary and Implications

This research started several years ago with a relativetiestayoal of formulating and solving several specific prob-
lems in geometric data translation. Since the classicarthef solid modeling assumes exact geometric data and
algorithms, it became clear that it must be substantialhegalized before it could be applied to such problems. This
paper proposes such a generalization, based on the olisenbett topological properties of sets may be represented
and computed only within some finite precision. The formediatotions ot-regularity,e-solidity, and PMG capture
more realistically the practices and the recognized litinites of geometric and solid modeling. Importantly, the new
theory subsumes the classical solid modeling formulatama special (but not very realistic) casezof 0. In this
sense, the proposed formulation of the problem certaingsdwt preclude exact representations and computations
whenever such are feasible and practical. Nor is the théwoiteld by any particular choice of exact constahty .

For example, it may be convenient to visualize and identifysttopological operations with the classical offsetting
operations in solid modeling[42]; but in practice, PM(S rarely implemented for any fixed value &f the discus-
sion and observations in section 4 still apply following ®hem 3.11, as long as the intery& _, X, | is computed
conservatively withs C X_ andks O X.

We demonstrated that the proposed formulation allows Byaie classification and investigation of problems
in geometric data translation. In particular, the theorggasts that many current methods for validity checking of
boundary representations are neither necessary nor suofffor maintainings-solidity in the presence of numerical
inaccuracies, whereas geometric healing procedures maydiged in many common situations.

A number of practical steps may be taken immediately in ordetdleviate the problems in geometric data trans-
lation. For example, a widely practiced technique of desirgpprecision by increasing of the receiving system
in order to make a model valid is a simple implementation efidquirement thaf > \; of course, this may also
increases, producing a substantially different solid. When the prieci$ of the receiving system is known a priori
(and this is usually the case), a known vadidolid model may be simulated in tisendingsystem for validity with
different precisions.

In alonger term, the proposed revision of the classicatisnbhdeling paradigm recognizes explicitly that accuracy
A of representatior and precisiory of PMC algorithms cannot and should not be considered seghafeom each
other. Our observations and formulation point the way tormapd redesign of both data structures and algorithms for
solid modeling that explicitly recognize the distinct semi@roles of three physical constants: accuracprecision
0, and solidity tolerance. The need for such a redesign has been apparent for someamaénessed by numerous
efforts to deal with accuracy problems in STEP models anustations. Because our formulation does not require
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existence of exact valid objects (suchrasets or manifolds), a number of robustness or validatioblpms may be
easier than they appear. For example, Figure 10(f) shows #&IC. does not need to resolve dangling boundaries or
other imperfections that are withirof the interior:s of the solid. Thus, properly redefineetegularized set operations
can be used to keep track and control the errors near sobdisdary.

5.2 Future Directions

Our observations suggest that modifying a geometric reptation in order to find some imaginary ‘correct’ solid
may not be a good idea in most circumstances. If anythingstedok ‘healed’ on the receiving end, it probably should
be the topology and not geometry, in recognition that défferchoices of constansande may lead to substantially
distinct topological interpretations. This statement rbayextrapolated to more general tasks of simplification and
small feature removal, such as those required in finite aiemmeshing. A possible approach to such tasks is to
inducee-solids for larger values of starting with the original geometric data. Our formulatedlows estimating the
Hausdorff distance between original and translatesslid, but this gives no other guarantees on consistentyeof
result. As we explained in section 2.3, validity of the tdatien andes-solidity in particular, provide a starting point
for dealing with issues of translation consistency thatregeessarily application specific. We have not considered
these issues in this paper.

A significant feature of the proposed formal framework ig thia mostly representation free, in a sense that it does
not assume any particular representation, approximatiodjscretization of the represented pointsets. Applicati
of the proposed formulation in specific representationabj@ms should shed useful interpretations and establish
relationship between seemingly unrelated techniquesekample, Delaunay-based solid reconstruction methods[4]
and voxel-based approximation techniques[44, 36] appdae tirectly related to problems efsolidity.

The concepts of-topological operations andregularity may be also useful in formalizing semanticsedigetric
dimensioning and tolerancing (GD&T). Previous formulas@roposed that a toleranced mechanical part is a class of
regular sets[41] that contains an exact nominal set, asagedpecial perfect bounding (least and maximal) elements.
Such a class of sets itself must satisfy additional metritragularity conditions[14]. Generating and testing sets f
membership in a tolerance class remains an open probleticysarly because the proposed definitions do not take
into account limited resolution of inspection. In contramir approach using-topological operations may be more
effective, because it would not require (but would allowpledge of any perfect regular elements while explicitly
taking into account limited precision of representatiod arspection.

A number of theoretical issues remain open. Acceptisigpological operations anetsolidity as foundations
for solid modeling requires non-trivial revision of the as@oncepts and operations. These inclagmntinuity, e-
homeomorphism, andregularized set operations. For example, definitiorsreigularized set operations may appear
straightforward, based on the definitions in this paper. &l@x, such operations may not posses desired algebraic
properties, such as obeying the distributive law. Many efdffficulties stem from recognition that arsolid is really
a set interval. It is reasonable to expect that intervalyaig[33] must form a basis for any algebraic systena-of
solids, but substantial enhancements are likely to be nkeefere such a system is useful for solid modeling. Such an
algebraic system should have applications beyond solicelitay e.g. in the area of robust geometric computations.
Connections with computable analysis[55], constructivalygsis[11], and domain theory[2] are also of considerable
interest.
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