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Every parametric family is defined by the representation-induced topological space of
solids that are closed under the continuous maps in the assumed topology. We illustrate
several well defined families and formally define a special but important case of CSG-
induced family that generalizes to the more general case of feature-induced families.
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1 Introduction solids shown in Fig. 1 could be considered as members of the
same CSG family, since all of them were parameterized using the

1.1 Difficulties with Families. Mechanical parts are mod- sagme parameter sBtinducedfrom the same CSG representation
eled as solids that are defined precisely in terms of their matb-

ematical models and representations. The mathematical mode'l%is concept of a CSG family places few restrictions on the
assure the validity and other desirable properties of the solids pe topology of the member solids. For example, we can see

]t‘hei_rl_reprhesenta_tiorc}s_. Thetmoésbrefteml pa_ratdigc;n ofdmodeling SO¥fht the solids shown in Fig.(8) and 1c) are very different to-
amtiies has gained importancequt 1t aiso Introguce numerouspologically. Even though such families are not intuitive B,

difficulties that are well documented in literatur2,3]. Broadly, they are accepted in many proposéiee for examplgd]), and are
these difficulties may summarized ag) unpredictability (be- y pte Y proposase 1 o A
useful for a variety of design applications: visualization, shape-

cause of ambiguity (2) inconsistency(within the same system lorati d oth N h tamili i
and different systems(3) dependence on representation schemgPace exploration, and others. However these families are not ac-
parameterizations, and implementatiéd), lack of common stan- ccPtable in applications such as tolerandipand pattern recog-
dards nition [6], where the solids in a family need to obey certain

; Qi logical properties.
Consequently, the tasks of generating the mem(zaigds in a topo L
family and testing if a given solid belongs to an assumed family N contrast, b-reps explicitly store the shape of the boundary of

do not appear to be well defined. The solid families are oftdf€ solids they represent, thus proving the natural means for con-

categorized as ‘parametric’ or ‘variational,” depending on a pa§_tructing a variational family through direct modification of the

ticular representation schenfig]. This distinction is not always Solid's boundary. Figure (&) shows a b-re(K representing the
clear but is suggestive that, in contrast to the notion of a rig}ao‘undary(.Z-D sel of the solid shown in Fig. (®). B-repK is a
solid, the notion of family isnot representation free. The differ- Union of five facegqthree cylindrical and two planarit is well
ences between the two types of families, as well as semantic dfflown that b-reps are harder to parameterize globially But
ficulties, are easy to illustrate in the context of the two classicBrreps can be parameterized locally using the angles, distances or
solid representations: CS@onstructive Solid Geometryand ther well de_flned local geometric propertles_among its cells. Thls
b-reps(boundary representations gives us a d!rect control of the shape of a solid by transforming its
CSG representations are implicit, high-level, globally paranfoundary either by varying the local parameter values or, by
eterized representations of solids that naturally define parametfeaking’ (transforming the cells and thus defining b-rep fami-
families. Figure 1a) shows a CSG representati&ifP) of a 3-D lies. In this case, the set of parametBris addedto the represen-
solid that was created as a union of three cylind&r& and C. tation scheme in order to con_trol and constrain a Iarger_family.
The cylinders are parameterized by their radii, heights and relativeUnfortunately these operatiorisveaks are only beginning to
positions that act as parametéof the family. When values of be understood formally7]. Consider what happens when we
the parameter®; e P are restricted to be in a certain ranggpP) tweak(or move the cylindrical facef; of K by the transformation
defines a family. Assignment of distinct values to the parametey8own in Fig. 2a). Assuming that the operation results in a valid
produces distinct members in the family. Figur@)lshows a solid, we expect to see minor geometric changes to the fface
parameterP; which controls the relative position of cylindéxr and perhaps to the other two cylindrical faces. Figuit® 8hows
with respect to the cylinde€ (by constraining its axjs All the the result of this tweak computed by a popular commercial sys-
tem. Clearly, the produced change in geometry,0and adjacent
Contributed by the Computer Aided Product Developm@aPD) Committee  CYlindrical faces is inconsistent with the intended tweak, but the
for publication in the QURNAL OF COMPUTING AND INFORMATION SCIENCE IN  precise cause of the problem may not be obvious. We shall see in
ENGINEERING. Manuscript received September 2002; revised November 2002eaction 2.3 that this updataight in fact be considered correct,

Guest Editor: N. Patrikalakis and K. Lee. o even if not intuitive; we will also explain how to prevent such
The concept of families of parts is not new in engineering and has been uséd

informally in many applications, e.g. standard part catalogues in design and grdt!leateS from ConSider_ation in Se(_;tion 3.3. ) .
technology in process plannig]. Modern systems typically combine constructive parametric rep-
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Fig. 1 Family defined using a CSG representation

resentation with its b-rep, resulting in a hybfigaturerepresen-
tation and hence attempt to model hybrid parametric-variation
families. This combination of families in turn leads to incompat
ibilities and raises more complex issues than the individual farr hizse 65 ,
lies[8]. For instance, the CSG and b-rep families shown in Fig. 1 ks
and 2 are not contained within each other: we cannot continuou: (c) update for hole-cut combination (d) Update for cut-hole combination
tweak the b-refX in Fig. 2(@) into either of the two solids shown

in Fig. 1(b) or 1(c); and the b-red in Fig. 2(b) does not corre- Fig. 3 Ambiguous updates within a parametric modeling sys-
spond to the union of three cylinders any longer. The membershén [3]

of a solid in a CSG family may be checked using techniques

described in[8], but the more general question of what is an

appropriate family in this case clearly has more than one answer. ) o
Consider the simple soli® shown in Fig. 8a) with its para- Sentations and algorithms used for establishing a correspondence

metric and boundary representatigusrived from the parametric between the two b-repgThe latter problem is known as the per-
representation super-imposed. The constructive representaticistent naming problem that was formally characterized and par-
uses a number of parameters, including parametersd d that tially solved in our earlier work3].) .
constrain the locations of primitives—big cylindeZ{) and small ~ Such ambiguous and unpredictable updates are not restricted to
cylinder (C), with respect to the solid’s edges as shown in thany one system, and all CAD systems are victims of the lack of a
figure. The value of determines the location of edge, which in  standard notion of a family. Figure(@ shows a parametric rep-
turn determines the location €f;, as it is constrained by param- resentation of a SOlld_ with its b-_rep super-imposed. This solid was
eterd. Observe what happens during a parametric edit Wthen constructed as a union of a big blo€k (‘base’ featur¢ and a

the value oft becomes equal to the radius 6%, the facef, small blockC, (‘boss’ featur¢. Then a ‘hole’C; was made on
should continuously collapse and the eggehould coincide with C2. The parameter®; and P, constrainC,’s position with re-

e;, and we would expect the resulting solid shown in Figh)3 SPecttoC, via the edges, andes, and the parametef; andP,
Surprisingly, even such a simple update is not handled consg&nstrainCs’s position with respect t&, through the edges;
tently in most commercial systems. The result from a commerciande;. The values of°; and P, are set to zero. The resulting
system could either be the solid shown in Figc)3or the solid

shown in 3d), depending on the type of features used in the

parametric representation for creating the two cylindéssand

C; in the original solid shown in Fig.(d). WhenC, was created

as a ‘hole’ feature andC; was created as a ‘cut’ feature, we

obtained the result shown in Fig(c3. On the other hand, for the

same parametric update the solid in Figd)3resulted wherC,

was created as a ‘cut’ arfti; was created as a ‘hole’ in the origi-

nal parametric representation. For the same parametric update

another construction technique, the system simply signaled an

ror indicating that it could not locate the proper edge. Yet fc

another method of constructing the solid, the system might dele

the constraintand the corresponding featu@) with an appro- Edit (P, P,)
priate warning message for tisameparametric update. Thus we
see that for the same parametric update within a system, we
different and inconsistent results, depending on the internal rep

TN

(a) B-rep K

B-repL (b) Result from system #1 (€) Result from system #2

Fig. 2 Incorrect update for a b-rep “tweak” Fig. 4 Inconsistent parametric update in two different systems
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solid in one system is shown in Fig(b}, where the holeC; representation-free family associated with a solid as a pointset.
jumps out of the rest of the solid with its parametric constr&int Such apointset familyshould define a class of pointsets associated
inverted relative to its old position. When the same parametric egiith some given solid, in the same spirit as mathematical models
was executed in another system, it resulted in the solid showndre associated with all solid representatidd®,11. Since the
Fig. 4(c). In this case the hole jumps onto the larger block fromointset families are not dependent on any solid representation
the smaller block with its parametric constrai®s and P, as scheme, we should be able to state their properties irrespective of
shown. how they may be represented.

It is noteworthy to mention that all the examples illustrated so

far are very simple solids that can be represented with just three.orj"3 Outline. The rest of the paper is organized as follows:

less primitives/features and so it may appear that one can mo ﬁCt'(J;ii Wga\fg” g?};gdxgecgﬁatree;%?géasfc}?rﬁljfartrgatdhgonr%&(éﬁs
the parameterization of the solid’s representation to avoid t% Y- 9 9 P Y P

above mentioned problems. But solids used to model real m generating objects in a family and classifying an arbitrary ob-
chanical parts are usually much more complex requiring sevet%?t against a given family. The proposed framework allows sys-

. matic comparison and exploration of possible definition of fami-
a ‘safe’ parametrization that can avoid such problems during tﬁ s and associated computational issues, as we will illustrate this

update. The above examples and discussion clearly suggest g] Itlge context of CSG, b-rep, cell complex, and feature represen-

e S n families induced from the corresponding representation
we are missing a set of postulated principles needed to formul ?‘g’uemes. In section 3 we will formally define a composite CSG-

the concept of a family, before any of the _ab_ove problgms a %mplex family and illustrate its properties through examples. The
solved. This paper proposes such a set of principles and |IIustrar1;

(= : . . L -
how they can be used to design and implement parametric fa y?nmary in section 4 includes a brief discussion of other compos-

lies in practical situations. The material is based largely on tr'}tsg families, some applications of the framework and open issues.

doctoral thesis of the first authf®] that contains many additional dditional details may be found ifg).
details and examples, including a fully implemented set of algo-

rithms to maintain an intuitive CSG-induced parametric family.

These are not discussed in this paper due to space Iimitations2 Framework for part families

1.2 Approach. We have no choice but to accept that a para-
metric family of a solid is not unique, but is determined largely b¥h
the solid’s representaticeind a set of parametei® that are either
induced or associated with the particular representation. The
fore, we must agree on a set of representation-free principles tl . - : ) o
can be applied to any solid representation and parameterizatigh milies” of objects is captured by the notion cétegoriesin
This is our only hope to provide objective measures for eliminat2P°l09y[13-18. Categories are the mathematical tools of suffi-

ing unpredictability and ambiguities illustrated above. We need ent generality Qnd universality, having applications in several
precise notion of objects and transformaticos operationson  CIVerse computational areas such as pattern recogriiprpro-

these objects which cagenerateother objects in a family, or 9ramming languagepl7], and databasefl8], to name a few.

classifytwo objects that are potentially in the same family. Th&/Sing the standard definition of a category from MunKé&« and
transformations should ideally obey certain well-defined rules gtich [13], we adapt this simplified definition of a category.

that theyconsistentlyand unambiguoushoperate on the objects. ﬁfini_tion- 1 (Category of Objects A categoryC consists of the

We postulate that the two key principles on the objects and trarfgllowing:

formations respectively cdny part family are: 1. A class of objects X called objects (Ob) of the category

2. For every ordered pair XY, of objects, a set hofX,Y) of
eters, primitives, cells, efc.of the part representations morph!sms or operations f. acting on the objeqts, where the
should be definable. operations obey the following three mathematical rules:

2. Nearness preservatiorThe operations in the part family .« opey a law of composition
shouldpreserveor respect the notion of nearness. « obey the law of associativity

existence of identity morphism

2.1 Categories. Past research in solid modeling has shown

at topology is the proper setting for modeling physical parts

é-2]' and hence we turn to topology to develop the appropriate

ﬁ{nework for modeling families of parts. The most general idea
a

1. NearnessA notion of nearness among the elemeiparam-

In section 2, we will show that the nearness requirement is essen’

tiaI_Iy ;atisfied by defining aopology on the part representations._-rhe set of morphismiom(X,Y) between objectX and Y in-
This in turn transforms the requirement of nearness-preservati@des the identity morphismsy1 1y, the forward morphism
into a principle ofcontinuity, and strongly suggests that everyt:x .y and possibly its inverse morphisfi?, if it exists. The
family should be viewed as eategory of topological spaces.  ayjoms assure existence of non-trivial complex transformations of
We can distinguish two complementary classes of part familiegpjects that preserve the essential properties of the catéfgory
parameter-spacedefined in the space of parameters induced frofore detailed discussion on these three laws refg@io Numer-
or added to a representation schemed representation-space g ;g examples of categories are knofd®], but the two most
(implied by the properties of the representation scheme asjgsortant categories for our purposes aredategory of setsand
whole). Because every solid representation may be viewed asi@ category of topological spacesThe category of sets consists
spatial dec_qmp03|t|0|[110], we shall see that all representationf sets as objects, and the maps between the sets as the mor-
space families can also be defined using an appropriate typep@fsms. In the context of solid modeling, the notion(tmily)
decomposition of space. Composite familidsfined in both para- category of sets is representation-free. A category of topological
metric and representation spacan be constructed by restrictingspaces consists of topological spaces as the objects and continu-
operations in the family. o ous maps acting on the topological spaces as the morphisms. In
Based on these fundamental principles, we seek a systema{ig context of solid modeling, topological spaces are often asso-
framework: (1) to define part families using any of the existingujated with different representations of the sdjmint sel. Two

well understood classes of solid representati¢Bsfo define the yery practical and useful examples of categories of topological

semantics of operations in families and control the properties ghaces are:

the families through an ability to specify additional desirable

properties; .and finally(3) tO Compare the properties of variou 20ur concept of family is different from the mathematical notion of family which

representatlon-space families with respect to each other. . is often informally used to refer sets of sets, and suffers from some well known
The latter requirement suggests that we also need a notion gfaeadoxe$13].

248 |/ Vol. 2, DECEMBER 2002 Transactions of the ASME



1. the category of simplicial complexes, consisting of simplivolve identification of all the invariants of the spaces. Some well
cial complexes as objects and simplicial maps as madknown invariants of 2-dimensional spadssrfaceginclude Euler

phisms; and characteristic and Betti numbers.
2. the category of cell complexes, consisting of cell complexes The notion of category is representation-free, but representa-
as objects and cell maps as the morphisms. tions induce topology and also enable computations. Let us now

) ) ) ) o compare the families induced from the common representation
Sub-categories can be defined by imposing restrictions on the @ehemes by particular choices of topology and morphisms.
jects and/or morphisms. For example, a cell complex family is a - )
sub-category of the point set family and, as we shall soon see, #-2 Parameter-Space Families. The simplest example of
b-rep family is a sub-category of the corresponding cell compIéQe family is a parameter-space fe_1m|Iy, where the family is deflr!ed
family; the latter is defined using cells of afi-dimensions N the parameter space only, without concerm for the resulting
whereas a b-rep only contains cells up to dimension {) for a representatioror the point set. A so_lld that is paramet(_erlzed rto_y
solid in E". real-valued_mo_lep(_endent pargm_et(amjuced by a nominal solid

We can now define the most general notiomeérnessn terms representationis simply a point in the parameter spak€, and

of neighborhoods of a topological space, anrness-preserving the parameter values when constrained within a range define a

: : : : .~ sub-space oR". Every pointpe R" has an-dimensional neigh-
operations as continuous ma@morph|§m$ n t_he corresponding borhood and the set of all neighborhoods is the topology in pa-
category of topological spaces. A given point 3ebelongs to

7 I ; . . rameter space. Alternately, evendimensional neighborhood can
many distinct fgmllles(categor_le}sdetermlne_d by different meth- be considered as a product of all the 1-dimensional neighborhoods
ods for topologizingX and variety of morphisms.

o or open intervals defined on each parameter. The morphisms are
From the definition of topology13,19, we know that any - c,ntinyous maps that change the values of the parameters and thus
pological space is collection of open sets and can be defined p parameter value§eighborhoods into parameter values
either explit_:it'specificatiqn of the open séneighborhooa)zj;ir_\ it (neighborhoods Every assignment of the values to the param-
or, by specifying the basis/sub-basis of that space. Defining a fers corresponds to a representation of some solid part, but these
pological space via the basis is easier than specifying all the op@presentationgor point sets they represenare not related or
sets in a topology, since we require only finite sets to definet@nsformed directly. In other words, generation and classification
basis[13,19. By definition, any topological space on a given setof objects in the family may be straightforward in the parameter
X (or its representatior) should contairX (or ¢) and. Further, space, but difficult or impossible in the representation space or
all the elements in the basis also belong to its defining topolog?. Such families are well defined but are not always desirable
[19]. A continuous map between two topological spagkand)  because they often result in non-intuitive point sets and notion of
takes oper(closed sets ofX into open(closed sets ofY. When continuity, as demonstrated by the parameter-space CSG family in
the topological spaces are defined using the basis, then contintity. 1. Furthermore, depending on representation scheme, not ev-
is applied basis-by-basis and should be extendable to the whelg assignment of values may be valid; for example, feature rep-
topological space. resentations are only valid for some range of parameter values.

The morphisms in a category are operations on the objects Urhe problem of computing such ranges is well defifigf but

der which the category is closed. If a morphiénas an inverse, Solutions appear to be available only in the simplest cpagls

thenf is called anequivalencen the category in question. Some 5 3 ce|l Complex Families. In order to control the shape of
examples of equivalences g(6]: bijective correspondences, ho-ihe slids in the family, we must define the family as a category of
meomorphisms, simplicial homeomorphisms and cell homeomqg,ogical subspaces &°. When a point set is represented by a
phisms. Ideally we would like every family to be a class oe|| complex, the open neighborhoods of individual cells in the
equivalentobjects, and thus all the morphisms to be equivalenggmplex define a finite basis naturally. An appropriate open neigh-
relations. But it appears that engineering practice in general, agkhood of eaclk-cell is defined by thestar of the k-cell. A star
mechanical applications in particular, often imply some partigsy) of a k-cell o is the union ofe with all higher-dimensional
ordering between the objects in the family. For example, whesells incident ons. The natural topologyk of a cell complexK
part A is modified into a parB, it is normal to expect that the (where|K|=U o) consists of all open sets formed by unions and
variant partB remains in the same family; but family &may or intersections of setSt(a;).
may not contain the original objeét depending on the represen- Thus, every cell-complex representation of a pointX$giro-
tation and parameterization &. Another manifestation of this vides a natura{but not uniqug¢ method for topologizin by the
asymmetry is the existence of one special object of the famiiynions of the cells in the complex. General cell complexes may be
known asnominal object that is particularly useful when dealingheterogeneous in dimension, contain cells of all dimensions, typi-
with dimensional variations and tolerandé&s20]. cally k=0,1,2,3 in solid modeling applications, and define spaces
Given a representatios of a solidX, let 7,, denote a topology with unrestricted topological properties. Boundary representations
that is either assumed or induced frafron X. Then the family of in E° are special homogeneously £ 1)-dimensional cell com-
solids R is the topological category of pairg)(7;) under some Plexes[11,29 that are also required to bel £ 1)-cycles or mani-

suitable collection of morphisms. The famii/ containing solidX ~ folds. A number of cell-complex families may be defined, depend-
may be defined in one of two ways: ing on the type of cellsand on the allowed transformations

(morphism$ of the cell complexes. Assuming the most common
1. Generation: Given a nominal object ¢,7;)eR and a type of geometric cell complej3], there is a choice of at least
known continuous morphisng, generate another objectthree continuous transformations, listed here in the order of in-
(¢,7,) presumably represented and topologized in the saroeeasing natural and intuitive appeal: cell maps, orientation-
representation scheme és preserving cell maps, and cell-complex deformatidh®mo-
2. Classification: Given a nominal object¢,7,) e R and an- topies. Cell maps result in the largest family of cell complexes
other object (4, 7,) in the same representation scheme, clagharacterized by allowable cell-by-cell morphisms; orientation

sify  with respect toR by constructing a morphisrg~!  Preserving cell maps produce a proper restriction of this family,
from (¢,7,) to (¢,7;). and homotopy produces the smallest and the most restricted cell-

complex family of the three. These transformations are character-
This classification problem is analogous to the well-known matlized precisely irf 3], including specific incidence and relative ori-
ematical problem of classifying topological spaces in topologgntation conditions that must be enforced by the corresponding
[16]. In general, the classification of topological spaces may itransformations. It should not be surprising that additional restric-
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Fig. 5 B-rep family using cell maps

tions on the transformations are also progressively more expe
sive to maintain in data structures and more difficult to enforce.
For example, in Fig5 a topology orK can be defined using the
star of each verteke.g: St(v,) ={v1,e1,€3}). With this topology
the two 2-D solids in Fig. 5 belong to the same b-rep family
defined by the shown cellular structure and continuous cell maj
(the mapg in this case is given bg(v;)=v{). But the two tri-
angles do not belong to the same family defined by theg 7 Representation-space family defined using a feature
orientation-preserving cell maps because no such map existsdpresentation
E2. In contrast, the two solids in Fig(& and 3b) are in the same
b-rep families defined either by the cell maps or by the
orientation-preserving cell maps. It is easy to check that the two
b-reps in Fig. 2 also belong to the same b-rep family, despite teense, the 3-dimensional cell-complex families permit a higher
obviously unintended outcome. The two cell complexes in Fig.6vel of guarantee and sufficiency of the continuity than the re-
belong to a cell complex family, where the cell complex in Figspective b-rep families.
6(a) is the nominal object and cell maps are the operations. Herelt is shown in[9] that other useful cell-complex families may
the star of every vertex consists of the collection of 1-cells arigk obtained by eliminating the restrictions on the type of cells and
2-cells adjacent to the vertex, in addition to the vertex itself. Nowell complexegfor example, allowing disconnected cells, elimi-
how the continuous cell complex maps can reduce the dimensioating cells of certain dimensions, and so).olm section 3 we
of a cell from 2 to 0 as shown in Fig(I). shall see that such families can be both practical and useful.
Other definitions of morphisms leading to distinct families are . -
possible. For example, we could define two cell complexes to he2-4 Feature Representation Families. Feature representa-
in the same family whenever one of them can be deformed intgnS €an be thought of as a composition of parametric and cell
another, or when both of them can be deformed into another. H:_I%mplex representations. Combinatorially, features are often de-
latter family is an equivalence class defined by homeomorpHig€d as collections of cells or sub-complexes of a three-
transformation of cell complexes and is very different from thdimensional comple23—28. Unlike the cells in a geometric cell
family of all cell complexes that can be obtained by continuoug@Mmplex, features need not be open, connected or smodgh, in
(but not necessarily invertibledeformations of one ‘master’ cell but the corresponding collections of cells may be useplace of
complexK. individual cells to topologlzg the feature representations. For ex-
Among cell-complex families, b-rep families are particularly@MPple, suppose that for a given feature representétjove have
popular because they do not represent the cells of the highdst=UCi, whereC; denotes a collection of cells. The star of
dimension, resulting in data structures that are substantiafye"y such collectiorC; serves as the neighborhood or an open
smaller and easier to represent. However, b-rep families also st in a feature representation induced topology. In this case, the
fer from serious limitations. For example, if continuity is definedoPology is defined in terms of collections and hence is more
in terms of a homotopy, the transformation must be applied néparse than the natural cell complex topology on the same point-
only to the boundary of the cell complex but to the whole spacé€t- A variant of such a star neighborhood for collections of full-
Classification of objects in such a family is impossible when trf@mensional cells will be defined in section 3 and will used to

objects are represented by their boundaries a[@#@. In this topologize a CSG complex. The topolo@y of the feature repre-
sentationF is a collection of all sets formed by unions and inter-

sections ofSt(C;), including |F| and. The continuity in a fea-

ture representation family is applied featufgub-complex to

feature(sub-compley resulting in a very different family of ob-
e, jects.

Fig. 6
plex
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Representation-space family defined using a cell com-

Figure 7 shows a simple feature representation induced family
defined over the given nominal feature representation shown in
Figure Ta). The feature representation is defined using only two
2-D features: rectangle and a circular disk. We can define a topol-
ogy on this feature representation by considering it as a union of
the three 2-dimensional collectio®,, C, andCj, that classify
as IN with respect to the solid. The fourth collecti@y classifies
as OUT with respect to the solidle, corresponds to the comple-
ment of the soligl The star of every collectio€; contains all the
collections St(C,)=StC,)=StC3)=StC,)
={C,,C,,C3,C,}) in all the four feature representations and
hence all of them belong to the same family. Depending on the
relative position and size of the two features, collecti@ygould
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contain single cell$Figs. 7a), (b), and(c)), or several cells, as is engineer families of parts with desired and predictable properties;

the case with collection€; andCj in Fig. 7(d). and(2) the described family is a special case of the more general
On the one hand, this family allows many transformations thgature representation family described in section 2.4.

would not be considered continuous in terms of the finer topology

generated by the individual cells in the complex; on the other

hand this family may not be always intuitive because it is defined

using much coarser topology. A more intuitive family that com3 CSG-Complex Families

bines the usual cell-complex family and the feature family may be \jewing CSG representations as algebraic expressions that are
constructed by topologizing the solid with feature collectiams gecoupled from geometric embedding leads to the usual view of a
addition to the individual cells in the cell complex. These arqzgg family as a parameter-space family. We already discussed
precisely the families that must be maintained in order to SUPPQHe limitations of such families in sections 1.1 and 2.2. In this

the updates shown in Figs. 3 and 4. i section, we show that CSG families may also be defined as cat-

The collections of cells in feature-based representations may h& rias of representations B with appropriately defined con-
also characterized as connected components of the CSG repregfiljpus transformations. This illustrates application of the pro-
tations[27]. In this sense, feature representation families are @saq framework in a non-traditional setting, and suggests how
generalization of CSG-complex families that are defined and efe same approach may be applied to more complex families.
amined closely in section 3.

) . ) 3.1 Canonical Cellular Form of CSG. As a Boolean func-

2.5 Comparison of Families. The benefits of our formal {jon with finite number of variablegorimitives), every CSG rep-
proposal should be already clear, because we can now comp@¥&ntation of a solid can be written in a unique disjunctive ca-
and assess many properties of the families that did not seem quadhical form as a union of intersection terfig$]. The regularized
tifiable before. Parameter-space families are clearly easier t0 g&f{arsection terms are homogeneoushgimensional subsets of
erate than classify, because the latter requires constructing lidean spac& that we will call atoms Eachatomis closed

inverse mapping from the Euclidean space to the parameter Spage, o byt possibly disconnected set that could contain holes or

On the other hand, classification is easier in cell-complex familiegiys For a fixed set of primitives, tretomsform a decomposi-
than generation when all cellular representations assume the s O'f the Euclidean spada0] '

type of the topology on the given solid representation, becauseWe define ££SG compleo be any collection of suchtoms A

classification reduces to matching the cells, incidences, and Ori‘%ﬂSG complex does not satisfy the usual axioms of cell complexes
tations|3]. because the-atomsare quasi-disjointeither disjoint or intersect
pﬁ%ng their boundarigssets of the same dimensiai The result-

it - g - qu cellular structure on the solids implies a ‘natural’ topology for
pologizing the underlying spadeolid in a family [10]. To some  cgG complexes that is quite different from the usual Euclidean

extent, finer the topology induced by a representation, the closegify, shace topology when the same solids are considered as cell
is to the usual Euclidean topology, but some continuous tranSfQ‘[?mplexes
e

mations, for example those corresponding to feature edits, may
enforced only on very coarse decompositions and topologies.3.2 Topology on CSG-Complexes. We define a topology
Hence we may have to strike a balance between the fineness ofdhea CSG-comple® with the d-atomsin D and define the open
topological spaces and the ability to enforce the continuous maets or neighborhood of eachatom Following the usual prac-
phisms between them. tice, a neighborhood in the complex can be defined combinatori-
Our analysis suggests that a reasonable proposal for a part fadly in terms of neighboring cells in the complex. Specifically,
ily should include several desirable properties. The family shouince we are interested in defining topology on a pointset, we shall
be defined both in parameter space and in the skipelidean rely on the following set-theoretic notion of star from Lefschetz
space in order to support both generation and classification [@8].
family members. In the Euclidean space, the continuity should Befinition 2 (Star of an atom) The neighborhood or star (St) of a
defined in terms of a cellular decomposition that is rich enough thatom C; in a CSG-complex D is a union of;Qvith all the
define a useful topology, but is also practical to compute amdatomsin D whose (non-regularized) intersection with i non-
maintain. Assuming that the b-reps and 3-dimensional cell corampty
plexes employ the same type of decompositions and topology, theThus, in a CSG-comple®, the star of aratom G e D can also
b-rep families are sub-categories of the more general cell comples defined in a computationally convenient manner as a collection
families. The lower dimensional cells are needed to specify seafits neighboringatoms In other words, the star of a&om G in
eral important operations or features such as blends/fillets, spexi3-D CSG compleD is the union ofC; and all the 3atomsthat
fying the boundary conditions for engineering analysis and ofteshare a common boundatyertex, edge or fagewith C;-even if
are used to define a local coordinate system for attaching ottieese lower dimensional cells are not represented explicitly. We
features or primitivegas illustrated by the feature representationsow can define a topolog® on D using the set$St(C;) as the
shown in Figs. 3 and)4 Furthermore, certain classes of edftsr  basis. In what follows we will interchangeably use both set-
example, collapses such as those in Figc&nnot be described theoretic and combinatorial definitions of a star depending on the
without lower dimensional cells. But on the other hand, the 3-celt®ontext.
can be computed more robustly and a family defined using only Consider the CSG-compleéx corresponding to the decomposi-
the 3-cells can be maintained more easily than the cell complgan of the plane as shown in Figure 8. We can visualize the
family containing cells of all dimension. defined topology for this 2-dimensional CSG-complex by enumer-
In what follows, we will rely on these observations and thating vertex and edge neighborhoods of each f&satom with
proposed theory to design a new part family that we callSG- respect to the shown set of primitives. Eaafom is defined by
complex family because it combines the parameter space familytersection of all five halfspacds or their regularized comple-
implied by the CSG representation with the shape-space famityents. Neighborhoods of the 2-dimensional atoms are clearly de-
defined by the decomposition of space associated with every C8@d by the adjacent atoms. Edges and vertices are not defined
representation. explicitly in a CSG complex, but their neighborhoods may be
This space decomposition relies only on 3-dimensional amthumerated in terms of thedem (face neighborhoods. For ex-
possibly disconnected cells that have unique names and are emsple, Fig. 8 shows a vertex neighborhddg—four facesC,,
to compute. The importance of this family is two-fold) itillus- C,, C3; and C, share that vertex, and thus are in one another’s
trates how to apply the proposed theory in practice in order t®ighborhood. The complete neighborhood of the f@gein-

of space decompositions and therefore different methods for
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Fig. 9 Continuous CSG map from the CSG complex in (a) to
the CSG complex in (b)

Fig. 8 Topologizing a CSG complex

that continuity between two CSG-complexes is defiataimby-

. . atom[13,16, and has to be extendable &l the elements oD

cludes the vertex neighborhood at all of its other component VelR4D' . Applying Cauchy’s definition of continuitj19] for CSG-
tices, and hence it includes the neighborhoNgs N,, N, and so complexes leads to the following definition

on. Definition 3 (Continuous CSG-complex map A map g from a

It should be clear that CSG-compIex topolo_gy is much coarsgyologized CSG-compleR to a topologized CSG-compléX is
that the usual topology defined on a geometric cell complex, b

cause every CSG-complex neighborhood corresponds to a un%%e.d a continuous C.SG comp/lex rr,1ap If it maps ewtom C;

of neighborhoods in the latter. We also note that this is not tHe’ INt0 a correspondingtomC; D" such that

only way to define a tolpology.on a CSG.compIex. For example, 9(StCy))CSHY(Cy)). 1)

recall that everyd-atomis a union of possibly one or more con- . ) .

nected sets, and the neighborhood @katomcan also be defined  The condition(1) in the above definition is also known as the

as the union of its connected component neighborhoods. As Weighborhood-preservingr star condition that must be true for

discussed earlier, the resulting topology would be much more &€y continuous CSG-complex map When a CSG-complex

propriate for the feature representation families, but it would aldBaP g is also one-to-one and invertible, thenwill be called

possess very different computational properties, because c&mG-complex homeomorphism.

nected components of soragomsmay not admit any CSG rep- Let us illustrate the properties of CSG-complex maps through

resentation with a given set of primitiv§s0]. the CSG complexes in Fig. 9. The one-to-one rgdpkes 2atom
C,toC;y, 2-atom G, to C; andC, to C/, (for all otheratoms G, ,

3.3 Continuity in CSG Topology. We are now ready to de- \yheren=3, . . . 11).Further, the star oitoms G andC, are:
fine the notion of continuity for CSG representations in a manner

that captures the notion of nearness and nearness-preservation for St(Cy)={C1,Cyp, ...Cya},
the atomsin a CSG complex. For any CSG representation, we _ _
need to choose an appropriate CSG complex and define the con- SUC;)=S1(C3)={Cy,C2,C3,C4},

tinuity between any two CSG representations in the corresponding StC;)={C;.C},...Ci},
topological spaces. If we want to assure continuity on the point set
only, then it is sufficient to include in CSG complex only those St C,)=StC;)={C;,C5,C5,C,,C1,.C14},

d-atomsthat classify IN with respect to the solid. A continuity on ., ,
the whole space requires CSG complex to include all cells in the ~ 9(StC1))=9(C1,Cz, ... C1)={C;,C;, ... Cyi},

decomposition of space. We chose the latter, because it gives a _ N[ ,
stronger and more intuitive notion of continuity for CSG repre- Sg(Cy))=SHCy)={C1,C7, ... Cy}
sentations. =9g(StCy))=Stg(Cy)),
Consider a typical editing operation. Given(jare-edij CSG- ' , ,1 o
complexD and anothefpost-edit CSG-complexD’, let us de- 9(S1Cy))=9(C4,C,,C5,C4) ={C1,C;,C3,Cyt,

pectively. lfatom G e i given by e anoncal mersection  S18(C2)) =S(CH=(C1.C}.C}.C.Clo Ci
term of primitivesP in the pre-edit CSG representation, tregom =g(St(C,))CSt(g(C,)).

C/ e D’ is symbolically thesameintersection term of primitives
P’ in the post-edit CSG representation._ln otherwprds, the Corrﬁr_eserving condition holds for all other &emsin the CSG-
spondence between the ato@sand C; is well defined by the complexes. In other words, is a continuous CSG-complex map.

Boolean expression, even @ is empty. This assures that both on the other hand, consider the mappingetweenD and D’
CSG representations belong to the same parameter-space fanjly-ig. 10. The complete mappirgis given by:

Recall the problematic update shown in Fig. 2: it is easy to show

In a similar fashion we can show that the star or neighborhood-

that the post-edit solid is no longer represented by the original g(Cy=Ci, 9(Cy)=90, 9g(Cy=Cy,
CSG representation #&€UBU C, with primitive cylindersA, B, C o o o

shown in Fig. 1. This implies the pre-edit atoiis do not corre- 9(Ca)=Cs, 9(Cs)=Cs, 9(Ce)=Cs,
spond to the post-edit aton® . The update is incorrect because g(C;)=C{, 9(Cg)=Ch, g(Cg)=C},
existence of the continuous cell map between these two b-reps is

not sufficient to establish the continuity in the parameter space. g(C1)=C4, g(Cy1)=Cy,.

The latter is assured by the correspondence between the atoms,@g\% we need to check whethgralso takes the star of eaaitom

can be easily checked using techniques and algorithms detaile 1 its imageatom's star. For instance:

[8].

The concept of continuity can now be extended to the topolo- St(C,)=StCj3)={C.,C,,C3,C,},
gized CSG-complexes. We have defined the topology of a CSG- Lo
complexD using the open setstar of anatom in D. This implies g(St(C,))=9g(C1,C,,C3,C4)={C;,C;,C3}
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From the various examples in section 1 it is clear that for basic
engineering requirements, any shape-space family should satisfy
certain essential propertiésonnectivity propertiesof Euclidean
continuity. We know from elementary topolod{3,16| that the
connectivity diminishing condition is a necessary condition for
continuity in Euclidean topology and is also used for the classifi-
Co cation of manifold{16,31. For example, recall that the connec-

tivity properties are preserved under homeomorphidr3.
Hence we can postulate a requirement that morphisms in every
1 Cg representation-space family should at least satisfyBhelidean
connectivity diminishingonstraint. In particular, in order to make
CSG-complex family more intuitive, we could require that

(a) (b)

Fig. 10 Correspondence between CSG-complexes (a) D and

(b) D' is not a CSG map * no CSG-complex map can increase the number of connected

components, ‘holes’ and ‘voids’ in the solids being repre-
sented.

The connectivity diminishing condition allows collapses of the
connected components, elimination of holes and voids in the
{j lid, but not the inversé.e., the number of connected compo-

andSt(g(C,))=St(J)=. Thusg(StC,)) £St(g(C,)). ltcan
also be shown thag(St(C3)) £S1(g(Cs)).
From the above examples we can see that CSG maps have

intuitive flavor similar to the continuous maps in Euclidean topo tion that i e it ¢ lid
ogy. We might even be tempted to conclude that this is always tﬂgiervahloln r? con |nu01r11_s maps hce}nno rar;s orml_g Sc.’r']
case. But the example in Fig. 11 shows that the two definitions %céfle(;UtSi(r)nﬁZ(rl orEe(c):lriTéoergn I(éct)?lt?nsﬁ e&?éigtggotthgtr Saocl:orm:acted
not equivalent. The original solid in Fig. (@ was created by lid : wnarly eu ted. If di u yt d solid I d th
subtracting a torus from a rectangular block. Clearly, there jgSglld remains connected. ISconnected solids are allowed, then

L o , ... the number of connected components in the solid before applying
bijective mapg(C;)=Cy , between the &tomsof D andD". Itis .a morphism should be greater than or equal to the number of

also not very difficult to check that the star condition holds for th'éonnected components in the solid after applying the morphism.
nLapg, implying that% ISa CShG ma|ro]. r:\lcl)te_ that t]t'e Or.'g'ﬂal solid.the condition on holes and voids is also important in maintaining
S OWQ.'n Flg.zllaiq, af) noht roudg do efllt_z Sl;]r ace |SF_0m§o- the application specific semantics of featuf@6], and is also
morphic to a 2-sp e)_e ut the updated sofid shown In ig.( 1 present in the definition of tolerance clas§g pattern recogni-
has a ‘through holelits surface is homeomorphic to a toroidal; [6] and other applicationf24].

surfa(ie. This melies that thel_ exisctgnct;:e of al con_tinlrJ]oquS%SG- The Euclidean connectivity diminishing condition on the solids
complex map between two soligas CSG-complexgsn the in a CSG-complex family can be also expressed through the Betti
topolog_y does not guarantee a continuous map between_t_he S%ﬁ]beran of the solids. Each Betti number is related to a cor-
two Isdollds(as clell complexes or even point seis the familiar oqnonding connectivity property of andimensional object em-
Euclidean topology. bedded inn-dimensional Euclidean space. SpecificaBy, corre-

3.4 Topological Constraints. The non-intuitive nature of SPonds to the number of connected components in X,sB{ is
the CSG-complex family, illustrated in Fig. 11, is due to th&qual to twice the number of holes/handles<irandB; gives the
coarser topology defined on a CSG-complex than the topologymber of connected components in the complement sjace
defined on the same CSG-complex as a sub-space of Euclidéamsider the example in Fig. 11 again. The solid corresponding to
topology. Consequently the solids in a CSG family do not hawBe CSG-complex in Fig. 14 has a Betti numbeB;=0 (same
the same properties when relying on these two topologies. S@&-a sphepeand the solid corresponding to the CSG-complex in
cifically, the connectivity propertie@onnectedness, type, ptof  Fig. 11(b) hasB,=2 (same as a toryisSince this particular up-
the solids in Euclidean space need not be preserved in this ndafe does not obey the Betti number diminishing condition, we
topology assigned on CSG-complexes, as illustrated in Fig. ddisallow it; this in turn implies that the update does not belong to
However we can further modify the definition of a CSG familythe family. Note that the two solids howevean belong to the
using many of the tools we have introduced throughout the papgame family, since thverseupdate from Fig. 1(b) to 11(a) is a
Not only we can change the type of CSG-complex and topologyglid morphism that satisfies the Betti number condition. This
but we can introduce additional restrictions on the type of moexample clearly demonstrates the lack of symmetry in the defini-
phisms operating on CSG-complexes. tion of a family when we rely on continuous maps. A more re-
stricted symmetric family can be constructed using equivalence
morphisms, for example by requiring that the CSG-complex ho-
meomorphisms preserve all Betti numbers.

ﬁts, holes or voids can never incréadeis is consistent with

4 Conclusions

4.1 Summary. We proposed a new framework for part
families by identifying the proper mathematical models and con-
necting them with the common solid representations. This frame-
work is centered around the notion of a category. A category of
topological spaces seems to be the most general and appropriate
model for representation-induced part families, as they formalize
the postulated principles of nearnésspology and nearness pres-
ervation(continuity) between the elements of part representations

(a) CSG-complex D (b) CSG complex D’ in a family. Every family is defined using at least one special
object callednominalobject, and the objects in a family are actu-
Fig. 11 Non-intuitive update  (from (a) to (b)) in a CSG-complex  ally part representations carrying a parametric and/or Euclidean
family topological structure. The parametric and Euclidean structure of
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part representations let us define two different types of represen- ances. Our framework encompasses both parametric and set-
tation induced families having complementary properties: theoretic tolerances, at least in principle, and thus is consis-
. ) . tent with both proposals.
* Parameter-space  family: objects are particular + Parametric data exchange and standardizationThe well
representation-induced parameter spaces topologized as sub- known standards for geometric data exchafeyeh as IGES

spaces of the parameter space, and the operations are continu-petween CAD systems allow only transfer of CSG and
ous transformations in this parameter topology. boundary representations. Currently efforts are underway to
Representation-space family: objects are representation-  enable data transfer between more general formats, including
induced cell decompositions topologized as a subspace of the parametric and constraint-based representafid®gs But the
Euclidean space, and the operations are continuous transfor- transfer of parametric representations between CAD systems
mations in this cellular topology. makes sense only if we agree upon some standards for rep-
resentation of the solids and their families. Our framework
suggests such a standard approach based on common sense
and well known mathematical constructs.

We demonstrated the applicability of the framework to many dif-
ferent families: parameter-space families, CSG-complex families,
b-rep families, cell-complex families and feature representation
families. The framework is general enough to include and charathe above list is not meant to be exhaustive. Part matching and
terize most reasonable proposals, because every represent&ffpparison, search in databases of parts and engineering func-
scheme corresponds to some decomposition of g#eand the tional families, redesign, consistency verification, and many other
latter may be used to define the key topological notion of contitodeling tasks, rely on notions of families that may be derived
nuity and continuous maps. For instance, the recent proposal d}f constructed systematically using the proposed framework.
BiQarra and Bronsvoor(4] advocates. a semqntic cqnstraint.- 4.3 Open Issues. We demonstrated the usefulness of the
oriented approach to defining part families that is consistent W'B?oposed topological framework for formalizing and standardiz-
our framework and appears to be a special case of the featufgy the solid families using numerous examples. To reap full ben-
representation family. When the decompositions are not topolefits of the approach, our proposal needs be accepted by the solid
gized as sub-spaces Bf' and coarser topologies are defined omodeling and the standards communities, and applied to develop a
them, additional topological constraints, for example based on Euierarchy of useful families in the context of specific representa-
clidean continuity, may be introduced to make a family more irtions and applications.
tuitive. In all cases the family is defined formally and without Due to the complementary properties of the parametric and rep-
ambiguity. resentation space families, each relying on a single topological
We argued that any family can be defined either by a generatigucture, part families are commonly designed to rely on two or
scheme or by a classification scheme, but observed that differ&re part representations simultaneously. This implies that near-
families have different computational properties. We did not digess and continuity must be defined on both parametric and Eu-
cuss any algorithms in this paper, but our framework suppoig§dean topological structures, leading to the concepioufiposite
systematic development of algorithms based on the topologi¢@Mmilies. In the case of CSG-complex family, the chosen cellular
properties of assumed morphisms and the properties of the regtEUcture assures that eveajomis identified uniquely and unam-

sentation schemes. For example, all algorithms for enforcing tRUOUSly from the given CSG representation. Such unique nam-
defined CSG-complex family, including the Euclidean connecti?9. establ_lshes t_he correspon_d_enc_e betwee_n cel_ls in topologized
' solids as is required for classification of solids with respect to a

ity diminishing condition, are described in the first author’s docfamily The price for this convenience was the exceedingly coarse
toral thesig[9] and have been fully implemented. topology of CSG-complex families. Should we have chosen a
4.2 Engineering Applications. The current problems in finer topology, say using connected componentsatafms we
parametric geometric design have provided the primary motivould be faced with the problem gfersistent namingf the
tion and focus for our work. But a number of other engineering:d'V'dual cells and consequently face difficulties in classifying

modeling applications stand to benefit from the proposed fra objects. ) ) _
work as well. These include: More generally, the widespread use of multiple representations

requires understanding and formalizing the relationship between
» Automatic shape optimization: Unlike geometric design, distinct families of solids, so that the respective objects and mor-
shape optimization usually takes place iteratively and withophisms can be compared and associated as needed. In the first
user’s interaction, based on the programmed formal criteriauthor’s thesig9] it was shown that the formal relationship be-
Any such iterative procedure requires an unambiguous defiveen any two categories is captured by the notiorfuoictors
nition of the implied parametric family and robust parametri€13,16. The precise role and application of functors in modeling
updates that preserve the associated notions of nearness.parametric families remain to be studied, but their formal proper-
« NC machining: In NC machining simulation applications for ties appear to hold the key to understanding many of the above
automatic tool path verification, it is necessary that the toghallenges.
does not introduce any unwanted ‘through’ holes in the part
(i.e, the machined part should have the ‘same topology’ as tl
original unmachined par{5]. This requirement implies that E&%knowledgments
the two parts(pre and post machingahould belong to the ~ This research is supported in part by the National Science
same family of parts identified in this case by the Euclideanoundation grants DMI-9522806, DMI-9900171, DMI-0115133,
connectivity diminishing conditioand equal Betti numbers and CCR-0112758, General Motors Corporation, and EDS PLM
as described in section 3. Solutions. Vadim Shapiro gratefully acknowledges the support
« Geometric tolerancing: A notion of a part family is also from the Depart_ment_ of Computer Science a_nd Automa_ltion of the
prominent in the areas of geometric tolerancing and robusfRoma Tre” University, Italy that allowed him to continue re-
ness. For example, the tolerance zone approach to definﬁ"r“gamh on this and other problems during his sabbatical visit.
families proposed by Requic0] supports parametric tol-
erances but appears to be characterized only geometricalyaferences
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gives a representation-free characterization of the pointset™ jo.
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