Proceedings of DETC'03

ASME 2003 Design Engineering Technical Conferences and

Computers and Information in Engineering Conference

Chicago, lllinois USA, September 2-6, 2003

DETC2003/DTM-48654

COMBINATORIAL LAWS FOR PHYSICALLY MEANINGFUL DESIGN

Vasu Ramaswamy
Spatial Automation Laboratory
University of Wisconsin-Madison
Email: ramaswam@sal-cnc.me.wisc.edu

ABSTRACT

A typical computer representation of a design includes geo-
metric and physical information organized in a suitable combina-
torial data structure. Queries and transformations of these design
representations are used to formulate most algorithms in compu-
tational design, including analysis, optimization, evolution, gen-
eration, and synthesis. Formal properties, and in particular ex-
istence and validity of the computed solutions, must be assured
and preserved by all such algorithms.

Using tools from algebraic topology, we show that a small
set of the usual combinatorial operators: boundary (9), cobound-
ary (), and dualization (*) — are sufficient to represent a variety
of physical laws and invariants. Specific examples include geo-
metric integrity, balance and equilibrium, and surface smoothing.
Our findings point a way toward systematic development of data
structures and algorithms for design in a common formal com-
putational framework.

1 Combinatorial representations in design

Given a rich variety of representations and algorithms for
computational design, there appears to be little reason to believe
that most of them may be formulated within a single combinato-
rial framework. We show that not only is such a framework pos-
sible [15], but it is formal [3] because it is based on the tools from
algebraic topology [7], practical [5,14] because it arises naturally
from computational considerations, and ubiquitous [25] because
it spans most of the geometric and physical laws.
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1.1 Design as an oriented cell complex

Computational design of shapes in most cases involves
working with both geometry as well as physics. It is common
that shaping and analysis of artifacts rely on two separate repre-
sentations. For example, in the evolutionary design of tables in
[8] the assumed geometric primitives are voxels, but evaluating
the structural integrity of the table requires that the voxel model
be converted into another representation suitable for performing
analysis. Furthermore, many different design procedures appear
to rely on a variety of seemingly incompatible representations
and techniques. Thus, shape-grammar rules may be implemented
as transformations of truss structures [17], while subdivision and
fairing rules are commonly applied to curve and surface repre-
sentations [24] — both are quite distinct from the space-aligned
three-dimensional voxel-based representation of tables.

It is well known that these and most other representations of
designs are simple instances of an oriented cell complex — a stan-
dard combinatorial structure widely used in topology and more
recently in geometric modeling. Perhaps less obvious is that
most geometric, physical, and design quantities can be formally
defined as algebraic objects called chains and cochains - intu-
itively vectors whose components are associated with individual
cells. The immediate consequence of this fact is that most spatial,
physical and design laws may be expressed algebraically and ap-
plied uniformly across a variety of design representations, tasks,
and algorithms. Furthermore, most such laws are compositions
of only a few primitive laws that are generic in nature. The pur-
pose of this paper is to elucidate this algebraic topological view
of computational design and to demonstrate its ubiquity. We sub-
stantially extend the earlier ideas proposed in [15] while drawing
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heavily on efforts of others who have used algebraic topological
tools for explaining analogies and classifying physical theories
[3,25] and improving numerical solution techniques [13]. Much
of the present research in the network formulation of many phys-
ical systems is based on the earlier work by Kron and Roth. Kron
modelled various physical systems including elastic and plastic
structures as electric circuits and solved them piecewise by the
method of tearing [11]. Roth related the various quantities in the
physical systems as homology and cochomology sequences us-
ing his now well-known Roth diagrams [20]. Branin extended
the algebraic-topological formulation of networks by linking it
with standard operations in vector calculus [3]. Tonti classified
most physical theories into a framework of topological and con-
stitutive relationships using his own diagrams [25]. Acceptance
of the proposed computational framework should streamline and
simplify development of computational procedures in terms of
standard computational primitives, lead to more efficient search
algorithms that generate fewer invalid candidate designs, and en-
courage cross-fertilization of ideas and techniques across a wide
range of application domains.

Combinatorially, cell complexes are compositions of ori-
ented k-cells with k = O(vertex), 1(edge), 2(surface), 3(volume),
typically embedded in 3-D space without intersections and sub-
ject to the additional constraint that the closure of every cell
is a union of other cells in the complex. For the purposes of
this paper, we will draw on three substantially distinct but fairly
common examples used in computational design, as illustrated
in Figure 1. Voxel-based representation, such as used in evo-
lutionary design of tables [8], are essentially 3-dimensional cu-
bical cell complexes (Figure 1a), where 3-cells correspond to
individual voxels, and lower-dimensional cells implicitly corre-
spond to adjacency relationships (2-cells for face adjacency, 1-
cells for edge adjacency, and 0-cells for corner adjacency). Truss
and frame structures that are commonly used in shape-grammar
based design [17] are 1-dimensional complexes composed of 0-
cells (joints) and 1-cells (members) (Figure 1c). Boundary rep-
resentations of solid models [18] and subdivision surfaces [24]
(Figure 1b) are 2-dimensional geometric cell complexes with
faces, edges, and vertices corresponding to 2-cells, 1-cells, and
0-cells respectively.

More generally, different types of cell complexes arise fre-
quently in computational science and engineering. Finite ele-
ments, finite differences, and finite volume models in numerical
analysis are defined on collections of k-cells forming a mesh or a
grid [13]. Many graphical computations are performed on polyg-
onal meshes, while manifolds are usually represented by under-
lying triangulations. In each case, the cellular decompositions
of shapes and spaces are supported by graph-based data struc-
tures and algorithms to perform all relevant computations cell by
cell. Furthermore, all spatial properties and functions of the rep-
resented spaces may now be treated algebraically as vectors over
the decomposed spaces.

1.2 Properties as chains and cochains

The simplest operation that is performed on a cell complex
is the identification and logical selection of certain cells for spe-
cific computational purposes. For example, the convex hull area
computation in [8] requires isolating the corners (0-cells) and
edges (1-cells) of faces of voxels at a certain height, while ap-
plication of boundary conditions (tractions and displacements)
requires isolation of O-cells in a truss. Application of a smooth-
ing procedure on a certain portion of a surface requires isolation
of a subset of faces from the whole domain. In each case, a group
of p-dimensional cells is selected among all cells of the complex
for further processing. Such a group is represented algebraically
as an elementary p-chain defined as a formal sum:

np )
cpz_gifi-ceu'p )
=

where C, is the p-chain, cell}, denotes the i cell of dimen-
sion p, np is the number of p-cells in the cell complex and
fi € {—1,+1,0} is a coefficient that determines whether a partic-
ular oriented cell is selected with positive or negative orientation
(fi = +1) or not selected at all (f; = 0). The top row in Figure
2 illustrates the selection of three 2-cells (with coefficient f; = 1
and shaded grey) on a surface as a chain Cy.

More general coefficients may be associated with the cells in
the cell complex in order to capture other uses and properties of
the cell complex algebraically. Thus, integers may correspond to
how many times a particular p-cell is visited in a path, reals may
represent a total mass associated with a cell, and vectors may be
used to specify forces acting on certain cells, etc. The general-
ization of coefficients is accompanied by a subtle transition from
elementary p-chains to functions on p-chains called p-cochains.
A p-cochain can be defined as a formal sum:

Np
Cp:_zigpcell'p (2)
1=
which is similar to Equation (1) with the difference that CP is
the p-cochain, and g; denote the generic coefficients that cap-
tures specific properties of the associated cell, cell'p. Cochains
in our examples include geometric properties (for instance, geo-
metric locations of 0-cells of trusses, voxel-based table designs,
and subdivision surface patches). Instances of physical and non-
physical attributes include forces and displacements on a truss
structure or voxel-based models of tables, and weights associ-
ated with 1-cells of a subdivision surface in [24]. Figure 3 shows
a cell complex composed of 0, 1 and 2-cells (subscripts of the
alphabets denote the dimension of the cell) and coefficients as-
sociated with all 1- and 2-cells. The corresponding 1-cochain C*!
and a 2-cochain C2 are: C' =5-a; —10-by +23-¢; +16-d; +
16-e0+28-f14+29-91+53-h1+13-i1+3-j1+19-ki +14-1;
and C2 = 80-ay +67-hy + 76 - ¢y + 50-dy. The coefficients in
C! and C? typically represent discrete distributions of physical
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Figure 1. Common examples of combinatorial structures used in computational synthesis; each is an instance of an oriented cell complex.
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Figure 2. Dimensionally homogeneous portions of the cell-complex may be represented by chains. Here a 2-chain identifies three cells with non-zero
coefficients; Boundary operation on this 2-chain produces an oriented 1-chain of edges bounding the selected area. Note the change in orientation of
some 1-cells as d reorients them based on their relative orientation with the 2-cells.
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Figure 3. Cochains are collections of oriented cells along with their as-
sociated coefficients. These coefficients represent the integral quantities
associated with cells. For example, vector-valued coefficients on 1-cells
could denote relative displacements and scalar coefficients on 2-cells
could represent their areas.

properties throughout the cell complex, such as displacements or
areas respectively.

In topology, chains and cochains serve very different pur-
poses, and it is customary to distinguish them as different types
of objects. But, as explained by [7], every chain can be also
viewed as a cochain (but not vice versa), and in fact p-cochains
are usually defined in terms of (or evaluated on) the corre-
sponding elementary p-chains. In engineering applications deal-
ing with finite cellular structures, the distinction between the
chains and cochains is not always critical, and the two con-
cepts have sometimes been grouped under the name of “chains”
[3,5,14,15,26]. We will also follow this practice, but will use
the term cochainswhen referring to the most general class of ob-
jects that includes both chains and cochains. The main utility of
cochains in computational applications lies in the fact they define
a convenient class of objects for algorithmically constructing and
simulating complex geometrical and physical models. Specifi-
cally, addition and multiplication operations are defined for p-
cochains in a cell-by-cell fashion, very much like for the usual
vectors. And in fact, all p-cochains defined over a cell complex
form a linear vector space with dimension equal to the number of
the p-cells. These and more general operations on cochains have
been used in several physical modeling and simulation systems
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that treated cochains as a basic data type [5, 14].

1.3 Combinatorial interpretation of physical laws

As witnessed by such cochain-based systems, emergence of
cochains as a data type helped replace many cell-by-cell opera-
tions and algorithms by a powerful and elegant algebra. Our goal
in this paper is to show that the same algebra is also useful in for-
mulating, constructing, and enforcing a hierarchy of physical and
design laws on combinatorial designs.

Generally, by “law” we refer to a rule that governs the be-
havior of the cochains (i.e. physical properties) by imposing con-
straints on the allowable values of coefficients (e.g., a maximum
relative displacement in the 1-cochain or a limit on the total area
represented by the 2-cochain in Figure 3). The coefficients in
turn control existence, orientation, use, and properties of the cells
in the cellular decomposition of space. Exhaustive classification
of all possible laws is clearly impractical, but all such laws appear
to be compositions of two types of primitive laws, broadly char-
acterized as topological and measured (metric) [3, 25]. Topolog-
ical laws may be formulated using strictly topological operations
on chains and cochains, while metric laws involve measured and
empirical relationships.

2 Spatial Laws and Operations

Let us first consider how topological laws manifest them-
selves in geometric and solid modeling. By definition, every
three-dimensional solid is a topological polyhedron that may be
represented as a finite three-dimensional cell complex [18]. Al-
gebraically, a solid may be viewed as a 3-chain with coefficients
0,1,-1 indicating presence or absence of an oriented 3-cell in the
complex. Let us now introduce the linear boundary map o that
operates on a k-chain and produces a (k— 1)-chain. When the
k-chain (k > 0) consists of a single cell fp-cell?,

Nk—1

Afp-celld) = [call,celly 4] fp-cell)_; 3)

i=1

where fp, is the coefficient attached to the pth k-cell, nx_1 is the
number of all (k — 1)-dimensional cells, and [cell },celll ,] €
{0, -1, 41} depending on the relative orientation between the p "
k-cell and an incident (k— 1)-cell. Informally, the resulting (k —
1)-dimensional chain will have non-zero coefficients only on the
incident (k-1)-cells of the given k-cell and each coefficient will
be equal to £f, depending on the relative orientation between
them. The definition of d is extended linearly to any k-chain Cy:
Nk

N . .
a(Ck)za(Zfi-cellf() :Za(fi-ceu;() 4)
i=1 i=1
The net effect is that all coefficients from k-cells are transferred
to incident (k — 1)-cells and summed cell-by-cell to obtain the
(k— 1)-chain. This means that every interior (k— 1)-cell will
get exactly two coefficients that will cancel each other, and the

result of the operation is indeed the oriented (k— 1)-dimensional
chain representing the boundary of the solid. The bottom row in
Figure 2 illustrates the boundary operation on a 2-chain C,. In
the figure, + and - indicate the positive and negative contribution
of the coefficient (fj = 1) of the 2-cells based on their relative
orientation with the bounding 1-cells.

The above formulation using chains may appear to be a com-
plicated method for constructing a boundary of a solid, but, in
fact, it has had profound practical consequences for geomet-
ric modeling. Boundary representation of a solid is often con-
structed directly, and the above formulation immediately estab-
lishes the spatial laws that must be satisfied by any boundary
representation. It is well known [7] that the boundary operator
satisfies

9(d()) =0 ®)
when applied to any k-chain, where 0 denotes a vanishing or
null chain (a chain with all 0 coefficients). This implies that
d(boundary representation) must be 0 and, therefore, any valid
boundary representation must be an orientable 2-cycle. In prac-
tical terms, every valid boundary representation must be con-
sistently orientable and every edge must be shared by an even
number of faces — a validity condition that is now enforced by
boundary representations in all solid modeling systems.

The above validity condition is imposed on boundary rep-
resentations based on the assumed concept of proper physical
behavior. Other definitions are possible, and many of them are
conveniently formulated by modifying the definition of chains,
or operators, or both. For example, the formulation of bound-
ary representation in [18] relies on chains with coefficients 0,1
that are added by mod 2 addition. While the condition (5) still
holds, it no longer enforces that the 2-cycle be orientable. This is
a weaker condition of validity that may be acceptable for model-
ing of non-orientable surfaces. These and other topological con-
ditions on cell complexes and chains may be used to postulate
and enforce spatial validity conditions on computed designs as
well. Thus, it should be clear that every truss structure is a 1-
cycle [21], a subdivision surface is an orientable manifold and
often a 2-cycle, and a voxel model is a 3-manifold with bound-
ary (which is a 2-cycle).

Chains and boundary operator also play a crucial role in for-
mulating valid transformations and manipulations of cell com-
plex models. For example, every continuous transformation of a
cell complex g induces a family of the corresponding chain maps
that must satisfy the necessary condition [16]

9k-1(9(C)) = I(k(Cw)) (6)

Informally, the oriented boundary of every cell should be mapped
to the oriented boundary of every non-collapsed image cell.
While this condition may appear obvious in retrospect, it has
been routinely overlooked by software vendors and researchers
alike. One very unfortunate consequence of this omission is the
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inability of the present day systems to guarantee the validity of
regenerated parametric designs [16].

Similar conditions must be satisfied by many other transfor-
mations and design rules used in computational design. Exam-
ples include: Euler operators in solid modeling [12], productions
in shape grammars for truss design [17], L-systems rules for de-
sign of tables [8], surface fairing by subdivisions [24], and other
designer-defined shape operators [6].

3 Physical Laws

More general laws concern the distribution of assumed phys-
ical quantities over the cells in the complex. As such, they
can be formulated as constraints on the coefficients of allowable
cochains. These constraints may be topological, measure depen-
dent, or compositions of the two.

3.1 Topological Laws via Coboundary

Topological physical laws are a generalization of the spatial
laws and are exhibited by physical phenomena in the form of bal-
ance, equilibrium, compatibility, or conservation. In most cases,
such laws take the form:

amount of the
» hysical quantity
boundary THROUGH } =
the boundary to STORED
the INSIDE INSIDE a region

It is well known that the intuitive process of transferring the phys-
ical quantity through the boundary is captured by a cobound-
ary operation & acting on the k-cochain of the boundary cells
[3, 19, 25]. The linear operator & is defined in a manner simi-
lar to the boundary operator d, except that it acts from lower-
dimensional cells to their incident higher-dimensional cells [7].
For a single k-cell (k > 0):

amount of the
physical quantity
ESTROYED or (7

Myt

3(fp-celll) = fo-[cell?, cell,,]celll, (8)
i=1

where fp, is the coefficient attached to the pth k-cell, Niy1 IS the
total number of (k+ 1)-cells, and [cel | p,ceIILH] €{0,—-1,+1}is
the relative orientation between the pt" k-cell and the (k+1)-cells
of the complex. Once again, the definition is extended to arbi-
trary k-cochains by linearity of 8. Informally, definition (8) says
that all coefficients from a k-cochain are transferred to the inci-
dent (k+ 1)-cells where they are added cell-by-cell — precisely
as required by (7).

One of the advantages of using & to formulate physical laws
is that it applies to any and all cell complexes. For example,
assuming that the cells of the voxel-based table design example
are endowed with physics of solid mechanics, the body force F
(or 3-cochain) of each 3-cell is balanced by the traction forces S
(or 2-cochain) on its incident 2-cells. The force balance can be
compactly written as:

F=38S ©)

Figure 4 illustrates application of this law to a cochain de-
fined by a pair of voxels. If Fj = fj -Cellé and S =5§ -
celli2 are single-cell cochains, then the cochains in (9) become
F=R+RadS=5+S+S+S+S+S+S5+S%+
S + S0+ Si1. The balance equation for the voxel pair be-
comes F =F+ R ={3(S) +8(S) +8(S) +8(%4) +8(S5) +
8(S6)} + {8(S5) +8(S7) + 8(Ss) + 8(Sy) + 8(St0) + 8(Sua)} =
{38 ,s-[celb,celli]-celli} + {s5-[cell3, cell3] - cel 15 + Y1 5 -
[cell,cell3]-cell} = (s -+ s —S4+S5—Ss) -calld + (—s5 +
S7+ S — S + S10 — S11) - cell3. The relative orientation between
the 2-cells and 3-cells is decided based on whether the arrow on
the 2-cells is pointed toward or away from the 3-cells.  The
coboundary relation (9) between F and S is very general in
that it is applicable to cell complexes composed of any type of
cells - cubical, simplicial geometric, etc. It is also the discrete
equivalent of the usual infinitesimal force equilibrium equation,
P +oji,j = 0, where P; are the components of the body force
and oji are the components of the stress tensor. In fact, under
a well defined subdivision process, each cochain in the limit be-
comes a unique differential form [28], and the coboundary pro-
cess corresponds precisely to exterior differentiation [4]. It is
well known that the coboundary & is the discrete analogue of the
vector operators gradient, curl, and divergence operators when
applied respectively to 0-cochains, 1-cochains, and 2-cochains
respectively [3,27]. Just as the boundary operation 9 is funda-
mental to enforcing integrity of geometric representations, the
coboundary & is central to enforcing physical laws. In particu-
lar, the well known identity 8(5()) = 0 subsumes many vector
calculus identities, including grad(curl) = 0,curl(div) =0, and
others. Balanced distribution of many physical properties require
that () = 0 (in which case, the cochain is called a cocycle), and
the & constraints must be preserved by continuous transforma-
tions.

3.2 Topological Laws via Boundary
An attempt to formulate all topological physical laws using
the coboundary operation is likely to run into difficulties. For
example, structural analysis of trusses and frames usually re-
quires that the sum of member forces (represented by 1-cochains)
and external forces applied to joints (represented by 0-cochains)
should be 0. Since this is an instance of a balance law, we expect
to see a coboundary formulation. But it is easy to see from Figure
5 that the force balance statement sums all 1-dimensional forces
acting on the incident 0-dimensional cells. In other words, the
balance law acts from a higher dimension to a lower dimension,
implying some form of a boundary operation. In fact, the defini-
tion of boundary given by (3) and (4) generalizes to any cochain
without modifications. The balance law becomes:
J=0oM (10)
In the example of Figure 5 (top row), J is the 0O-cochain of
force J; at the joint and M is the 1-cochain of member forces
M1 — My + M3 — Mg, the relative orientation is decided based on
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Figure 4. The force balance law can be applied via coboundary operation to any cellular structure, in this case to two adjacent voxels.

L b

Figure 5. The force balance law may be more naturally specified using the boundary operation for some cellular structures. For trusses, the boundary
of the 1-cochain of member forces is balanced to the 0-chain of forces acting on joints (top row). The coboundary formulation of the equilibrium of forces
requires the association of the various cochains in their respective dual space (bottom row).

whether the 1-cells are oriented toward or away from the 0-cell.
A similar situation can be observed in other physical domains,
for example in analysis of electrical networks the Kirchoff’s cur-
rent law requires the currents on 1-cells equate to zero at an inci-
dent O-cell [1]. Not only does such use of the boundary operation
appear counter-intuitive, it also is conceptually problematic as
the balance law does not appear to correspond to any differential
equation. Some may also dispute the application of the boundary
operation to a cochain (as opposed to a chain).

Fortunately, the difficulty is easily resolved. Because the
boundary o and the coboundary & are adjoint or dual opera-
tors [7,21], the two statements of the topological law are dual
to one another. In other words they are representations of the
same topological law in dual spaces. This duality Figure 6 is
defined by associating a p-cell in an n-dimensional space with a
dual (n— p)-cell and the *operator is used to transfer quantities
back and forth between the dual spaces. Figure 7 explains the
relationship between d and & in terms of a commutative diagram
applied to the example in Figure 6. As a result, in the case of pla-
nar truss structures (Figure 5), the forces M on the joints should
more properly be represented on the 2-dimensional cells dual to
the joints by the dual 2-cochain “M. The 1-cochain of forces J

Figure 6. In the 2-D cell complex (n = 2), for every primal p-cell, there
exists an (n-p)-dual cell. For example, Ag is the dual 0-cell of the primal
2-cell @y, By is the dual to b, and so on. Similarly A; is the dual 1-cell of
the primal 1-cell di, Bj is dual to f1 and so on. The 2-cell Ay (in green)
is dual to the primal O-cell €.

should be associated as *J with the (dual) cells bounding these
2-cells. Then relation (10) becomes an isomorphic coboundary
statement of *J = &'M. That the two relationships are equivalent
can be seen by applying the dual transformation to both sides:
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J="J="3'M =M, (11)

where 0 = 8" Thus, every topological law on a cell com-
plex may be equivalently expressed either using boundary or
coboundary operation on cochains.

3.3 Measure dependent laws and relations

Many physical laws are established experimentally, based
on experience, measurements and material properties. Such mea-
sure dependent laws include constitutive equations and equations
coupling different physical phenomena. There is no reason to
expect that such laws may be formulated using topological op-
erations, but they can be expressed as functions of cochains. In
principle, there are no restrictions on functions of cochains and
many elegant formulations have been used in [14] and [5]. In
most traditional numerical formulations, including Finite Ele-
ment method, all physical quantities are approximated on a sin-
gle discretization of the domain. For example in the finite ele-
ment method the stiffness matrix K relates 0-cochains of forces
and displacements associated with nodes of the elements. But
the most common type of measured law is the constitutive rela-
tion involving cause and effect physical quantities (e.g Hooke’s
law between forces and displacements, Ohm’s law between volt-
ages and currents, etc.) and therefore are properly relating dual
cochains — i.e., cochains defined by coefficients attached to the
cells in the two decompositions of space that are dual to each
other. Representing the dual physical quantities on a single
cell complex obscures this duality and suppresses the geometric-
physical essence of systems. Determining the correct type of
cells for physical quantities is relatively straightforward based
on the first principles and units of measurements. For example,
the correct association of the weight of a body or the heat source
within a domain should be with the volume or 3-cells as opposed
to 0-cells [25].

If we accept that proper geometric type of every physical
quantity is a basic principle, we will also conclude that the consti-
tutive laws specify measured or weighted relationships between a
k-cochain and a dual (n— k)-cochain associated with the dual of
the cell decomposition. For example, in the table design exam-
ple, the constitutive relation is between dual 2-cochain traction
forces and 1-cochain relative displacements. In the truss design
example, these equations relate dual 1-cochain member forces
and 1-cochain member elongations. In general, such constitutive
laws take the form of:

S=K(E) = (KE), (12)

where Sand E are respectively the dual cause (source) and effect
(configuration) cochains, and K is a measure/material dependent
function. The two forms in Equation (12) imply that constitutive
relation K may be formulated either on a single decomposition
or on two decompositions of the same space that are dual to each
other.

3.4 Composite Laws

A wide variety of broadly applicable laws may be con-
structed by combining the primitive measure-dependent and
topological laws. That many such laws follow similar patterns
has been observed by others. Figure 8 shows a diagram from [3]
based on the earlier work by Roth [19] summarizing possible
primitive laws and their compositions between cochains on a
three-dimensional cell complex.  The Roth diagram suggests
that in most physical theorries there appears to be two types of
dual physical quantities modeled by cochain sequences on two
cellular decompositions of space that are dual to each other. The
cochains within the same cellular decomposition are related by
coboundary relationships. Applying the coboundary to the i-
cochains C' assigned to the primal cells gives the (i +1)-cocycles
M+ for every dimension i. Similarly the coboundary op-
eration applied to the cochains D' in the dual space gives the
(i 4+ 1)-cocycles N+ on the dual cells. The measure depen-
dent constitutive relations usually exist between the pairs of dual
p-cochains. A typical composite law is constructed by combin-
ing the primitive relationships indicated by arrows. For example,
starting from a 0-cochain C°, coboundary law gives the derived
1-cocycle M1, the constitutive relation may transform 1-cochains
M?! + C! to the dual space to give a 2-cochain D2 4 N2 which,
when operated on by another coboundary gives the 3-cocycle
N3. Combining these transformations, it is easy to check that
the primal 0-cochains and dual 3-cochains are always related as
N3 = §'KSCP (right side of Figure 8).

Similar patterns are clearly exhibited in each of the compu-
tational design examples considered in this paper. In the shape
grammar based planar truss design [17], the displacements u are
0-cochains and applied joint forces J are the dual 2-cochains.
The 1-cochain of member elongations e is obtained by apply-
ing the coboundary operation on the displacement cochain u as
e=0u. The Hooke’s law for trusses relates the dual quantities, in
this case member elongations e to member forces M as M = "Ke.
Since M is now a dual cochain, the structural balance between the
member forces and the applied joint forces is given by J = &M,
where J is a 2-cochain on the dual cell complex. Combining the
above equations results in the familiar factored form:

J=3Ksu (13)

In the voxel-based table design example, the coboundary re-
lation between the 0-cochain u of displacements and 1-cochain
e of relative displacement defines the compatibility condition as
e = du; the dual coboundary statement defines the balance be-
tween the 2-cochain M of traction forces and 3-cochain J of body
forces on the dual decomposition as J = M. These two sets of
cochains are related by means of Hooke’s law, M = "Ke. Compo-
sition of these three laws yields the form identical to (13), though
clearly with a very different meaning.

Subdivision methods of surface design often involve a
smoothing step that may be described in terms of a discrete
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Figure 7. The boundary 0 operation on the primal cell complex is equivalent to the three-operation sequence ‘3" The operation d (top row) transfers
the coefficients from 1-cells onto the O-cell &. This procedure is equivalent to applying a “operation (left column), which transfers the quantities from the
primal cells to their dual, followed by a coboundary operation & (bottom row), which transfers the coefficients from the dual 1-cells to the dual 2-cell Ap.
Application of another *operation (right column) then transfers the coefficient on Ay on to its dual, which is the primal 0-cell €.

Laplacian operator on positions of vertices in the surface mesh
[24]. The same operator may be obtained as a composition of
three primitive steps starting with a 0-cochain u of vertex posi-
tions: (1) assign the sum of vertex positions onto incident edges
or e = du; (2) multiply each edge coefficient by an (empirically
determined) weight K and transfer the result to the dual edge M
on the dual mesh or M = *Ke; (3) finally, assign the sum of the
coefficient from the dual edges J to the incident dual faces M or
J = 8M. The composition of the three steps is the same discrete
Laplacian that evidently follows the pattern of (13).

The ubiquity of the patterns implied by the Roth diagram in
Figure 8 has been recognized in other fields as well. Notably,
Tonti [25] provides extensive analysis, classification, and factor-
ing of physical theories in terms of the primitive topological and
measure-dependent laws. Strang, while pointing out that such an
approach may be too general, also observed the pervasiveness of
the “equilibrium pattern” ATKA [23]. But it is easy to show that
it too follows directly from (13). If we choose to represent the
result of the composite law on the primal cell complex, then the
result of (13) must be transformed once more by the *operator to
obtain:

"J = "3'Kdu = dKdu (14)
It is worth noting that the linear coboundary and boundary

operators may be represented in principle by incidence matri-
ces [2]. Specifically, an incidence matrix between k-cells and
(k—1)-cells can act as a boundary operator when applied to a k-
cochain, while its transpose corresponds to the coboundary oper-
ator when applied to the (k— 1)-cochain (see Figure 9). Then the
composition K8 becomes exactly the equilibrium pattern ATKA
in [23] with AT and A carrying the boundary and coboundary in-
formation of incidence relationships. This idea is also disguised
in the FEM formulation of field problems where the globally as-
sembled stiffness matrix corresponds to the equilibrium pattern
ATKA[23].

4 Conclusion

The proposed framework extends well beyond the few ex-
amples and the equilibrium patterns illustrated in this paper. As
shown in [25, 27], most physical laws may be represented in a
factored form as a composition of the primitive topological and
measured relationships. The formal connection with the vector
calculus assures that the laws are formulated from first principles
whenever possible and includes combinatorial versions of funda-
mental principles such as conservation of energy and Stokes the-
orems [22,25]. Efforts to develop an interactive geometric lan-
guage for describing, combining, and editing combinatorial laws
are currently under way [4]. The factored form of physical laws
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Figure 9. The incidence relationships between the 0 and 1-cells via boundary and coboundary can be represented as matrices that are transpose of each
other. Orientation of a 1-cell toward an incident O-cell is considered positive and negative otherwise.

may also be used directly to formulate, compare, and improve
various numerical discretization and solution schemes [9, 13].

Furthermore, the same approach may be used to represent
and enforce a variety of synthetic or user-defined laws, relations,
and constraints. These include various constraints on values of,
and relations between cochains, such as constraints on maximal
forces in a truss structure, the fitness function of table designs
evaluated from area, length, and/or weight properties of the vox-
els in [8], and application of the Laplacian of a discrete surface
signal to surface fairing [24]. An even greater variety of laws
may be constructed using operators proposed by [14] and [5],
though their properties have not been studied formally.

In the context of computational design, each represented law
restricts the space of admissible solutions, leading to more effi-
cient algorithms that produce better candidate designs. A hier-

archy of laws — from most general (geometric and physical) to
more and more specific user-defined — suggests a corresponding
hierarchical approach to design in terms of classes of possible
solutions [10].

Reformulating design representations and algorithms in al-
gebraic topological terms introduces a non-trivial conceptual
overhead, but this additional investment is well worth it. The
most immediate benefit is a unifying combinatorial framework
for computational design and an algorithmic toolbox for con-
structing a variety of laws and invariants. The combinatorial rep-
resentation is standard in that it is a straightforward extension of
the current geometric modeling practices and systems. The pro-
posed formulation of laws and invariants is broadly applicable
across diverse design domains and computer representations. Im-
plementation should be practical because the primitive laws are
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quite simple. Thus, a promising direction for future research is to
reformulate the common techniques of computational synthesis
(including L-systems, shape grammars, genetic algorithms, and
subdivision) in terms of law-preserving transformations on alge-
braic topological chains and cochains. We have shown in this
paper that, depending on a particular problem domain, equiva-
lent formulations of such techniques may rely either on one or
two (dual to each other) cellular decompositions of space.
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