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Abstract

Traditional mesh-based approaches to the modeling and analysissa€@Hhyelds within geometric models re-
quire some form of topological reconstruction and conversion in thérgeseration process. Such manipulations
tend to be tedious and error-prone manual processes that aresitpedomated. We show that most field problems
may be solved directly by using approximate distance fields computeddesigned or sampled geometric data,
thus avoiding many of the difficult reconstruction and meshing problénigh distances we can model fields that
satisfy boundary conditions while approximating the governing differeetjaations to arbitrary precision. Because
the method is based on sampling, it provides natural control for muttisrésn both in geometric detail of the do-
main and in accuracy of the computed physical field. We demonstrateetierfodeling capability with several heat
transfer applications, including a typical transient problem and a “sodrsalve” approach to the simulation of a
physical field in a real-world artifact.

1 Introduction
1.1 Field modeling with distances

Representation conversion of geometric data to a form ctibipavith the traditional mesh-based simulation pipeline
requires a number of non-trivial automated and manual sf€ps output of the pipeline is a physically meaningful,
spatially and possibly temporally distributed quantityled a field. We thus refer to the entire simulation process
asfield modeling Field simulation on CAD geometry, arguably the most comryqe of analysis, usually involves
manual defeaturing to remove small features in order toymediomain meshes possessing elements of reasonable
size. More complex analyses involving motion or deformatiequire manual domain meshing or the development
of specialized software to produce suitable meshes. Fisddysis on surface scan data captured from real-world
objects requires manually-guided reconstruction of vertypes, healing, and simplification to produce a surfacghme
capable of supporting domain meshing. Similar steps angined)for isosurface meshes computed from volumetric
data captured by such scanning technologies as CT, MRI arudactioning. The manual intervention required to
produce domain meshes from such a variety of geometric dataas hinders automated preparation for field analysis.
Further, it is widely accepted that today data preparatéom not the physical computations, dominate most field
modeling problems both in terms of human effort and compires.

We propose to replace the typical manual and error-pronesions by an automated meshfree modeling method
that relies on approximate distance fields to satisfy albolauy conditions as accurately as desired. The main idea is
diagrammed in Figure 1. The approximate distance field majefieed and constructed by a variety of methods; in
this paper, the approximate distance field is fit to samplexa¢t signed distance to the geometry.

The original idea of this meshfree method dates back to Kawitch who proposed to represent a field that satisfies
Dirichlet boundary conditions as the product of two funeiou = w®, wherew = 0 is an implicit representation of
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Figure 1: Figure depicts field modeling using approximatadice fields from surface points, polygonal surfaces,
smooth B-rep, and volumetric data. The simplicity of therapgh is in stark contrast to the multiple representation
conversions required in traditional mesh-based analysis.

geometry with zero set corresponding to the geometry anevanishing gradient at all points of the zero set [9]. A
key feature of this formulation is the ability to exactlyisét the boundary conditions on the zero set.ofRvachev
generalized Kantorovich’s approach to include virtuallytypes of boundary value problems [20, 21]. Shapiro and
Tsukanov showed that the method may be completely autorfatedvide class of geometric and physical problems
in a common meshfree environment[33, 32, 36]. Theoretioaimeteness of the method is shown in [22]. More
recently, Hllig improved the numerical stability of this approach lpypeoximating the functiord by linear com-
binations of weighted extended B-splines (WEB-splines)7[8,In this paper we show that Rvachev’s approach to
satisfy boundary conditions can be extended to modelingiphakfields with approximate distance fields constructed
through sampling. Our method can be viewed as a generalizgzldiement method that satisfies boundary conditions
exactly[2]. Through sampling we extend the benefits of thehfree method to a much larger class of problems, with
multi-resolution, where previously automated solutioresewnot possible.

After briefly summarizing related work on approximate distafields below, we discuss the details of our method,
its treatment of different boundary conditions, and itslagagion to field problems with different governing equaiso
and boundary conditions. Sections 2 and 3 detail the fortiomlaof the method in the context of homogeneous
and non-homogeneous Dirichlet boundary conditions rasde Section 4 extends the discussion to other types of
boundary value problems and demonstrates the uniqueyatifilihe proposed method to control geometric and phys-
ical resolution. Section 5 describes two more challengimg) iateresting applications of the method to engineering
problems. We close with a brief summary and discussion gptbmising directions for future work.

1.2 Related Work on Distance Fields

Distance fields are scalar fields whose evaluation at any petirns the exact distance to the geometry. As suggested
in Figure 1, distance fields can be computed from most ge@epresentations, including clouds of points, meshes,
triangulations, boundaries, volumetric data, and othamirsiguous representations. By definition, the exact distan
field is differentiable and has unit gradient everywhereepxthe points that are equidistant from several points (e.g
points on medial axis). The zero set of the exact distanag ¢miresponds to and implicitly defines the geometric set



of points.

In order to solve field modeling problems, we replace the editance fields with their approximations that are
required to be differentiable to some order and possesyanishing gradient near their zero set [3]. In contrast to
exact distance, approximate distance fields may introduoeleetween their zero set and the true geometric boundary,
can possess gradient magnitudes different from 1, and nifgy &fiom the exact distance at any point in space. As
shown by Rvachev and others, approximate distance fieldssevkero set coincides with the boundaries of geometric
objects, can be constructed usiRefunctions while representing corners and edges exaddydg, 32].

Many implicit geometric representations satisfy the prtipe of approximate distance fields [6, 4, 17]. Shapiro
proposed algorithms for automatic construction of sucHitiipepresentations from both Constructive Solid Geome-
try and Boundary Representations of geometric objects2931]. Implicit representations are also utilized by many
surface reconstruction algorithms which rely on genenatibsome distance-like function whose zero set approxi-
mates the input points. Construction methods for such fonstinclude the blending of implicit primitives like blops
spheres, quadrics, and local quadratics that have beernifé fwints [14, 12, 15]. For reconstruction, others have use
radial basis functions with both global [39] and compactmrp[26, 10], as well as level set methods [40, 16]. Each
of these methods offers various degrees of control on theracg with which geometry is represented. Others have
used a spatial grid of (usually) trivariate B-splines toresent scalar fields whose zero-sets represent the bouofdary
sculpted geometry [18, 27].

Many of the above methods and representations may be adfptédld modeling. We will demonstrate the
advantages of the proposed approach using approximasadésfields represented in terms of a geometrically non-
conforming grid of basis functions fit to samples of exactatise or other distance-like function. For field modeling
problems with Dirichlet boundary conditions, the approatendistance field must possess non-zero gradient every-
where onit's zero set. In addition, Neumann and mixed boynctanditions require the magnitude of the gradient to be
precisely one at the zero set. Through distance samplingaweinify field modeling on all geometric models, while
bypassing many computational difficulties often assodiati#h exact distance fields, including non-differentiiil
and lack of local support. By choosing the resolution of thpraximate distance field fit to the samples, the accuracy
of the geometric approximation to the original geometryasily controlled. Furthermore, the accuracy of the field
solution can be controlled separately to gain solution d@e¢he expense of accuracy. We demonstrate the generality
of our approach by performing analysis on a selection of ggnodata sources with a variety of boundary conditions,
including boundary conditions that are transient and mmpvin

2 Homogeneous Dirichlet Boundary Condition

Following Kantorovich [9], a field: that is subject to the homogeneous Dirichlet boundary d¢mmdi

ujpo =0 1)
may be represented as the product of two functions
u = wd. (2)

We now examine the components of this expression in mordl #etaw. Functiornw is used to satisfy and to extend
the homogeneous Dirichlet boundary conditions into theriat domain; it must have non-vanishing gradient on the
boundary of the domair@)2, wherew = 0. These properties are clearly satisfied by approximatantistfields, and,
therefore, they can be chosen to represeint expression (2). If the shape of a geometric object is knavgmiori,
such a function can be constructed by a variety of methods,[4, 20, 32]. For a geometric object described by a
distance field sampled at scattered points, we construcpim@mate distance field from the sample data, using
any of the known fitting methods. In this particular case, egresent an approximate distance fielthy a linear
combination of basis functions:

w=Y C¥xy, 3
=1

where theC'¥’ are the coefficients of the basis functiong of the spatial variablege, y, z). For our implementation,
we chosey¥ as multi-variate B-splines, usually arranged on a regutateSian grid. (See [5] for details.)

The type and resolution of sampling, as well as the apprakimaroperties of these basis functions, determine
the accuracy of the constructed field. For example, somengiwtll) sampling techniques may require signed distance



fields in order to assure the non-vanishing gradient andicafite geometric detail at the domain’s boundary. Detailed
investigation of these approximation properties is oat$ite scope of this paper. We note, however, that the zerd set o
the constructed distance field approximates the boundaheafeometric domain; hence the choice of basis functions,
{x¥}™,, gives direct control of the level of geometric detail in tepresented geometric domain. We will explore
this capability through examples in Sections 4 and 6.

The second function in expression (2) — functidn— provides the degrees of freedom that allow to satisfy
additional constraints prescribed antypically in the form of a differential or integral equatio In most practical
situations® cannot be determined exactly, and therefore it is repredelny anotherlinear combination of basis
functions:

=3 Y, @)
=1

where theCf’ are the coefficients of the basis functionsxf’, of the spatial variable&e, y, z). Popular choices gtf
include B-splines, polynomials, and radial basis function
Substituting expressions (3) and (4) into (2) we obtain a foem of Kantorovich’s representation far

“= <ZCW> DCING | =20 CEXrCrNg- (5)
=1 j=1

i=1 j=1

This last expression contains two independent systemssesf imctions{x ¢}, and{x¥}"™ ,, each serving specific
and distinct purposes. Basis functiohg’ } 7, together with coefficient§C:’} , are used to approximate a distance
field to the boundary of a geometric model. The accuracy ofbinendary approximation by the zero set of an
approximate distance field governs the accuracy of thenreratof the specified boundary conditions. By construction,
the functionu represented either by expression (2) or (5) satisfies bayrdadition (1) exactly on the zero set of the
distance fieldv.

The sole purpose of basis functiofig? }7_, is to provide the necessary degrees of freedom to accommaaiat
closely as possible, the additional constraints:ohumerical values of the coefficienf{§’?}7_, are determined by a
solution procedure which typically consists of applicataf a variational or projection method with subsequent-solu
tion of an algebraic problem. The choice of a particular sotumethod depends primarily on the type of additional
constraints onu. If several solution methods are available for the giveretgp problem, preference is given to the
methods that provide better convergence. Further, the atsydf basis functionsp andn, independentlgontrol the
respective accuracies of the geometric approximation lamdalution to the differential equation.

Figure 2 shows application of the described method to thaisol of a Poisson equation

Viu = —q (6)

with homogeneous Dirichlet boundary conditions (1) prigsat on the surface of a mannequin head @rd1 taking
on a constant value of 1. The head is originally represenyed et of scattered surface points or a surface mesh
(Figure 3(a)). In order to satisfy the prescribed boundarydition, first we construct an approximate distance field
whose zero set corresponds to the surface of the head. Batimstruction we employ tricubic B-splines defined over
a uniform61 x 61 x 61 cartesian grid. The computed distance field is shown in Ei@(b); the coefficient$C:’'}
being determined by a least square fit to approximately 3ldbmirandomly distributed distance samples.

The least square fit to the distance samples requires thenmation of the following functional:

k m 2
Foy (z O — dj) | )
j=1

i=1

wheref is the number of distance samples, ahds the j'* sample taken at the poifit;, y;, z;). This leads to the
following linear system:
AC¥ = B, (8)

with matrix elements assigned as follows:

k

ajj = fo(fchyl,Zz)X;-J(xzayz,Zl% 9)
=1



Figure 2: Distribution of the function that satisfies homogeneous Dirichlet boundary conditipwiilthe zero set of
the approximate distance field shown in Figure 3(b) and aqimates solution of Poisson equation (6).

and
k

bi =Y dix{ (zi, 1, 20). (10)

=1

In order to find a function: that gives the best approximation to equation (6), whilessgahg boundary condition
(1), we use a classical Ritz method [19, 13] which requiresimmization of the functional:

F:/Q//U(VZu)dQ—2/Q//u—

Employing a Ritz method reduces the original boundary vphlablem to the solution of a system of linear algebraic
equations:AC®* = B, whereC? is a vector of unknown coefficients of the basis functions] tive elements of
matrix A and vectoB are computed through the following triple integrals:

aw*/// (chxkxz> <ZCZ Xi xj>dQ
b= /Q/ [ (;Ctxfx?> ax.

For more details, please refer to the Appendix, where thigatem of the linear system for a Dirichlet boundary value
problem is provided.

The solution in Figure 2 was computed by choosing the basistions{x? 17, to be trilinear B-splines on a
41 x 41 x 41 uniform Cartesian grid. Volumetric integration is perfa@thover the supports of the B-splines using
Gaussian cubature rules to allocate the integration poifitsassure that all integration points are allocated only
inside the domain, hierarchical space decomposition amghitey cubes techniques are employed as described in
[36]. Figure 2 shows the distribution of the computed fumicti in the middle cross-section of the mannequin head.
The function satisfies the homogeneous Dirichlet boundangition (1) exactly on the zero set of the approximate
distance field shown in Figure 3(b) and approximates thetisolwf the Poisson equation (6). Despite trilinear B-
splines having discontinuous first order derivatives, taystitute an admissible space of functions for approximat
the solution of the boundary value problems in equationai(@)(1) [35]. The continuous variation of hue corresponds
to continuous variation of the function from zero on the badany (blue color) to its maximum value of 14.94 shown

11)
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Figure 3: Modeling of temperature field in mannequin heaps¢attered points on the surface of the head generated by
3D scanner; (b) constructed approximate distance fielda{@pproximate distance field to portions of the boundary
where the value of temperature is prescribed; (d) distobubf temperature that satisfies the boundary conditions
exactly.

in red. The images in this example, as well as those in theirgteaof this paper, are computed by sampling the
solution field over the boundary of the geometric dorrain.

3 Non-Homogeneous Dirichlet Boundary Conditions
Treatment of the non-homogeneous Dirichlet boundary d¢mmdi
Ujgq = ¢, (12)

where the functionp is a priori known function of spatial coordinates, requijest a slight modification of Kan-
torovich’s method. Since the functian given by expression (5), already satisfies the homogeneowsdary con-
dition (1), the addition of the functiop to expression (5) turns into a family of functions that satisfy boundary
condition (12) exactly:

u=>Y Y CXTCIXT + e (13)
i=1 j=1

1In this particular case, the boundary is represented byagrilar surface mesh. To improve the efficiency of the disptaggss, the solution
field might also have an intermediate representation as a demgerm lattice of solution samples. The values from thitide are then trilinearly
interpolated for display.



To extract a particular function from this family we need itapiose additional constraints an For instance, we can
require the function: to be an approximate solution of the Laplace equation:

V2u = 0. (14)

Using this condition we can compute numerical values of thefficients{C®}™_, in expression (13). To solve
the problem, we again employ a Ritz method that leads to theiso of an algebraic systerAC? = B, where
the elements;;; of matrix A are computed using expression (11), previously used t@soRoisson equation with
homogeneous Dirichlet boundary condition. Elements ofard8 are given by the following integrals:

b= [[[vev (Z O;:x;*;x?’) ao. (15)
Q k=1

Once the coefficientsC}2_; are determinedy can be evaluated at any given point in the domain.
Since the formulation contains a product of approximattadise and some set of basis functions, the basis func-
tions for the solution must be able to attenuate the appratardistance while also representing the solution field.
Our experience suggests that representing the approxdissace on the same resolution grid as the solution field is
commonly acceptable, but we explore different combinatiohgrid resolution below and in Section 4. Figure 4(b)
shows the distribution af, approximating Laplace equation (14) and satisfying nombgeneous Dirichlet boundary

condition (12) with

107 (z — mmm)> vos (107r(y - ymm)>

) e
Tmaz — Tmin

. (157r(z - zmm)) .

Zmax — Zmin

Ymaz — Ymin

(16)

The approximate distance field is the same as we used in thedetion to solve the problem with homogeneous
boundary conditions. It is represented by a linear comlwnadf tricubic splines on &1 x 61 x 61 Cartesian grid
with coefficients determined by a least square fit to 3.4 amliiandomly distributed samples of distance. The basis
functions{x¥}®, that approximate the solution are trilinear B-splines ol & 41 x 41 Cartesian grid. As shown

in Figure 4(b), these basis functions provide sufficientrdeg of freedom to attenuate the influence of the periodic
boundary condition (16) away from the zero set of the appnaxé distance field.

(b)

Figure 4: (a) Distribution of a periodic functian (16) prescribed as a boundary condition for Laplace eqndfid);

(b) solution of Laplace equation that satisfies Dirichletibdary condition given by a function shown in (a). Notice
that basis functions provide sufficient degrees of freedomattenuate the influence of periodic boundary condition
(16) away from the zero set of the approximate distance field.

In general, a boundary condition functignmay not be known explicitly or is not prescribgibbally. More
typically, the boundary conditions are prescribed in ag@igse manner, i.e. the boundary conditions are specified by



individual functionsp; on each portion of boundar§s2;:
U‘[)Qi = P, 7= ].,N (17)

In this case the field that satisfies Dirichlet boundary conditions (17) can btllrepresented by expression (13), but

the functionpy must be constructed in such a way that on every boundary segig, it coincides with the prescribed

function ;. One could use a variety of methods, including samplingWeithoose to construct functianm using

transfinite interpolation [23], a technique that can be weTed to be an extension of inverse distance weighted inter

polation [34]. The interpolating function is representgdabweighted sum of functions prescribed on the boundaries
N

© =Y p;W;; with weights,W;, inversely proportional to the distances to the boundati€s:
=1

—Hi

Wi = (18)

_Yi
N — .
E wj 2%
j=1

The expression for the weightH/;, can be rewritten in a numerically stable form, more su@dbt implementation
in software:

N .
[T wy
W= (19)
> I W

J
k=1 j=1;j#k

As before, the functions; are approximate distance fields to the partial bounddtiés Exponentsu; in the ex-
pression for the weightl/; affect behavior of the weights in the neighborhoods of the zets of the approximate
distance fields;. Values ofu; greater than one are used to interpolate normal derivgprescribed ordS2;. In this
case the value qf; must be one greater than the order of the prescribed desBgat{The readers are referred to [23]
for additional details.)

Let us construct a function that interpolates temperatatees of 38C' and 40C prescribed on the neck and
forehead of the mannequin head respectively. The intetipgléunction ¢, whose distribution is shown in Figure
5(d), then appears as follows:

- 35&)2 + 40(4}1

w1 + wo w1 + w2 ’
wherew; andws are approximate distance fields to the neck (Figure 5(b))teadorehead (Figure 5(c)). These
fields to individual boundary segments are constructed ibyniing the distance field to the whole surface of the
head using the normalized trimming method described in.[E2hce the interpolating functiop is constructed it
is substituted into expression (13). Approximation of tligliional constraints, involves application of a solution
procedure similar to that described above to determine rigaievalues for the coefficients?. Note that the union
of boundary segments where Dirichlet boundary conditioaspecified does not constitute the complete boundary of
the geometric domain, and therefore the functioim the Taylor series expansion

(20)

u:wZCZfbx?+<p (21)
i=1

is an approximate distance field to the union of the boundasikere different Dirichlet boundary conditions are
specified. Figure 3(c) shows the composite approximatamtist fieldv to the union of forehead and the mannequin
neck. This approximate distance field is constructed frogividual distance fields to the foreheag and the neck

wo using s joiningR-function: wy +ws — \/w? + w3 [20, 28]. Other joining techniques may be also used as deetri

in [32, 3]. Figure 3(d) illustrates the distribution of a fition « that takes on prescribed values of 35 and 40 on the
neck and forehead respectively and approximates the golafiLaplace equation (14) everywhere in the domain. A
Ritz method is used to determine the coefficiefifs of trilinear B-splines{x '} defined on a uniform1 x 41 x 41
Cartesian grid.



(a) (b)
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Figure 5: (a) Red colored zones depict the portions of thiasearof the head where the values of temperature are
specified; (b) hue values correspond to approximate distamthe lower part of the neck; (c) hue values correspond

to approximate distance to the forehead,; (d) distributidhioction, (20), that interpolates temperature valuessst3
and 40 C prescribed on the neck and forehead respectively.

4 General Boundary Conditions with Resolution Control

Kantorovich’s idea to satisfy Dirichlet boundary conditsoadvanced the variational methods with the ability tcsgati
essential boundary conditions exactly and concentrateotieer of the solution method on approximation of the
differential equation for the boundary value problem. Rwv@cand his students generalized Kantorovich’s method to
satisfy other types of boundary conditions exactly by repnéing a field: by a generalized Taylor series of powers
of a normalizeddistance field. An approximate distance fields callednormalizedto the orderm with respect to
domains if it satisfies the following conditions:

Ow oFw
=0; — =1 — =0, k=2,...
WlBQ ) 8n|aﬂ ’ 8nk |BQ ) ) , M,

wheren is the vector normal to the boundad§2. Intuitively, normalized distance fields approximate thaat distance
functions to the ordem near the boundary of the domain. If such a functiois known for a given domaif, any
field over() can be represented by a Taylor series expansion in thetyichihe boundary? as [20, 22]:

| =

juk(0)w® + 0 (W), (22)

o

u = up(0) + Z
k=1

In this case, each;(0), k¥ = 0,...,m corresponds to the normal derivative /ah order on the boundar§$2. In
[22], the authors proved the completeness of the represamtaf fields by a power series of normalized distance



field (22). An important consequence of the completeneswdine is that the remainder term in the series (22) may
be represented to arbitrary precision by a product of(thet+ 1)st power of a normalized distance fieldand a
polynomial®: O (w™!) = w1,

Using the generalized Taylor series (22) one can easily gsiermatically derive expressions for functions satis-
fying different kinds of boundary conditions. For exampthes expression

u= (P —wVw VP + (¢ — h®;) w + w? Py (23)
10(0) u1 (0)w O(w?)

defines a family of functions that satisfy the following bdany condition:

ou
(a—n + hu)

The first termug in expression (23) represents a value of the function pilesttion the boundar§<2. Since boundary
condition (24) does not explicitly prescribe the valueuain the boundaryy is represented by a linear combination

of basis functiongh; = > C**x?* with undetermined coefficient§"*. Subtraction otwVw - V&, from &,

— . (24)

o0

ensures that the first nortmlal derivativewqf vanishes on the zero set ©f[20, 22]. The second term in expression
(23) represents a first order normal derivativeuofvhose value on the boundaé¥? is derived from the boundary
condition (24): g—:ﬂm = 1) — hu. The remainder term2®, guarantees completenesswof Similar to a Dirichlet
boundary condition, if different function’s; and; have been specified on different portions of the boundaegeh
functions are transfinitely interpolated using the apprate distance fields for each boundary segment [23], and are
then substituted into the generalized Taylor series (28yI0F series expansion (22) implies a similar procedure for
every possible type of boundary conditions, and expresdmmmost common boundary value problems have already

been derived[20, 21].

(@) (b)

Figure 6: (a) Zero set of an approximate distance field reytes! by a linear combination of tricubic B-splines defined
on al0 x 10 x 10 grid with prescribed Neumann boundary condit%ﬁm1 = —1 (red) and the boundary condition
(g_ﬁ + O.1u) lan, = 27.3 (blue); (b) distribution of the solution of Laplace equatibat satisfies prescribed boundary
conditions shown in (a).

The modeling methods described in this paper are based mb#sevation that normalized distance field can be
also approximated by fields generated from sampled dataefidre such approximate distance fields can be used to
construct functions that satisfy general boundary coowliti If an approximate distance field is not normalized, but
possesses non-vanishing gradient on its zero set, it caorbr@fized to any order as described in [20, 3]. Furthermore,
each Taylor series expansion contains two types of appateifunctions: distance functioas and unknown func-
tions ®;, effectively factoring the resolution of the field problentd geometricandphysicalaccuracy respectively.

Most engineering analyses requitefeaturingof geometric models before they can be used for analysisiend s
ulation. This process manually removes unwanted geonigtails, small features, and other problematic geometry;

10



and usually requires substantial judgement and expeffls@ugh the use of approximate distance fields represented
with different spatial resolutions, a basic exploratioraafomatic defeaturing is possible. In its simplest fornigde
turing by resolution control will globally remove unnecassdetails or noise from the initial geometry by a smooth
approximation of the distance field. For example, a plot efaéro set of an approximate distance field represented by
a linear combination of tricubic B-splines defined ohlax 10 x 10 grid is shown in Figure 6(a). Using a coarser grid
results in the smooth approximation of facial featuresyjgliog a natural means to support automatic defeaturing.

More sophisticated control of approximate distance fieltbée greater control of the defeaturing process. For
example, non-uniform grids of basis functions would endbéal variation and control of resolution. Another ap-
proach would have selected distance samples assignedmpéatity in aweightedeast squares fit. Further adaptive
techniques from reconstruction methods can provide flextbhtrol of the geometric resolution of the approximate
distance field [15]. Figure 6(a) shows that the nose, eargegpslhave been smoothed out by the zero isosurface of the
approximate distance field. Figure 6(b) presents the Higtan of a function that approximates the solution of Lapla
equation (14) and satisfies Neumann boundary condg};qagl = —1 on the mannequin neck (shown in red in Figure
6(a)). On the rest of the head'’s surface (blue region in Ei@{a)), the boundary conditic(rg—fl + 0.1u) loq, = 27.3
is applied. The prescribed boundary conditions are reptedeby one expressio("ig—z + hu) lo = ¥, where the
function i transfinitely interpolates values of 0 and 0.1 prescribest thve red and blue zones in Figure 6(a); func-
tion ¢ transfinitely interpolates values of -1 and 27.3 prescribeer the same surface segments. The solution of
the problem is represented by expression (23) in which tisésdanctions{x"' } and {x?*} have been chosen to
be polynomials of degree 7. In this example, coefficientsathisets of basis functions;?, are determined by the
least square method. The essential boundary conditionig2#h)forcedexactlyfor a functionu represented by the
generalized Taylor series (23), and the least square métnudles approximation of the differential equation only.

Similarly, physical resolution of the field may be contrdlkeparately by approximation of the unknown functions
®,. Physical resolution is characterized by the ability of biasis functions to capture high gradients, curvature and
other singularities in a physical field. In Figure 7 the as@yesults from several combinations of grid resolutiaes a
depicted. Figure 7(a) and (b) represent geometry with aseogid while incorporating a fine grid for representation
of the physical field. This combination of low geometric resion and high physical resolution had a total running
time of 6 hours, 34 minutes. Figure 7(c), on the other hanslhigh geometric resolution and low field resolution, and
total running time of 43 minutes. The images reveal artifac(c) where there are insufficient degrees of freedom to
approximate the differential equation precisely. By castythe fully automated solution procedure for the example
with homogeneous boundary conditions in Figure 2 took 6 $,0b% minutes at the described resolution. Solution
of a similar problem with more complex, non-homogeneougchiet boundary conditions in Figure 3(d) required 13
hours, 19 minutes.

Such use of independent geometric and physical grids a&rdiff resolutions leads to modular separation of geo-
metric and physical accuracies using two or more sets oslfasctions. Furthermore, resolution of each boundary
condition may be also controlled separately since eachdsyncondition is associated with its own Taylor series
expansion, and its own distance field. This unique featumiofpproach provides powerful controls for controlling
resolution of field modeling that is not possible with tréatial mesh-based methods.

5 Applicationsand Examples

The field modeling method we discussed in this paper has besshpreviously quite extensively with implicit geo-
metric representations constructed usidunctions. TheR-function method has been applied to problems in heat
transfer, structural analysis, plate bending, plate vibna and fluid dynamics, among others [24, 25, 38, 21]. A
general architecture of a meshfree field modeling and simounlaystem based on distance fields is described in [36],
and fully functional two-dimensional prototype softwarayrbe downloaded from http://sal-cnc.me.wisc.edu. The
present research establishes that we can solve all theBlem®and more with other types of approximate distance
fields, in particular those constructed from sampled datactieal consequences of this observation include easier
implementation, higher level of automation, improved sheed automated variable resolution control. Below we
demonstrate the power of the method with two non-triviall@ggions. The fully automated, but fairly brute-force,
solution procedures described in this paper have solutinestranging from tens of minutes to tens of hours on a
dual processor 1GHz Pentium Il workstation with 1.5GB RAMe solution procedure includes integrating, assem-
bling, and solving the linear system for the unknown coeffitsC;® of the basis functiong?, and is dominated by
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Figure 7: (a) A temperature distribution modeled usingutsic B-splines on 40 x 10 x 10 grid to approximate the
geometry and @1 x 41 x 41 grid for the solution. (b) Solution of Poisson equation (éjmhomogeneous Dirichlet
boundary conditions. Distance field is represented by atinembination of tricubic B-splines onlé x 10 x 10 grid.
Solution is approximated with trilinear B-splines on a téghesolution41 x 41 x 41 grid. (c) Solution of the same
problem with approximate distance field represented byealitombination of tricubic B-splines @i x 61 x 61
grid and solution computed on a lower resolutieginx 14 x 19 grid of trilinear B-splines.

the numerical integration over the domain to construct ithealr system. Sampling of the distance field, fitting, and
visualization constitute a small fraction of the total dmn time. As we explained in the last section and demorestrat
below, the running times depend largely on complexity ofrmary conditions and desired geometric or physical
resolution.

5.1 Scan and Solve

The use of distance fields derived from sampled data makesdéilge to implement a “scan-and-solve” approach to
modeling of physical fields, which is particularly effe@iwhen physical fields need to be modeled and analyzed in
existing artifacts for which traditional geometric modeiay not exist. Reverse engineering of geometric models for
such parts is a difficult and time consuming process fraught avfficulties due to inaccuracies, wear, deformations,
and imprecision of both natural and engineered objects kEji@bservation is that the traditional reverse engingerin
and meshing pipeline may be bypassed if an object model afbitndary are described by an approximate distance
field. Such fields may be often constructed directly from dechplata generated by 3D laser scanners or other
scanning technology. Once the points on the surface of thdpee been generated, a variety of methods can be used
to compute an approximate distance field. In our examplesxhet distance field was randomly sampled throughout
the volume, and then represented by B-splines with coeffisieomputed using the least square method.

The “scan and solve” approach is depicted in the flowchartigurié 8, with operands depicted as ovals, and
operations depicted as rectangles. At the outset, the gepimecanned to produce a 2 or 3 dimensional image. Here
imagerefers to a regular grid of pixels or voxels for 2D or 3D geometespectively. The image is then segmented
using image processing techniques to produce a binary imé@geforeground and background only. A Euclidean
distance transform [11] is then applied to compute a digtaratue for each image element. Samples of the distance
image are taken at randomly distributed points and a set sif Banctions are fit to these samples to produce an
approximate distance field. The approximate distance feetlén used to support meshfree simulation of stress or
other physical quantities.

As a demonstration of the “scan and solve” approach, Figwieo®vs two-dimensional stress analysis performed
on a scanned model of a wrench. Applicability of the meshfmethod with R-functions to problems in elasticity
has been demonstrated previously in [24]. Here we extendnithod to incorporate approximate distance fields
computed from image data. Figure 9(d) shows a plot of an apaie distance field constructed by a least square
fit to the sampled exact distance field in Figure 9(c), usirgulbic B-splines on a unifornél x 181 grid. The
exact distance to the boundary of a scanned image of a wreasttemputed by the sequential Euclidean distance
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Figure 8: This figure shows the typical scheme for the “scahsatve” type of stress analysis.

transform. The displacement and loading boundary conditimn the wrench are shown in Figure 9(g) which also
shows the computed principal normal stressn the wrench. In order to apply the boundary conditions diséance
fields to the corresponding portions of boundary were canttd by normalized trimming [32] of the approximate
distance field of the wrench in Figure 9(d). Figure 9(f) sh@ysortion of the distance field to the fixed boundary.
The solution procedure combines these distance fields asttiersystem of B-splines into generalized Taylor series
that represent components of the displacement vector field,}, wherex = w®,, andv = w®, (one scalar series
for each scalar component of the displacement field). Bymmizing the potential energy of elastic deformation, we
compute numerical values of the undetermined coefficierttsgse Taylor series. Once the displacement field has been
determined, stresses inside the wrench body are compuitegisiandard automatic differentiation tools. Figure 9(g)
presents a plot of principal normal stressin the wrench. At no steps did the solution procedure redaigndary
representation, meshing, or other topological reconstmg. The total solution time for this example is 22 minutes
17 seconds.

5.2 Sampleand Solve

Sampling is a promising alternative even when the geometddel (e.g. boundary representation) of the domain is
available, as in the case of most mechanical componentsyatehss. In this case, “sample-and-solve” could be an
effective method for dealing with complexity and resolatif complex engineering systems. The strategy is similar
to “scan-and-solve,” except that the approximate distdiede is not constructed from scanned data, but may be be
sampled at desired resolution from the given geometric inode

Figures 10 and 11 demonstrate one such example, involvirdglng of transient temperature field in a truck
brake assembly (Figure 10(a)). The example components designed in a commercial solid modeling system,
but automatic meshing tools were not able to produce a meshadtsmall geometric features”. Even with perfect
geometric models, this problem is challenging for meshketlanethods because the spatial mesh has to account for
the rotation of the disk. Thus, cells located in the pads hav® aligned with cells located in the disk at every time
slice. This condition makes the meshing substantially naiifecult and often restricts relative motion of the parts
[33]. The meshfree computational technology we discuss iees not impose such conditions on the grids of basis
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Figure 9: The sequence of analysis for "scan and solve”sstéth (a) a 2D scan of the specimen. (b) The image is
processed to produce a binary image of the wrench. (c) Theeséigl Euclidean distance transformation is applied
to compute the distance to the boundary at every pixel. (d)pgbes of distance are taken over the transformed image
and an approximate distance field, represented by a griccabla B-splines, is fit to the samples. (e) A normalized
trimming operation[32] is performed to produce the distafield, shown partially in (f), for the fixed boundary

condition. (g) The system is solved and the principal norstia@sso; is derived from the computed displacement
field.

(9)

functions. In fact, the same grid of basis functions can leel# every time step. For simplicity, let us assume that
all parts of the assembly are made from the same material) (iwith thermal conductivity\ = 47.7W/(m - K),
specific heat = 490.J/(kg - K), and specific mass = 7850kg/m?. The initial temperature of the assembIBis C.

We model the heat generation due to application of the brakis po the disk by placing volumetric heat sources
¢y = 93.199 - 105W/m? into the pads. The external surface of the assembly is cdnfealr with temperature of
30°C. The intensity of the convective cooling is described bydbevective coefficienty = 50W/(m? - K) applied

to all exposed surfaces.

The sample-and-solve solution procedure requires thetardie fields: a distance field that describes the external
surface of the brake assembly (Figure 10(b)) — to construetrgoerature field satisfying the convective boundary
conditions; a distance field that describes internal pafthe brake pads (Figure 10(c)) — in order to specify heat
sources; and a distance field that describes the interioneofdisk (Figure 10(d)) — in order to accommodate its
rotation. These distance fields were constructed usingrdift grids of B-splines, depending on their role in the
solution procedure: triquintic B-splines ovea x 65 x 25 Cartesian grid for the assembly, and trilinear B-splines
over al00 x 100 x 80 Cartesian grid for the pads and rotor. The grids of trilirg@aplines served to define the domains
for integration. The rotation of the disk was accommodatethe problem formulation by backward differences (in
time) to prior solutions, using spatial transformationc@aling to disk rotation) of quadrature points lying wittire
disk. The computed temperature distributions at the fisstisie steps are shown in Figure 11. The temperature was
represented by expression (23) with the functibngand®, approximated by linear combinations of tricubic B-splines
over a45 x 45 x 25 Cartesian grid. The coefficien(g‘I>1 andC‘;I>2 were determined by application of the least square
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Figure 10: (a) A truck brake assembly. Approximate distdiads to the boundaries of (b) brake assembly, (c) brake
pads, and (d) the disk.

method to the time-discretized heat conduction equatiarte that boundary conditions of convective heat exchange
are essential with the least square method, and, theréfi@rbasis functions approximating the temperature field mus
be constructed using expression (23) that satisfies themdtioms. In contrast with previously discussed examples
the solution procedure for this problem required compategtiof third order partial derivatives of the basis funcsion
and the assembly of distance fields, causing the solutiom ainfull resolution to be approximately 65 hours per time
step. While this may appear to be computationally expensiwmparison with mesh-based methods, the example
clearly demonstrates the feasibility and the power of usergpled distance fields to support meshfree simulations in
complex systems.

6 Conclusion

The use of approximate distances has the potential to sulahaadvance modeling of physical fields with a wide va-
riety of geometric representations. The proposed methadges a unique opportunity to perform meshfree analysis
from native CAD models or directly from sampled data, withgeneration of intermediate (and often artificial) CAD
models and geometrically conforming spatial meshes. Agtipin Figure 1, many difficult or even manual steps in
the typical analysis pipeline can therefore be bypassedhwbaling with captured geometric data. The formulation
of the method naturally provides for separate controls eéll®f geometric details and accuracy of the computed
physical field, with boundary conditions satisfied exaatfyto the precision of the distance field itself. Intuitivelye
proposed method is a generalization and extension of thkcitrgistance-field representation of geometry to model-
ing of physical phenomena. And in fact, the method can wotk wiost existing implicit geometric representations
possessing non-vanishing gradients on their zero setaae @f the approximate distance field.

The described meshfree method, and the scan-and-solveaappn particular, have substantial advantages over
conventional mesh based methods in situations where thie gegeeration is difficult, expensive, or impossible. For
example, our experience indicates that satisfactory fel@ment meshing of the three-dimensional solid models used
in this paper, including the triangulated surface modebtarcted from sampled data as shown in Figure 3(a) and the
brake assembly in Figure 10, is a non-trivial task that cabedully automated.

Several aspects of the proposed method would benefit fraingiustudies. Whenever the constructed distance field
deviates from the exact geometry, this deviation propagate the solution of the boundary value problem: instead of
solving the original problem, we are actually solving a $émbut different problem with boundary conditions satidfie
exactly on the zero set of the constructed distance field. @émaequence, the precision of the approximate distance
field also controls the accuracy of the boundary conditiothentrue boundary. If the approximate distance field is
exact in the neighborhood of the boundary, then the bounttargiitions are exact on the true boundary of the domain.
The effects of deviation of the distance field from the exactrgetry warrants further investigation with respect to the
accuracy of boundary conditions. In [3], the issues surdignthe geometric errors are fully explored; however, the
effects on the accuracy of boundary conditions have not beantified.
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Figure 11: Distributions of transient temperature fieldna truck brake assembly computed at first six time steps

A variety of applications appear to be particularly suitatar exploitation of the proposed method. One exciting
direction is the extension of the 2D image-based distandefield modeling (recall the wrench example in Section
5.1) to 3D medical data, for example for the structural asialpf bones and implants. Heterogeneous materials
and mechanical properties deduced from density informatén be incorporated within the modeling procedure in a
straightforward fashion [37]. Other promising directiangolve adaptive sampling of distance fields for controlled
defeaturing, analysis using sampled boundary conditiand,adaptive refinement of physical fields by multi-grid or
hierarchical subdivision techniques.

A Detailed Derivation for Dirichlet Conditions

Here we provide a detailed derivation application of themfre method with distance fields for solution of a heat
transfer problem with Dirichlet boundary conditions. Give domain{2, and temperature on the boundary specified
by the function

U|BQ =¥, (25)

we want to find a temperature distributian,that satisfies the Poisson equation,
Viu=f (26)

within the domain. In [9] Kantorovich showed thetyfunction satisfying boundary condition (25) can be repnése
in the following form:
U=+ wd, 27)

wherew is zero on the boundary of the domain and non-zero everywdisee Function is also required to possess
non-zero gradient on the bounda¥{ in order to satisfy completeness requirementsonif w is an approximate
distance field to the boundary, expression (27) is a Tayldesexpansion of, by the distance field), wherey
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specifies the values af on the boundary and the produe® is a remainder term. The purpose of functidrin the
remainder term is to satisfy the additional constraints ia&e been set om by the Poisson equation. Since in most
practical situation® cannot be determined exactly, it is approximated by a lisearbination of basis functions:

i=1

In this case, the solution procedure determines the nuaiemdues of the coefficientsC; }?_, that makeu the best
approximation to the differential equation of the problem.
We substitute the expression fbrinto (27) to get

u=p+wy Cixi=¢+» Ci, (29)
i=1 i=1
where¢; = wy; are the basis functions satisfying the homogeneous Daidcldundary condition o08f). Since we are

looking for a solution of the Poisson equation on the lingaice of functions satisfying homogeneous boundary condi-
tions, we need to reformulate the boundary value problenst,Rive splitu into homogeneous and non-homogeneous

partsu = ug + u1, whereug = Y C;&; andu; = ¢. Then we substitute these expressions into the Poissoti@gua
=1
(26) and move all non-homogeneous terms to the right hamdodithe equation:
Vug = f — VZuy. (30)

Since Poisson equation (30) with homogeneous Dirichlehtaty conditionug|so = 0 is positive definite, the Ritz
method can be used to solve fay. The Ritz methods replaces the solution of a differentialagign Au. = f by an
equivalent variational formulation that requires miniatipn of the following functional:

whereA is a differential operator and) is the inner product, which fak, spaces iu,v) = [, uvdS2. Applying the
Ritz method (31) to the Poisson equation (30) yields thetfanal:

F = / 1o V3updQ — 2/ (f — V2uy)uodQQ. (32)
Q Q
Application of Green’s formula to the integrals in this ftiooal allows us to reduce the order of the derivatives in it:
F= —/(Vu0)2d9—2/ ug fdQ —2/ Vuy - Vugd. (33)
Q Q Q
Substitution of expressions fag andw; into functional (33) results in:
2
F:—/ vI> g dQ—2/fZOj5de—2/w.v > cjg | da. (34)
Q = Q 54 Q =
To minimize the quadratic functional (34), all partial detives of F with respect to the coefficients; must vanish:
ggi:(), 1=1,...,n.
Differentiating F' with respect ta”; gives the expression:
OF /
— =2V Cj¢; -VgidQ—Q/fgidQ—z/Vw-VgidQ.
801 Q <Z ! ]> Q Q
Setting the last expression to zero fot 1,...,n, then rearranging and gathering unknown terms, gives amsyst

n linear algebraic equations:

- cj/ Vfi«ngdQ:/f@;dQJr/Vw-VfidQ, i=1,...,n.
— Q Q

j=1 Q
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This can be rewritten in the matrix forddC = B, with matrix elements assigned as:

Q5 = — A sz : ijdﬂ = — /Q v (WXZ) -V (jo)dQ,

b; :/ f&dQJr/ Vg - VEdQ :/ fwxidQJr/ V-V (wy;) dS2.
Q Q Q Q

Upon solution, numerical values of the coefficiefis; }?_, are substituted into expression (28) that in turn is substi-
tuted into (27):

u:wZCiXi—&—ap. (35)
The latter can be evaluated at any point inside the geonan@ing2 in order to visualize the temperatuze
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