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Abstract

In a general setting, the transfinite interpolation problem requires constructing a single fyf(ctiothat takes
on the prescribed values and/or derivatives on some collection of point sets. The sets of points may contain iso-
lated points, bounded or unbounded curves, as well as surfaces and regions of arbitrary topology. All such closed
semi-analytic sets may be represented implicitly by real valued functions with guaranteed differential properties.
Furthermore, such functions may be constructed automatically using the theBrjuottions. We show that such
implicit representations may be used to solve the general transfinite interpolation problem using a generalization of
the classical inverse distance weighting interpolation for scattered data. The constructed interpolants may be used to
approximate boundary value and smoothing problems in a meshfree manner.

1 Introduction

1.1 General Problem Of Transfinite Interpolation

The term “transfinite interpolation” has been often used to describe the problem of constructing a surface that passes
through a given collection of curves, i.e. the surface must interpolate infinitely many points[15]. In a more general
setting, the interpolation problem requires constructing a single fung¢t®hthat takes on prescribed values and/or
derivatives on some collection of point sets. In this sense, transfinite interpolation is a special type of a boundary value
problem. The sets of points may contain isolated points, bounded or unbounded curves, as well as surfaces and regions
of arbitrary topology?

Interpolation of functions in one-dimensional space over a finite set of points is a classical problem that has been
extensively treated by many mathematicians. Numerous methods have been developed to solve this problem: interpo-
lation by polynomials (Lagrange, Hermite, Newton, Tschebyshev), interpolation by trigonometric series, interpolation
by piecewise polynomials (spline interpolation), and many others. Broadly, all such methods may be divided into
those that interpolate only function values (Lagrange type interpolation) and those that interpolate both values and
derivatives (Hermite type problems).

The problem of transfinite interpolation of curves by a surface has received much attention in computer-aided
geometric design because it arises in numerous applications (see [3] for examples). Most published techniques assume
that both the given curves and the constructed surfaces are given in parametric form. Such techniques are significantly
restricted by the topology of the network formed by the initial curves and may require great care in Hermite type
problems to assure desired degree of smoothness between the adjacent surfaces.

*Corresponding author
1n this sense the term “interlocation” may be more appropriate than “interpolation” since functions and their derivatives may be prescribed over
arbitrary loci.
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In contrast, implicit representation of a point set by the zeros of some real valued fun¢tign= 0 is not
constrained by the topology of the represented set, which can be heterogeneous in dimension, disconnected, and
contain any number of voids. Such functions may be constructed for virtually any point sets of interest in engineering
using theory ofR-functions, may be normalized to behave as smooth approximations to distance functions, and may
be constructed automatically from other geometric representations [20]. This paper shows that when point sets are
represented implicitly, the general transfinite interpolation problem for both Lagrange and Hermite type problems
may be solved simply by using a technique that is a straightforward generalization of the inverse distance weighting
method for scattered data interpolation.

1.2 Inverse Distance Weighting

The main difficulty in applying the classical methods of interpolation to points scattered in higher dimensional space
has to do with absence of a natural ordering among the points. Numerous interpolation schemes have been developed
that require preprocessing the data and arranging it according to some mesh, network, or grid, which largely determines
the properties of the resulting interpolating function. Such techniques include bilinear and bicubic interpolation [4],
repeated application of Lagrange method [6], and many others [3]. Most of these techniques require constructing and
maintaining complex data structures to handle point location and incidence information, are limited in their ability to
handle continuity of interpolation across the neighboring cells in the mesh, and do not extend easily to more general
problems of transfinite interpolation.

A fairly old technique to perform interpolation of scattered data, known as inverse distance weighting (sometimes
also called Shepard’s method) stands out because it interpolates the data using global functions without using any
mesh or adjacency information between the given points. Shepard used the method in [22] for interpolation of me-
teorological and geographical/geological data in 1968, but Watson [26] cites much earlier applications of the same
technigue dating as far back as 1920's; Rvachev proposed a similar method for interpolating functions in 1967 [11].
In all cases, the interpolating function is constructed as a linear combination of function’s yahtegsointsx with
weight functiong¥;:

f(x) = ZfiWi (x). 1)

where each weight functio’; is inversely proportional to the distance from the patatwhere the valuef; is
prescribed. This expression can be considered as a representation of the ffimetiobasis formed by the functions
W; (x). Therefore we also expect that the weight functibiis: = 1, ..., n, should be positive continuous functions
satisfying the interpolation conditidi; (x;) = J;; and forming a partition of unity, i.€} > W;(x) = 1.

Using the inverse distance weighting, the functidiis (¢ = 1, ...,n) are constructed by normalizing each inverse
distance:

Wi (x) = 77—, 2

whered; (x) is the Euclidean distance from pointo the nodex;. It is well known [3] that the exponenjs control
behavior of the interpolating function at the nodes: wheq p; < 1 the interpolant is not differentiable at tleh

node; values ofi; > 1 assure that the interpolant is differentiaple— 1 times at the-th node, but it has a flat spot

there. This formulation may not be very useful when the interpolant must take into account the prescribed values
of derivatives at thé-the node. This can be achieved by a slight modification of the inverse weighting method (for
example, see [3]) that involves setting= 2 and constructing the interpolant as:

f(X):ZWi (%) (fi + fa: (@ —2i) + f, (y —4)) 3

where f,, and f,; are respectively partial derivatives of the interpolated function with respectatody. Similar
techniques may be used to interpolate higher order terms in the Taylor series expansion of figdtanpointx;.

When the values of derivatives are not known, they may also be determined according to some assumed variational
principle. For example, partial derivatives are approximated by polynomials in [7] and by trigonometric series in [8].



Many additional properties and variations of inverse distance weighting are discussed extensively in the literature
[3, 26, 16]. We conclude this necessarily brief exposition of the method by noticing that numerical evaluation of the
weight functionl¥; in the form (2) would lead t¢2 in the neighborhood of theth node. The associated numerical
problems are easily avoided by rewriting the weight functions in the equivalent but numerically stable form:

=1 '#'dl;j (X)
Wi(x) = 2 (4)
. d;’ (x)
k=1 j=1;5#k

1.3 Transfinite Interpolation With Implicit Functions

The inverse distance weighting method has been used to interpolate functions over a discrete set of scattered points.
In his 1967 book [11], Rvachev observed that similar weighting functions may be constructed for boundaries of
more general sets. The main contribution of this paper is in extending the inverse distance weighting interpolation
to arbitrary collections of point sets. Our technique is particularly appealing for transfinite interpolation problems
because it inherits the main advantage of the inverse distance weighting method: it does not place any restriction on
incidence, regularity, or the topology of the sets being interpolated.

Note that each weighting functidi¥; is constructed using the finite collection of distance functiéy(x) that
are positive everywhere, except at the given nodal paiptshere they vanish. Numerous variations of the inverse
distance method have been devised by employing other types of functions, including exponential functions of the form
e~2™), cubic splines, and various combinations of functions with local support [2, 4]. We can view all such functions
asimplicitly definingthe data points by equatiodg(x) = 0.

Suppose now that we can construct similar implicit representations (functigriey other types of geometric
objects. Then replacing functiorg with w; in expressions (2) and (4) would immediately yield the correspond-
ing weighting functions, and their linear combination would interpolate the funciiprifined over the domains
represented bw;(x) = 0).

Constructing distance functions for complex geometric shapes is a non-trivial task, and, furthermore, such func-
tions in general are not differentiable at points that are equidistant from the given set of points. However, the theory of
R-functions [12] provides means for systematically constructing smooth approximations to distance functions for any
closed semi-analytic set. Furthermore, such functions may be constructed automatically for a wide class of geometrical
objects including curves, surfaces, and solids [20].

1.4 Outline

The rest of the paper is organized as follows. Section 2 briefly summarizes the main ideas of the tRefunyations

and explains how it can be used to construct implicit functions with guaranteed differential properties. Section 3
shows how using such functions with inverse distance weighting method allows transfinite interpolation over implicitly
defined sets for both Lagrange and Hermite types of interpolation. The latter relies on the existence of a generalized
Taylor series expansion of the interpolant in terms of powers of the distance fuagtiothe neighborhood of points
defined byw; (x) = 0.

An interpolation problem without additional constraints clearly has infinitely many solutions. In the concluding
section, we explain how a particular transfinite interpolant with desired properties may be constructed according to
some minimization or variational principle, by combining the initial interpolant with an additional set of basis func-
tions on a uniform non-conforming mesh. Two-dimensional examples are used throughout the paper for illustration
purposes, but the described techniques and results generalize to higher dimensions in a straightforward fashion.

2 Implicit Functions

Our method of transfinite interpolation is critically dependent on the existence of implicit representations for geometric
objects in the formw(x) = 0, wherew is a real-valued function. Such functions are often cailfeglicit functions

for brevity [1], and have been used extensively in computer graphics, image processing, and robotics. In principle,
any of the known constructions can be used in conjunction with the proposed interpolation method. However, in the



most general setting, we are interested not only in making sure that interpolant assumes the correct prescribed values,
but also that it is differentiable and has an “intuitive” behavior. For example, it is often desirable that the influence of
the values prescribed at a potis correlated to the distance o Thus, differential and qualitative properties of the
implicit functions can become important in many interpolation problems.

A general algorithmic method for constructing implicit functions with guaranteed differential properties is based
on the theory ofR-functions. The theory ofR-functions was developed in Ukraine by Rvachev and his students
[12]. A complete list of references through 1987 can be found in [23]. A brief English summary of the theory
of R-functions is available as a technical report [17]. Shapiro observed that implicit functions for any solid may
be constructed using-functions [18]. Numerous applications &-functions are beginning to appear in English
literature [25, 9, 24, 5, 13, 10, 1, 21], and the recent work reported in [20] indicates that implicit functions with
guaranteed differential properties may be constructed automatically for a wide variety of point sets in geometric
modeling.

2.1 R-functions

An R-function is a real-valued function whose sign is completely determined by the signs of its arguments. Treating
the sign of a function as its logical property, we can assume that negative values of a function correspond to logical
false and positive ones to logictue. In this sense, aR-function works as a Boolean switching function, changing
its sign only when its arguments change their signs; they can be regarded as “on” or “off” depending on the values
of the input variables. Just as Boolean functioRsfunctions are closed under composition. This means that all
R-functions may be easily constructed using only a small number of prinftifenctions that are not unique.

For example, it is well known thahin(z,, z2) is an R-function whose companion Boolean function is logical
“and” (A), andmax(zy,z2) is an R-function whose companion Boolean function is logical “ov)( But the same
Boolean function corresponds to many oti&functions, e.g.

1 Ng Tz = H%a(ml +m2—\/x%+x§—2ax1m2);
(5)
1 Vo @y = H%a(ml +m2+\/x%+x§—2ax1m2),

wherea(z1,z2) is an arbitrary function such thatl < a(z1,2z2) < 1. In fact, settinge = 1 yields the functions
min andmax respectively, but setting = 0 results in much nicer functiong, andA, that areanalyticeverywhere
except whemn; = z» = 0. Similarly, R-functions

m
2

1 AL Ty = (21 Ao .’L’z)(l‘% + :1:3) ; 21 VI 29 = (21 Va .’L’z)(l‘% + :1:3)

m
2

(6)

are analytic everywhere except the origin & z» = 0), where they aren times differentiable. Many other systems

of R-functions are studied in [12], and the more popular systems are examined closely in [20]. The choice of an
appropriate system aR-functions is dictated by many considerations including simplicity, continuity, differential
properties, and computational convenience.

2.2 From R-functions To Implicit Functions

The main result of the theory d@t-functions states that any Boolean predicate on systems of inequalities of the same
typ€? may be represented bysangleinequality of the same type. In the context of geometric modeling, this means that
any object defined by a predicate on “primitive” geometric regions (e.g. regions defined by a system of inequalities)
can now also be represented by a single implicit functioffhe latter can be evaluated, differentiated, and possesses
many other useful properties.

The theory ofR-functions provides the connection between logical and set operations in geometric modeling and
analytic constructions. Faverylogical or set-theoretic construction, there is a corresponding implicit real-valued
function with the above properties. Furthermore, the translation from logical and set-theoretic descriptions is a matter
of simple syntactic substitution that does not require expensive symbolic computations. We explain below that such
set-theoretic constructions include boundary representations (b-reps) and heterogeneous cell complexes, while the
relationship to the Boolean set representations is already widely known and is particularly popular.

2In other words, all inequalities must be either in a formyab 0, or f < 0, or f > 0, or f < 0, but these cannot be mixed.



Specifically, suppose that s@tis represented by a set-theoretic expresdioh,, ho, ... , h,,) constructed using
the standard Boolean set operations on halfspace primitives (f;(x) > 0). Then syntactically replacing set
operations with the corresponditdgfunctions and symbols; with the corresponding functiong yields a single
real-valued function of the form'(f1, f2, .- . , fa). According to the theory aR-functions, the inequality’(x) > 0
defines the closure of the s&t Note that points wheré = 0 do not always lie on the boundaé? of 2, and in
some cases may correspond to the “dangling” portions of the boundary. In general, additional properties of the set

representations are required to guarantee $hista regular set and its boundary is defined by all zero poinis of
[19].2
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Figure 1: (a) A geometric domain and (b) a function which is positive inside the domain and is zero on the boundary

For example, the Boolean set expression
Q=0 N(QUA)N(QUQ) NN QD (7

defines the two-dimensional domain shown in Figure 1(a). The primitive halfspa@es represented by inequalities
Q; = (wi(z,y) > 0), where

i-a WD -w-w) (/2 - (@-w)
4 ) 2 h ) 3 I )

are functions defining the vertical strip,, the complement of the horizontal strip, and the complement of the

vertical stripQ23 respectively;

w1 =

(y—3)(za —2) = (x = 2) (ya — 3) w5:_(y_ya)(xa+2)_(x_xa)(?’_ya)

V(@ =27 + (g - 3)° (£a + 2 + (3 —ya)®

define the two linear halfspac€s, Qs;

Wy =

wg = 2—17, ((m —z) (Y — ) - 7“2)

3Boolean set operations are often used synonymously with Constructive Solid Geometry (CSG). However, CSG representations additionally
rely on the topological operation of regularization that assures dimensional homogeneity of the represented set.
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Figure 2: A function taking on zero values inside the domain shown in Figure 1(a) and approximating the distance
function outside the domain

defines the exterior of the circular disk;
34y —sin (&
o Bty 2
\/1+ I cos? (E£) + (3 +y —sin (£2))

is the function defining the sinusoidal curve bounding halfsgpgcdreplacing symbol€; by the implicit functionsv;
and the Boolean operations U by the corresponding R-functions in the expression (7) immediately gives a function

W = w1 /\0 (OJQ \/0 w?,) /\0 (OJ4 \/0 OJ5) /\0 We /\0 (03,4 (8)

which is positive inside the domain, negative outside, and takes on zero value on the boundary of the domain. Figure
1 (b) shows a plot of they inside the domain.
The inverse distance interpolation interpolates data over sets of points defined by equations of the=faymnit
is straightforward to construct such equationsifatimensional subsets= 0, 1, ... , d of ad-dimensional spac&.
Suppose that d-dimensional region is defined by an inequalitix) > 0 (constructed usind-functions or by some
other method). Then it is easy to see that the function

*

_lwf-w

: ©)

is identically zero on all points of the sandedimensional region and is strictly positive on all other points. For
example, application of transformation (9) to the functiogiven by (8) results in a function shown in Figure 2.

If w(x) > 0 defines ai-dimensional halfspace, ther{x) = 0 defines &d — 1)-dimensional hypersurfagein F¢
(curve inE2, surface inE3, etc.). Notice that any such equality may be represented by an inequatlityad > 0.
A trimmedhypersurface is defined as that portiorfbthat is contained in some trim regidnand is therefore defined
by the intersectio) N I". Replacing intersection by a correspondi@dunctions, for example a(s—\/o? No7y) >0,
yields a single inequality for the trimmed hypersurface. Since, by construction, the resulting function does not take on
positive values anywhere, we actually obtain the equality for the trimmed entity. Several variations of this technique,
as well as closer examination of the differential properties of the resulting functions may be found in [20]. These
techniques generalize further to lower-dimensional entities by noticingdhat2)-dimensional sets may be written
as intersections of the higher-dimensional loci.

For example, to construct an implicit function for a trimmed line segment shown in Figure 3(a), we need the
equation of the lin€) going through point$z,, y;) and(z2, y2):

_@—z) @ —y) —(—y) (@2 —71)

\/(352 —21)" + (g2 — 1)’

)

6
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Figure 3: (a) Construction of a trimmed line segment; (b) isolines of the normalized function implicitly defining the
line segment

and an inequality for the trim region, which we choose to be a circularidisk

1= 5 (P - - 90?),

wherez,. = (z1 + 22)/2, y. = (y1 + y=2)/2 are coordinates of the circle’s center ang- \/(“”259”1 )2 4 ()2 s
the radius. Using the normalized trimming technique described in [20], we obtain a single function whose isolines are
shown in Figure 3(b):

(V=)

4

f=\|w?+ (10)

The trimmed entities may be assembled via set unions into cell complexes. For example, reference [20] shows that
individual edges and faces may be “glued” (united) together ugtfignctions into complete boundary representations.
The zero set of the resulting function will define implicitly the whole boundary of the object. Figure 4(b) shows an
implicit function defining the boundary of the polygon in Figure 4(a). Furthermore, the union of trimmed entities does
not need to be restricted in dimension or topology. If we construct implicit functions shown in Figure 5(a): polygon’s
boundary2y, line segmen®s, circular sectof)3; and triangular regiofd,, then they are also easily combined together
using R-functions into a single implicit function whose zero set is the ufileru Q, U 23 U Q4, as shown in Figure
5(b).

2.3 Smooth Distance-like Functions

The reader may have noticed that some of the constructed functions are signed. For example, implicit functions
constructed from CSG representations will take on non-negative values on all interior points and negative values
outside of the represented set. In contrast, the implicit functions for trimmed entities and their unions (such as boundary
representations) do not distinguish between inside and outside, because they have the same sign on points away from
the represented set.

While the sign properties have been exploited by others for point membership classification [5, 1], they have no
significance for our purposes. In fact, it may be more convenient to use the absolute value of the implicit functions
in ordernotto distinguish between interior and exterior points, because the main purpose of the constructed implicit
functions is to approximate distance from a given point to the locus of points where some data may be prescribed.
More specifically, recall that for use with the inverse distance weighting, it is desirable;tkatis some approximate



Figure 4: (a) Polygon; (b) function whose zero set defines the boundary of the polygon

measure of the distance from poito thei-th set of points. Formally, the functianis callednormalized up ton-th
order when the following conditions are satisfied:
Ow O*w
W‘BQ = 0, %MQ = 1, W\BQ = 0, k= 2,3, ., m, (11)

wherev is the normal to the bounda) which is a subset of the set= 0. In other words, the functioa behaves
as them-th order approximation of the distance function near the boundary of tli& set

A number of techniques are known for constructing normalized implicit functions [20], including a general method
for recursively increasing the order of normalization of any given function [12]. A more popular approach to nor-
malization is based on the observation that m&afunctions tend to preserve the normalization properties of their
arguments. In fact, the reader may observe that all primitive functigns= 1,2,... ,7 used in our earlier example
were normalized and combined usiRg-functions that preserved that normalization in the constructed funetion
equation (8). Strictly speaking, normalization is violated at all corner points, where the normal to the boundary of the
set is not well-defined. However, the trimming operations BAfdinctions may be further modified to assure that the
constructed functions behave also as a distance function on all regular points as well as in the neighborhoods of the
corner points[12, 20]. Thus, functigh(10), whose isolines are shown in Figure 3(b), behaves as the distance function
in any direction on points of the line segment. Such functions are said to be normalizgdnemlized senserhe
results in [20] suggest that such functions appear to approximate the distance functions globally as well as locally.

3 Transfinite Interpolation

Below, we broadly divide interpolation problems into “Lagrange type” problems where only function values are pre-
scribed over some point sets and “Hermite type” problems requiring interpolating both the function and the derivative
data. We now show that both types of problems may be handled using a generalization of the inverse distance weight-
ing interpolation method over implicitly defined sets of points.

3.1 Lagrange Type Interpolation

We already observed that for scattered points, the weight fundiig(s) were constructed using Euclidean distances
d;(x) between poink and given points;. The Euclidean distance functiods are the simplest examples of the



Figure 5: (a) Heterogeneous union of point sets; (b) function implicitly describing the set in Figure 5(a)

implicit functions in the sense that each equatigfx) = 0 defines implicitly the position of exactly one poisj.

Let us now consider the case where the function values are prescribed over arbitrary sets 6f,pbints. . ,Q,
with each set defined implicitly by a normalized non-negative funatipix) = 0. We claim that replacing distance
functionsd; with implicit functionsw; in expressions (1), (2), and (4) immediately yields a transfinite interpolation
technique that is a generalization of the inverse distance weighting interpolation in the sense that it inherits most of its
properties. In particular, it is straightforward to check that all properties of the weight functions cited in Section 1.2
still hold:

(a) if the functionsw;(x) do not change their signs and(x) are continuous functions, then the weight functions

W;(x) are also continuous functions, i.e.
Wi(x) € c°

Notice that this property does not hold for implicit functions that take on the negative values, for example
implicit functions that are constructed from CSG representations and distinguish inside from outside by change
of sign. The direct use of such functions in (2) or (4) would lead to weight functions with discontinuities at the
points where the denominator is zero and numerator is not equal to zero. On the other hand, such discontinuity
problems can be eliminated by always using even values of expomgint$2,4);

(b) weight functionsi¥;(x) are strictly positive everywhere except the points that belong to otheQgets =
1,...,n;j # i, whereW;(x) is identically zero:

Wi(x) > 0;
(c) infact, it is easy to check by direct substitution that:

Wi = du,

(2

which means that the weight functions satisfy the interpolation condition;

(d) finally, the weight functions form a partition of unity in the sense that

n n n
" I SR R I
J=1j#1 1=1j=1;j#1 _
= = SN | GREANCIND DR ) AN CY
k=1j=1;j#k k=1 j=1;j#k



This, in turn, assures completeness of this system and indicates that any constant function can be approximated exactly
at any point.

In addition, we observe the following property that becomes significant only when dealing with sets more general
than scattered points:

e The constructed interpolant remains continuous even when the given sets of(painttsrsect, provided that
the same values of the function are prescribed on points that belong to more than@ne set

When allQ2; are disjoint, the denominator of every weight function remains positive. But when two or more sets
; intersect, the denominators of some weight functions go to zero at all those points that are common to more than
one(2;. To see that this does not cause any serious difficulties, we need to check that the function approaches the
same (prescribed) value from any one of the intersectior{ietSor illustration purposes, let us examine the simplest
case where values of functidn are prescribed over two intersecting s@tsand(2, represented respectively by the
implicit functionsw; andw-. The resulting interpolant becomes:

w2 w1

f=F
w1 + we w1 + wo

Consider the values of the interpolant in the neighborhood of any intersection point. Let us takesa @diitand
check the value of the interpolantaspproachef:
0

. . w2
im f= lim F 4+ lim F =F—+F—=F.
x€Q1;x—Q0 x€Q1;x—Q2 W1 + wa x€Q1;x—Q2 W1 + wa wo wa

w2 w1

It is easy to see that the situation is symmetric, i.e. that the function’s value is also going to appridaehpick x
in 5 and take the limit ag approache®;. For example, let functions

b=l =14 sin ((y —ya)(ap —a) = (x —24)(ys —m))
V(zs —14)? + (yB — ya)?

be prescribed on boundari@®; andd2, shown in Figure 6. Each portion of the boundary is represented implicitly
by the functionsu; andws respectively, whose plots are shown in Figures 7(a) and (b). At pdirasd B, the
prescribed functions; = u, = 1, and therefore the interpolating functian= % preserves continuity at
these points as shown in Figure 7(c).
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Figure 6: Functions); andw- define the distance to the boundard$s, andof2, respectively

In contrast, consider what happens if different values,adindu, are prescribed on a point that is common to two
intersecting set®; and{2;. The general form of the interpolant becomes

f=wm

w1
+ (15}
w1 + w2 w1 + wo

10



() (d)

Figure 7: (a) The function implicitly defining the bounda?®; (Figure 6); (b) the function implicitly defining the
boundaryo), (Figure 6); (c) the continuous interpolating function; (d) the interpolating function with discontinuities
at the pointsd and B (Figure 6)

Taking the same limit as before, we get

. . w2 . w1 W 0
lim f= lim Uy + lim Us =
x€Q1;x—0s x€Q1;x— Q0 w1 + wa xEN1;x—02 w1 + wa wa wo

On the other hand, if we pick a neighboring painE Q> and approach the point of intersection that is als@inwe

get:
. . . w1 0 w1

lim f= lim U1 + lim U =U— + Us— = Us.
XEQo;x—Q xEQa;x— w1 + we xEQa;x— w1 + we w1 w1

w2

Clearly, f is discontinuous at the point of intersection{®f and(2-, which is to be expected. Notice however that

such discontinuities are local phenomena and do not propagate globally. Figure 7(d) shows the function interpolating
the constant values, = 1 andu, = 3 prescribed on boundariés$?, ando2, (Figure 6). The discontinuities of the
interpolant are clearly visible at the poimsand B.

One the major advantages of our interpolation method is that it is not restricted by the dimension, topology, or
adjacency of the sef®; where the data is prescribed. And in particular, recall that implicit functions can be constructed
for sets of arbitrary dimension and topology that can be further assembled into (heterogeneous) cell complexes. The
same identical form of interpolation may be used in all cases. For example, let us construct a function that interpolates

11



the following data:

uo, =0;

U, =2; 2
2 2

ujg, =15z +0.5)" +23 (y +0.5)" — 1.5;

U, =57 +y

over the sets shown in Figure 5(a), i.8; is the boundary of the domain, afilj, is a line segmenf); is a two-
dimensional circular sector, arfd, is a two-dimensional triangular region. We already showed how to construct
implicit definitionsw; for each of the four sets. Direct application of the expressions (1) and (4) results in the function
shown in Figures 8 (a),(b).
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Figure 8: Function interpolating prescribed values over heterogeneous in dimension domains shown in Figure 5(a)

3.2 Hermite Type Problems
3.2.1 Transfinite Interpolation Of Normal Derivatives

We briefly mentioned in the introduction that the inverse distance weighting method has been used to interpolate
derivative values at scattered points as well. This involves (1) replacing the furfgtainheith point by its Taylor
series expansion in the neighborhood of the point in terms of powéss-efx;); and (2) raising the power; of the
corresponding distance function to be one greater than the highest order of the derivatives being interpojated at
The classical Taylor formula approximates a function in the neighborhood of the givenzgoifihe neighborhood
itself is described by the term — zy, which can be thought of as a function that vanishes at a pginSimilarly,
the generalized Taylor series expansion represents a functimrthe neighborhood of the bounda®y?, which is
described by some implicit functian that vanishes 0.

In [12] Rvachev observed that if functian(x) is normalized up ten-th order and the function(x) satisfies
conditions

Ok

Bk ), (F=1.2,0,m), (13)

u (X)\an = fo (x),
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thenu can be represented in a neighborhood of the boun@aryn the form:
* = 1 * m
’U,:fo +Zﬁfkwk+0(w +1) (14)
k=1

where f(x),k = 0,1, ...,m arenormalizersof functions f;(x),k = 0,1, ...,m with respect tav(x). Functions

fr represent the prescribed values and derivatives of draer(2, while their normalizers;; have the same values

on the() but also behave as constants in the direction normal to the boud@arirhe latter property qualifies the
normalizers to serve as coefficients in the directional Taylor series expansion. Normalizers with respect to function
w(x) that is normalized ten-th order can be constructed by setting

fTx) =fx-wVw) (15)

It is straightforward to verify that such normalizeffs(x) of f(x) with respect tau(x) satisfies the conditions [12]:
* _ . Ot =0 (k=1.2 16

f (X)\ag —f(X)\aQ ; WWQ =0; (k=1,2,..,m). (16)

Other methods for constructing normalizers are possible, and we will discuss another technique in a more restricted
setting below. The generalized Taylor polynomial (14) approximAtesar the boundar§2 described bw(x) = 0.

The powers ofu(x) play the same role as the powers of the témm- () in the classical Taylor formula, and the
constant Taylor coefficients are replaced by the normalifgrsf functions f;,. Having constructed the generalized
Taylor polynomialsy; for all sets();, each represented implicitly by a functiap = 0, we combine them into a single
interpolation function using the usual inverse distance technique:

n

m;+1
1wy

u=2wm=ZX@m+Z%U&w>slﬁi o an
i1 =1 =1 Z I1 w;”1+

3.2.2 Example: First Order Normal Interpolation

For illustration, consider a special but common case of Hermitian interpolation that requires interpolating the values
of functions and their first order normal derivatives prescribed on portions of the bouddary

8ui

Application of the generalized Taylor series (14) gives:
u; = 0f +wihf + 0 (w?) . (19)

We now use a different method,described in [13], for constructing normalizers that works well in the case of the first
order derivatives. Instead of applying the coordinate transformation (15) to a given fuictilinearizef in the
neighborhood ofv = 0 and subtract the variation in the normal direction, leaving the constant term:

£ =f(x) —wDf (f(x)+0 (), (20)

whereDY is the differential operator acting in the direction normal to the boundary. Formally, it can be defined as

dim
0
€Tg

D ()= Y cos (%) 5. )

but for a normalized functiow, the value of:os (v, x;) coincides on the bounda#f with the partial derivative of
with respect tor;. Therefore, the differential operatdly can be written in a computationally more convenient form
in terms of the partial derivatives of thefunction as

DY () =Vw-V() (21)
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Applying transformation (20) to every prescribed function and substituting in the Taylor series (19), we obtain after

simplification:

u; = p; — w; (DY (pi) +¢i) + O

(wf) . (22)

Now we interpolate the individual Taylor series expansions of the functipasing the inverse distance weighting:

wi (DY (i) + 44))

[T w?
A (23)
> I w3

k=1j=1;j7#k
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Figure 9: (a) Heterogeneous in dimension regions and (b) function interpolating given values of function and normal

derivatives

Example. Figure 9 (b) shows a function that interpolates the values of a function and its normal derivatives prescribed
on the outer circlé),, line segmenf),, and on (the interior of) the inner circular regidng and(2, (Figure 9 (a)):

ujo, = 0;
Ui, = 9;
U, = —1;
U, = 2;

o @
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Figure 10: Projection of an arbitrary vecfiio the normal vector

3.2.3 Transfinite Interpolation Of Derivatives In Arbitrary Direction

The transfinite interpolation of the normal derivatives is a special case of a more general problem where derivatives are
prescribed in the given directidn To handle this general problem, we once again rely on the Taylor series expansion
in powers of the distance function, but now the distance from the boundary is measured along the specified direction
L. Using a simple geometric argument illustrated in Figure 10, the distance in diréétion the boundary described
by w = 0 may be measured as

W

= Ccos (@)’ (@3)

wherea is the angle between the normal veatand the vectol (Figure 10). However, functioeos « is defined only

on the boundary, but we need the relationship (25) to also hold in the neighborhood of the boundary. Therefore, we
now show how functionl; can be extended on all of the space. Recall that the cosine function may be derived from
the dot product of the normal vecterand the vector as

v-1

cos () = —|1/| i

Sincew is normalized, we have = Vw on all regular points of the boundary and can replasex by a function that
takes the values abs « on the boundary points:

dim 7
1 ow 1; 2w —
Vw - m 8;1: |1| 2 8 - COS (1, ml) . (26)

But the expression (26) is simply the first partial derivativexdf the given directiodl, which we will denoteD! (w).

We could now useéD! (w) in place of the cosine function in expression (25), resulting in a function that is continuous
everywhere and is easy to compute. UnfortunatBly(w) can vanish in the direction tangent to the boundary and
possibly other points. Instead we define the distalid@5) as a product ab andg:

dy = wq,

where
D (w)

- (D} (o.)))2 + w?
is a function that has no singularities and takes on the valtﬁlp# on the boundary points whete= 0. With this
definition of the distance we now rewrite the generalized Taylor series in any diréetson

1
=[5+ ) W) fiT+ 0 (W), (27)
k=1
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wheref;* (x) must behave as constants analogously to (16) but now in the prescribed dite€tiesican be achieved,

for example, by setting
EX3 _ _ w
i (X) = [k <X cos (@) 1)

for any given functionsy,, but other techniques may be used as well. Finally, if we use the Taylor series (27) for
individual functionsu; whose values and derivative may be prescribed on the bouddgrthen we can construct
the global interpolating function using the previously described inverse distance technique as

n
flup

u = Zquz = Z (( i Zk-i OJZQZ **)z> nJ LJ:Z il (28)
i=1 k=1 > I wy”

k=1 j=1;j#k

3.2.4 Example: First Order Directional Interpolation

Consider the special case similar to the earlier interpolation example for the normal derivatives shown in Figure 9.
Once again we want to interpolate the values of functions and their first derivatives, but this time each derivative is
prescribed in some given direction. Suppose that on ead;satlues of functions; and their partial derivatives in

the given directionl; are specified:

8ui
Ol; |aq,

= i (29)

For each boundary portion, we construct the generalized Taylor series locally approximating the prescribed functions:

= 0i* + ¥ (wigs) + O (w7) (30)

Constructing and substituting the normalizers using the same procedure as in the case of normal derivatives yields
after simplification:

U = p; — wig; (Dll (pi) + 1/%) : (31)

Application of the inverse distance interpolation combines individual functip(®l) into a single global function:

1w
u—zuzwz Z( —wigs (DY (p1) + i) ) 55— (32)
DOV
k=1 j=1;j#k

Example. Let us once more interpolate functions specified over point@et<),, 3, andQ, (Figure 9 (a)) as
follows:

Ui, =0;
ou
U|Q2 5’ 812|QZ 3’ 2 (O’ )
ou (33)
=-1; — = 5; I3 =(0,1
U|Qg ) 613|Q3 55 3 (07 )
0
wo, =2 o =2+3 Li=(-11).
814|Q4

The reader may notice that we used the same expressions for functions and derivatives as we used in the earlier example
(24). But now in addition we also indicated that derivativeS<bn {23, and(2, are prescribed in the directiohsg 13,

andl, respectively. Figure 11 shows the resulting interpolating function that satisfies all prescribed conditions (33)
exactly.
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Figure 11: Function interpolating given values and directional derivatives over heterogeneous in dimension objects
shown in Figure 9(a)

4 Conclusions

4.1 Summary

The method of transfinite interpolation described in this paper has numerous applications and advantages, when com-
pared to other methods of interpolation. In particular, because the method places no restrictions on topology, adjacency,
and dimension of the interpolated sets, it eliminates the need for preprocessing or meshing and allows effortless mod-
ification and updates of the input geometry and data, which is particularly useful in modeling time-varying boundary
conditions and geometry [21]. The original idea is due to Rvachev [11, 12] who first suggested the technique (albeit
in a somewhat restricted setting) as part of the theorf-dfinctions and quite independently of the inverse distance
weighting technique. The present paper is intended to show the full power and generality of the method and its
application to transfinite interpolation of both functions and derivatives over the implicitly defined sets of points.

The fact that our method may be viewed as a generalization of the classical inverse distance method is revealing
both in terms of power and limitations of the technique. For example, it should be clear that weight functions are
globally dependent on all geometric data, and that this dependency may be reduced or eliminated by modifying the
implicit functions to have local support.

An apparent limitation of the presented techniques is that it requires associating all geometric data with implicit
equations of the forrv = 0. Such representations are already popular in computer graphics. The@ruattions
offers a general algorithmic approach to constructing implicit functions for a variety of geometric point sets that are
normally created using set operations on implicit primitives or represented by boundary representations and other het-
erogeneous cell complexes. The process of constructing such equations for free-form parametric curves and surfaces
is often called implicitization and is known to be practically intractable for even moderately high degree parameteriza-
tions. However, because we use such implicit functions to represent the interpolant and not the geenmsefwhich
is given in some other form), it is likely that reasonable approximate implicitization methods may suffice. It should
also be clear that properties of the interpolant will depend strongly on the properties of the constructed implicit func-
tions. Differential and normalization properties of implicit functions constructed algorithmically usifupctions
are reasonably well understood [20].

The interpolation problem arises in numerous computer-aided design and analysis applications, and the proposed
techniques generalize to higher dimensions in a straightforward manner. The problems of constructing a surface in-
terpolating a given set of curves, or a curve interpolating a finite set of points are probably the more familiar but very
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restricted special cases of transfinite interpolation. In many practical situations only some values of functions and/or
their derivatives may be known at the certain locations; other are unknown and have to be determined based on the ap-
propriate physical or mathematical principles. In this case, these unknowns must also appear in the Taylor polynomial
u in expressions (14) and (27). For example, in [7, 8] unknown derivatives at scattered points are approximated by
different types of polynomials. Similar transfinite interpolation techniques may be used to approximate functions and
their derivatives over more general implicitly defined sets [14]. More generally, the interpolation of prescribed values
and derivatives is only a first step in solving problems of engineering analysis and mathematical physics. In fact, the
described interpolation method was developed precisely for that purpose [11]. We conclude with a brief explanation
of the connection between the transfinite interpolation and boundary value problems.

4.2 Fairing/Smoothing And Boundary Value Problems

The interpolation problem has no unique solution in the sense that there are infinitely many functions interpolating
any given data. A suitable function can be chosen by putting additional constraints on the interpolant. Often such
constraints appear as a requirement of minimization of some quantity. For example, the well known Lagrange in-
terpolation minimizes the degree of the interpolating polynomial. Many interpolation schemes use minimization of
potential energy of tension or bending [3] as a means for controlling the shape of the interpolant. Interpolating cubic
splines minimize potential energy of a bending beam fixed at data points. In the case of functions of two independent
variables, minimization of potential energy of membrane or a thin plate can be used. In all such cases, the interpolation
problem is a special case of some boundary value problem.

On the other hand, mathematical formulation of any boundary value problem consists of a differential equation (or
equivalent variational statement) constraining the distribution of physical field inside domain and boundary conditions
specifying the interaction of the field with the external environment. In this case, interpolation of the prescribed
boundary conditions describes the behavior of the solution in the vicinity of the boundaries; the behavior of the
interpolant away from the boundaries is quite arbitrary. Thus, the solution of a boundary value problem can be viewed
as an interpolating function that extends the boundary conditions into the domain, with differential equation playing
the role of a constraining or smoothing operator.

The connection between transfinite interpolation and the boundary values problems is expliciizifutihetion
method (RFM) for solving boundary value problems. The key concept of RFM is thasalution structurefor a
boundary value problem — an analytical expression that satisfies all given boundary conditions exactly [13, 12, 14] and
is complete in the sense of the Weierstrass theorem. A solution structure can be written in its most general form as

F=Y Wi+ @JJuwl (34)
i=1 =1
where the first term interpolates all given boundary conditiansi = 1, ... ,n, are implicit functions associated

with point sets where the boundary conditions of order- 1 are prescribed; andl is a linear combination of basis
functions{x;} Y ,:

N
P = Z CZXZ (35)
i=1

Note that the second term in the expression (34) is independent of the interpolant and therefore does not affect behavior
of f at the boundaries. On the other hand, the behavigf eferywhere else is determined by the choice of the
coefficientsC; in (35), that are usually chosen so that expression (34) approximates some differential equations or

n

minimizes some functional. It is shown in [14] that the tedn]] w!’ in the solution structure (34) also assures

=1
completeness of the approximationoin the sense of the Weiezrstrass theorem.
For illustration purposes, consider the problem of smoothing (or fairing) that often arises in computer-aided ge-
ometric design. Depending on a particular applications, the designed surfaces are often chosen to minimize one of
several functionals [3]:
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o Potential energy of tension of thin membrane:

L :/(Vf)2d9. (36)
Q
e Potential energy of bending of thin plate:
L :/((V2f))2d9. (37)
Q

e Energy of thin plate in tension analogy, which is a basically a linear combination of the two previous functionals:
Li=01-a) +al, 0<a<l. (38)
with parameter controlling the amount influence of the individual functionalandl, on the interpolant.

To obtain the desired approximation forthe solution structure (34) is differentiated and integrated as required to
construct and solve a system of linear equations for coeffic@nt&igure 12 shows the results of computations for
the boundary value problem specified by

uo, =0;

ey =5 (39)
uj; = —1;

U, = 2;

on circle)y, line segmenf2,, and on circular region@; and(2, shown earlier in Figure 9(a). In all cases, the resulting
surface represents approximation of the solution structure (34) with bicubic B-splines on a uniform rectingular

grid chosen as basis functiofig; }¥_,. The coefficient<; of B-splines were computed to minimize the functional
(38) with varying values of the parameter Figure 12(a) shows only the interpolant term of the solution structure;
Figure 12 (b) shows computedfor a = 0, corresponding to the membrane functional (36). Notice the discontinuity
of the first derivatives along the line segméht This discontinuity of the interpolant can be smoothed out by setting
a = 1, corresponding to the thin plate functional (37). The resulting function is shown in Figure 12(f). Functions in
Figures 12 (c),(d), and (e) were computed for intermediate values-00.05, « = 0.25, anda = 0.5 respectively.
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Figure 12: (a) Transfinite interpolant; results of minimization of the functional (38) with #)0; (c) « = 0.05; (d)
a=025)a=05Ffa=1
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