
Meshfree Simulation of Deforming Domains�

Vadim Shapiroy Igor Tsukanovz

Spatial Automation Laboratory
University of Wisconsin-Madison

1513 University Avenue Madison, WI 53706

PRELIMINARY DRAFT of May 7, 1999

Abstract

Spatial discretization of the domain and/or boundary conditions prevents application of many numerical tech-
niques to physical problems with time-varying geometry and boundary conditions. By contrast, theR-functions
method (RFM) for solving boundary and initial value problems discretizes not the domain but the underlying func-
tional space, while the prescribed boundary conditions are satisfied exactly. The clean and modular separation of
geometric information from the numerical procedures results in a solution technique that is essentially meshfree and
allows an almost effortless modification of geometrical shapes, boundary conditions, and the governing equations.
We show that these properties of the RFM make it highly suitable for automated modeling and simulation of non-
stationary physical problems with time-varying geometries and boundary conditions.

1 Introduction

1.1 Problems with time-varying geometry

Many practical engineering situations require solving problems with time-varying geometry or boundary conditions.
Important examples of such problems include simulation of engine combustion, metal forming and removing oper-
ations, and processes involving phase transitions (with moving boundaries). A two-dimensional example of such a
problem, simplified from [12], is illustrated in Figure 1. In this case, the geometric domain is the union of a (moving)
piston and cylinder; at any given time instant, the time-varying domain is determined by the relative position of the
piston and the cylinder. Modeling and simulating the space-time temperature distribution for this problem requires
solving a non-stationary heat conduction problem, which is usually approximated by solving a quasi-steady boundary
value problem at small time intervals.

Most modern methods for solving boundary and initial condition problems, including finite elements, finite differ-
ences, and boundary-integral methods, involve spatial discretization of both the domain and the boundary conditions.
Spatial discretizations are an inconvenience and a source of errors for boundary value problems with fixed geometric
conditions. However, for boundary value problems with time-varying geometry, spatial discretizations present in-
surmountable difficulties. Figure 2(a) shows the spatial discretization of the domain in Figure 1. As pointed out in
[12], the high temperature transience requires higher discretization density near the inner walls of the cylinder and
the piston. However, it should be clear from Figure 2(b), that mismatch between the meshes of the piston and the
cylinder does not allow them to be joined together at desired time intervals. In other words, the nonuniform grid
(which makes good sense from the physical point of view) makes modeling of uniform motion difficult or impossible.
In this particular case, the problem was solved by adapting a much finer grid than was dictated by the problem, and
at a significant additional computational cost. This simple example illustrates the fundamental limitation of all spatial
discretization methods: spatial discretization greatly restricts the ability of the domain to deform and/or move; it has
to be constructed by a tedious and lengthy process that must take into consideration and accommodate alla priori
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Figure 1: A simplified model of heat transfer in the engine combustion chamber

known motions. This may be particularly difficult or impossible for problems involving more general and sometimes
unpredictable motions that may or may not preserve orientation, size, or shape of the geometric domain.

In this paper, we propose a different approach to solving problems with time-varying geometry that does not em-
ploy spatial discretization of the domain or the boundary conditions. Our approach is based on theR-functions method
(RFM) for solving boundary and initial value problems [22, 24, 25]. RFM allows the given boundary conditions to be
satisfiedexactlyand discretizes not the domain but the underlying functional space. In this sense, RFM is essentially a
meshfreemethod of analysis and simulation. In this paper, the word ‘meshfree’ does not necessarily imply the absence
of a spatial grid. A grid may be convenient or even necessary for integration and/or visualization purposes. For ex-
ample, many of the pictures in this paper were generated by plotting the functional values over a uniform rectangular
grid of points. Rather, the term ‘meshfree’ means that any spatial decomposition and the resulting grid of points apply
to the underlying space and do not conform to the modeled geometric domain. Below we explain the general method,
illustrate its application on the example in Figure 1, and discuss the major issues in developing a general-purpose
system for automated modeling and simulation of non-stationary physical problems with time-varying geometries and
boundary conditions.

1.2 Related work

There have been a number of attempts to address the issue of the solution dependence on spatial discretization. Notably,
Cox and Anderson [7, 36] proposed approximate solutions using spatial discretizations that are locally restricted to
common shape primitives; Zagajac [37] proposed a method to approximate a local solution at a point using a Monte-
Carlo method whose numerical complexity is not greatly affected by the geometric complexity of the domain; Sethian
[27] proposed a method for simulating a variety of problems with moving interfaces by first reformulating them in
terms of the motion of a higher-dimensional hypersurface. Finally, the recent advances in “meshfree” methods seek
more flexible spatial discretizations that do not have to conform to the geometric conditions of the boundary value
problems [4].

Despite the great recent progress, none of the above methods have matured enough to provide the tools necessary
for automated analysis and simulation of problems with time-varying geometric conditions such as discussed in this
paper.

1.3 Outline

The rest of paper is organized as follows. Section 2 explains the basic idea behind the RFM and shows that it cleanly
separates the geometric information from the physical models and numerical procedures. This results in a solution
technique that is essentially meshfree and allows an almost effortless modification of geometrical shapes, boundary
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Figure 2: Dependence between the spatial discretization and motion

conditions, and the governing equations. These properties of RFM make it highly suitable for handling time-varying
geometry and boundary conditions.

Section 3 describes the application of RFM to the heat conduction problem illustrated in Figure 1. The example is
inspired by the investigation of the real engine analysis described in [12], is simplified for illustration purposes, but is
validated using the same techniques.

The issues related to automating RFM analysis and simulation for general problems are briefly discussed in sec-
tion 4. In particular, we explain how RFM can be applied directly to conventional solid models, discuss how to handle
time in the solution procedure, and consider other computational issues.

2 Problem Formulation with RFM

2.1 Boundary value problems with time-varying geometry

Solution of any field problem (which includes most problems of mathematical physics and engineering analysis) de-
pends on the physical law governing the distribution of physical quantities throughout the domain, boundary conditions
describing the interaction of the domain and its external environment, and initial conditions which determine the field
at some starting point in time.

The physical law is typically formulated using partial differential equations. Its mathematical formulation does not
depend on the shape of the domain, but is determined by the physical phenomenon, material properties, and so on. It
is common to represent such a physical law using a general operatorA as

Au = f; (1)

whereu(x; y; z; t) is a (usually unknown) function describing the distribution of some physical quantity in space and
time, andf is some known function. The functionu is constrained by boundary conditions which specify the values
and/or derivatives ofu on boundaries@
 of a given geometric domain
. Different boundary conditions may be
prescribed on the different portions of the boundary; theith boundary condition can be written as

Liuj@
i
= 'i; (2)
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whereLi is the corresponding operator and'i is a given function.
In the most general situation, the physical lawA, the domain
 and its boundaries@
i, and the boundary con-

ditions'i can vary with time, resulting in complex non-stationary problems. The initial conditions for such non-
stationary problems may include the initial values of the sought distribution (for parabolic problems) and its time
derivative (for hyperbolic problems):

ujt=0 = ustart;
@u

@t jt=0
=  0 (3)

Together, the physical law (1), the boundary conditions (2), and the initial conditions (3), constitute the mathematical
formulation of a boundary value problem.

Exact solutions are available only for very few and very simple boundary value problems; realistic problems
with complex geometric information are usually solved only approximately using one of the many known numerical
techniques. This dependence on the approximate numerical methods is even more apparent for most non-stationary
and non-linear problems. The difficulty in constructing acceptable approximations to a boundary value problem comes
from the requirement that the sought functionu has to satisfy both the analytic constraints expressed by the differential
or integral equation (1) and the imposed boundary conditions (2).

The latter requirement in particular is partly responsible for the great proliferation of numerical techniques that
have been devised to deal with increasingly complex geometries. Classical solution methods, such as Fourier, deal
with simple geometries by serendipitous choices of the coordinate systems; conformal mappings extend the solution
techniques to transformed simple domains; variational methods require careful choice of the appropriate basis func-
tions. More complex geometric conditions are typicallyapproximatedby spatially discretizing the geometric domain
and its boundary, and then constructing the approximate solution to the boundary value problem by interpolating so-
lutions at discrete spatial locations. This general description applies to finite element, boundary-integral equation, and
finite difference methods.

Thus, the spatial grid serves two distinct purposes: to approximate the imposed geometric boundary conditions
and to construct an approximate analytic solution. Therefore, the type of finite or boundary elements is determined to
a large extent by the shape of the domain, as well as the order of differential equation and type of the boundary condi-
tions. Clearly, the accuracy and the quality of the solution very much depends on the particular spatial discretization
used. It is quite understandable that automatic construction of appropriate spatial grids and meshes became a major
research topic [1].

2.2 RFM for homogeneous Dirichlet problems

The RFM was originally developed in Ukraine by Rvachev and his students[21, 22, 24, 25]. In its early form, RFM
was an extension of the approach to solving two-dimensional homogeneous boundary value problems with Dirichlet
boundary conditions proposed by Kantorovich [9]. The idea of the method is based on the observation that the solution
of a differential equation with boundary conditions

uj@
 = 0 (4)

can be represented in the form
u = !�; (5)

where! : Rn ! R is a known function that takes on zero values on the boundary of the domain@
, and is positive
in the interior of
, and� is some unknown function. For example, Figure 3(a) shows a plot of function!(x; y)
that is identically zero on the boundary of the shown two-dimensional domain and is positive in the domain’s interior.
Such a function! completely describes all the geometric information for the homogeneous Dirichlet boundary value
problem, and in fact any functionu of the form (5) will satisfy the boundary conditions (4)exactly.

The expression (5) contains no information about the differential equation of the boundary value problem. Rather,
it represents thestructureof any solution to a boundary value problem satisfying the given boundary conditions. The
purpose of function� is to satisfy the differential equation of the boundary value problem — exactly or approximately.
For any given boundary value problem, determination of the unknown� immediately translates into solution to the
boundary value problem. Since we usually cannot expect to determine such� exactly, we can approximate it by a
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finite (convergent) linearly-independent series

� =
nX
i=1

Ci�i; (6)

whereCi are scalar coefficients and�i are some basis functions. For example, Figure 3(b) shows combination of
the function! in Figure 3(a) with a two-dimensional uniform30 � 30 rectangular grid of bicubic B-splines�i and
randomly chosen coefficientsCi. It is important that the structure (5) does not place any constraints on the choice of
the coordinate functionsf�ig that approximate the function�. In particular, the choice of the coordinate functions
does not depend on any particular spatial discretization of the domain. The grid of B-splines in our example is aligned
with the space and not with the domain.

For any given boundary value problem and a choice of the coordinate basisf�ig, the approximate solution is
obtained as

u = !

nX
i=1

Ci�i; (7)

using variational, projection, or a variety of other numerical methods to solve for the numerical values of the coeffi-
cientsCi. Thus, Figure 3(c) shows the same of combination of B-splines and! as in Figure 3(b), but with coefficients
chosen to approximate the solution of the differential equationr2u = 1� sin(y) in the least square sense.

From a computational point of view, the intrinsic advantage of the above procedure is in the clean and modular
separation of the geometric information represented by function! from the differential operatorA and the numerical
method used to determine the unknown function�.

(a) (b) (c)

Figure 3: (a) Function! satisfying the homogeneous Dirichlet boundary condition; (b) the combination of function!

with B-splines on a30� 30 grid with randomly chosen coefficients; (c) the combination of function! with B-splines
on a30� 30 grid that approximates the solution ofr2u = 1� sin(y)

2.3 RFM for general boundary value problems

The applicability of RFM to homogeneous boundary value problems stems from the recognition that the solutionu

can be written in the form of equation (5), and therefore depends on the ability to construct such a function! for the
specified geometric domain. Fortunately, this construction problem has been solved using the theory ofR-functions
[22, 28, 25, 29]. Briefly, anR-function is a real-valued function whose sign is completely determined by the signs
of its arguments. For example, the functionxyz can be negative only when the number of its negative arguments
is odd. Such functions ‘encode’ Boolean logic functions and are calledR-functions. Every Boolean function is a
companion to infinitely manyR-functions, which form a logicalbranchof the set ofR-functions. Perhaps the most
popularR-functions are

x1 ^0 x2 �
�
x1 + x2 �

p
x21 + x22

�
;

x1 _0 x2 �
�
x1 + x2 +

p
x21 + x22

�
;

(8)

corresponding to the logical conjunction̂and logical disjunction_ respectively. TheseR-functions areanalytic
everywhere except whenx1 = x2 = 0. Many other systems ofR-functions are proposed in [22]. The choice of
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an appropriate system ofR-functions is dictated by many considerations, including simplicity, continuity, differential
properties, and computational convenience [31]. Just as Boolean functions,R-functions are closed under composition.
UsingR-functions, any object defined by a logical predicate on “primitive” geometric regions (e.g. regions defined by
a system of inequalities) can now also be represented by asingleinequality, or equation.

Equation (5) defines thestructure of the solutionto the boundary value problem with homogeneous Dirichlet
boundary conditions and is known to be complete in the sense of convergence to the exact solution [10]. The gen-
eralization of RFM to other boundary value problems involves derivation of the corresponding solution structures.
Below we briefly summarize the solution structures for common second-order boundary value problems with general
Dirichlet and mixed boundary conditions. The solution structures for numerous other boundary value problems with
higher order derivatives have been derived, analyzed, and experimentally verified by Rvachev and his pupils [22, 25].

General Dirichlet boundary conditions are commonly written as

uj@
 = '0; (9)

where'0 is the value of the functionu prescribed on the boundary@
. The solution structure is only a slight
modification of the homogeneous structure described in section 2.2:

u = !�+ '0: (10)

In practice, the function'0 may be specified in a piecewise fashion, that is, a different value'i may be prescribed on
each portion of the boundary@
i. If each such portion is described by an equation!i = 0, then the single function
'0 can be assembled together using transfinite Lagrangian interpolation:

'0 =

mP
i=1

'i
mQ

j=1j 6=i

!j

mP
i=1

mQ
j=1j 6=i

!j

(11)

The most general kind of boundary conditions for second-order partial differential equations is calledmixedand
subsumes all other types of boundary conditions:

uj@
1
= ';

�
@u

@n
+ hu

�
j@
2

=  (12)

The corresponding most general solution structure can be written in the form of

u = !1� +
!1!2

!1 + !2
( + !2�� h!1�� h'�D!2

1 (!1�)�D!2
1 (')) + '; (13)

where

D!
1 (f) =

@!

@x

@

@x
(f) +

@!

@y

@

@y
(f) (14)

is a differential operator in the direction of the internal normal to the boundary@
. This operator assumes that function
! is normalized1, i.e.

@!i

@� j@
i

= 1;
@k!i

@�k j@
i

= 0; k = 2; 3; ::: (15)

Sometimes it is more convenient to view structure (13) as a sumu = u1 + u0 of homogeneous and inhomogeneous
parts:

u1 = !1�+
!1!2

!1 + !2
(!2�� h!1��D!2

1 (!1�)) ; u0 =
!1!2

!1 + !2
( � h'�D!2

1 (')) + '

In its most general form, the structure of the solution (13) is a single function composed from normalized functions!i
defining the portions of the domain’s boundary, prescribed and possibly interpolated known functionsh,  ; ', and the
function� that is determined by its assumed form and the chosen solution procedure.

1In other words, it behaves as a distance function near the boundary.
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2.4 RFM for deforming domains

In abstract terms, the general solution structure can be written in the form

u = B[�]; (16)

whereB = B(!; f!ig; f'ig) is an operator that depends on geometry of the domain! � 0 and boundary conditions
'i prescribed on boundary portions defined by!i = 0. Remarkably, this operatorB doesnotdepend on the differential
equation; rather it encodes all given geometric information and acts on the coefficientsfCig of the basis functions�
to approximate the differential equation. In this sense, the solution structure (16) satisfies the boundary conditions
exactly, and is approximated by discretizing the underlying functional space.

This generalization of RFM inherits all computational advantages of the RFM for homogeneous problems that
we identified above, including independence from spatial discretization of the domain, and ability to independently
choose and modify geometric boundary conditions and basis functions. In particular, supposeB[�] is a constructed
solution structure for some(!; f!ig; f'ig), and there is a known transformation

(!; f!ig; f'ig) 7! (!0; f!0
ig; f'

0
ig): (17)

Then obtaining the solution structureB0[�] for the transformed problems is a matter of a simple syntactic substitution
given by equation (17). Notice that the basis� with undetermined coefficientsfCig doesnot need to be modified,
although it could be modified if so desired – in both type and cardinality.

We now see that RFM is perfectly suited for modeling and simulation of problems with time-varying geometry
and boundary conditions. Once the solution structureB0[�] is identified for the initial boundary conditions (3) at
time t = 0, the solution structureBt[�] at any future time is obtained by formulating the changes in geometry and
boundary conditions as functions of time as(!(t); f!i(t)g; f'i(t)g). Provided that the solution procedure is available
to solve the quasi-steady problem at timet = 0, then thesamesolution procedure can be applied at any future time
step. Below, we detail the main steps of RFM for the engine combustion chamber example introduced in section 1 and
illustrated in Figure 1.

3 Example: Heat Transfer in Engine Combustion Chamber

3.1 Assumed Mathematical Model

Nonsteady state heat conduction in the internal combustion chamber (refer to Figure 1) is modeled by a two-dimensional
axisymmetric Poisson equation:

�52 T = c��
@T

@t
(18)

where� is thermal conductivity,c� is specific heat,� is material density,T is the metal temperature, andt is time. The
equation holds in the cylinder walls and in the piston, subject to the mixed boundary conditions:

Tj@
1
= Toil;

�
��

@T

@n

�
j@
2

= q; (19)

whereq is the heat flux generated by the combustion process. For illustration purposes, we simplify the more realistic
boundary conditions from [12] and assume thatq remains constant.

To complete the formulation of the boundary value problem we need to prescribe the initial conditions. Any known
distribution of the temperature field can be chosen for that purpose. Without loss of generality, we can assume that the
initial temperature distribution occurred sufficiently far in advance and therefore satisfies the steady state version of
equation (18):

�52 T = 0: (20)

3.2 Description of the combustion chamber by implicit functions

In order to construct the solution structure for this problem, we first need to describe the geometry of the domain using
appropriate implicit functions!i. Specifically, in Figure 4 the boundary of the chamber
 is divided in two parts:@
1

7



with Dirichlet boundary conditions, and interior boundary of the chamber@
2 with Neumann boundary conditions
(recall Figure 1). Both boundaries are moving. At any given time instance, the solution structure for this problem is
given by Equation (13) above and requires functions!1 and!2 whose zero sets correspond to points of@
1 and@
2

respectively. These functions are easily constructed using theory ofR-functions as follows.

Figure 4: Boundaries@
1 and@
2 of the combustion chamber correspond to two different types of boundary condi-
tions on the chamber


Figure 5(a) shows a geometric parameterization of the engine combustion chamber used as an example in this
section. The details (angles, gaps, etc.) are exaggerated for illustration purposes. Using these parameters, we define a
number of simple geometric primitives shown in Figure 5(b):

� Two vertical stripsfi; i = 1; 2 are defined by :

fi =
R2
i � x2

2Ri

� 0

� The horizontal strip:

f3 =

 �
H2

2

�2
�

�
y �

H2

2

�2!
H�1
2 � 0

� Three horizontal linear halfplanes:

f4 = H1 � y � 0; f6 = H � y � 0; f7 = y � (H � t) � 0;

� and four inclined linear halfplanesf8; f9; f10; f11:

f8; f9 =
�Rpy � d � x+Rp (H � d)q

R2
p + d2

� 0; f10; f11 =
Rpy � d � x�Rp (H � t� d)q

R2
p + d2

� 0

Notice that all primitivesfi are normalized in this example.
These primitives can be combined using set operations\ and[ to define the two-dimensional regions
1 and
2.

In our example,
1 is the region bounded by the exterior walls where the oil temperatureToil is prescribed, and
2

defines the (unbounded) region extending from the interior walls of the combustion chamber with the known heat flux
q. Syntactically replacing the set operations by the correspondingR-functions yields inequalities defining
1 and
2

respectively as:
!1 = (f2 ^0 f3) _0 (� (f1 ^0 (� (f7 _0 (f10 ^0 f11))))) � 0 (21)

8



(a) (b)

Figure 5: Geometrical primitives used to describe the engine combustion chamber

!2 = (� (f1 ^0 f4)) _0 (f6 ^0 (f8 _0 f9)) � 0; (22)

where operationŝ0 , _0 are theR-functions defined by (8). Both functions!1 and!2 are parameterized byH which
measures the piston’s position at any given time (see Figure 5). Substituting the well known kinematic description of
a slider-crank mechanism[33]

H (t) = r cos� (t) + l

�
1�

r2

l2
sin2�(t)

� 1

2

(23)

into the defining equations yields the required representations of!1(t); !2(t). The functions!1 and!2 are plotted in
Figures 6 for two distinct positions of the piston.

3.3 Solution Structure

An appropriate structure for our example problem is obtained by applying expression (13) with our specific boundary
conditions:

T = !1�+
!1!2

!1 + !2

�
�
q

�
+ !2��D!2

1 (!1�)�D!2
1 (Toil)

�
+ Toil; (24)

where mixed boundary conditions are prescribed on boundaries of the regions defined by implicit functions!1 = 0
and!2 = 0 respectively.

To complete the solution structure, we also need to choose an approximation for the unknown function� in the
form of equation (6). This approximation can be achieved by any system of linearly independent basis functionsf�ig,
because their choice does not depend on the geometry of domain or boundary conditions. In our case, we chose to
approximate� by a linear combination of bicubic B-splines over a uniform rectangular grid(50� 50), as illustrated
in Figure 7. The attractive computational properties of B-splines are well known [8].

As we discussed in the previous section, expression (24) can be also viewed as an operatorB acting on the
unknown function�. B is clearly dependent on the geometry of the problem as represented by functions!1 and!2
and the boundary conditionsq andToil. If dependence of these variables on time is known, we immediately obtain the
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Figure 6: The two rows correspond to the two piston positions. From the left to right: 01 =ω  defines the boundaries where oilT  is

prescribed; 02 =ω  models boundaries where the heat flux q is known; computed quasi-steady temperature distribution.



Figure 7: The same rectangular grid of B-splines may be used to compute approximate solutions over any geometric
domain

time-dependent solution structure as

T (t) = Bt (!1 (t) ; !2 (t) ; q(t); Toil(t)) [�]: (25)

In our simplified model,q andToil remain constant, while functions time dependence of!1(H(t)) and!2(H(t)) is
completely determined by the law of motion(23), yielding the time-dependent solution structureBt[�] corresponding
to the expression (24).

3.4 Solution procedure

The above solution structure defines the space of functions that satisfy the specified boundary and the initial equation,
but not any particular differential equation. A particular function is obtained for every choice of the unknown coeffi-
cientsfCig, and we want to choose them in such a way as to approximate the exact solution to the given differential
equation as closely as possible.

Because equation (18) is a non-steady equation, the coefficientsfCig are themselves functions of time; further-
more, their values at any time instant are dependent on the earlier solutions. To solve the problem, we will first
discretize by time, and then we will solve the quasi-steady problem at every time step.

3.4.1 Discretization by time

The discrete (in time) version of the differential equation (18) has the following form:

�52 Tk = c��
Tk � Tk�1

�t
(26)

whereTk andTk�1 are temperature distributions onkth and(k � 1)th time step. Applying an implicit finite-difference
scheme [16] to equation (26) yields:

�52 Tk � c��
Tk

�t
= �c��

Tk�1

�t
(27)

At time tk equation (27) describes a quasi-steady problem for the unknown temperature fieldTk. Note that the right
side of the equation contains the (previously computed) temperature distributionTk�1 at the previous time instant,

11



but it is applied to the quasi-steady problem at timetk. Since the value of functionTk�1 on kth time step is given
by Btk�1 [�k�1]; solving equation (27) requires knowledge of both solution structuresBtk�1 andBtk , or at least
the transformation from the current structureBtk to the previous structureBtk�1 . In our case, this relationship is
determined by the changeH(tk)�H(tk�1) in value of the motion parameterH .

3.4.2 Quasi-steady solution

A variety of numerical methods can be used to solve (approximately) equation (27) for the unknown coefficientsCi.
We will use a variational method with the least square approximation. This requires first reducing the given boundary
value problem to a problem with homogeneous boundary conditions as follows. First we separate the sought solution
Tk into two parts:

Tk = T 1k + T 0k ; (28)

where

T 1k =

nX
i=1

CiB (!1 (tk) ; !2 (tk) ; 0; 0) [�i] =

nX
i=1

Ci�
k
i

is a linear combination of the basis functionsf�ig satisfying the homogeneous boundary conditions, and

T 0k = B (!1 (tk) ; !2 (tk) ; q; Toil) [0]

satisfies the given nonhomogeneous boundary conditions.
Substituting equation (28) into (27) yields a quasi-steady differential equation inT 1k with homogeneous boundary

conditions:

�52 T 1k � c��
T 1k
�t

= �c��
Tk�1 � T 0k

�t
� �52 T 0k (29)

Note that the right side of the equation contains only known quantities, including the approximate non-homogeneous
solutionT 0k and temperature distributionTk�1 on the previous time step. Solving this equation entails computing the
coefficientsfCig of the basisf�ig that approximates the homogeneous solutionT 1k and therefore the temperature field
Tk.

To approximate equation (29) using least-square method, we will minimize the functional:

F =

Z Z



�
�52 T 1k � c��

T 1k
�t

�

�
�c��

Tk�1 � T 0k
�t

� �52 T 0k

��2
d
 (30)

Differentiating functional (30) with respect to the unknown coefficientsCi we obtain a system of linear algebraic
equations[aji] [Ci] = [bj ] with the coefficients computed as follows:

aji =
R R




�
�52 �i � c��

�i
�t

��
�52 �j � c��

�j
�t

�
d
;

bj =
R R




�
�c��

Tk�1�T 0

k

�t
� �52 T 0k

��
�52 �j � c��

�j
�t

�
d


(31)

3.4.3 Stepping through time

Solving the linear system (31) and substituting the value of coefficientsCi into the solution structure (24) yields an
approximate solutionTk to the quasi-steady problem at timetk. We begin by solving the quasi-steady equation (20)
for the initial temperature distributionT0.

At the next time steptk+1, we compute new position of the pistonH from equation (23); this automatically
updates the definitions of functions!1 and!2 and the solution structureBt+1 at timetk+1. At this point we solve the
quasi-steady problem again, and repeat the entire process. Figure 8 shows the computed temperature distributions for
six different piston positions.
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Figure 8: Computed quasi-steady temperature fields for six different positions of the piston



(a) (b)

Figure 9: Temperature distributions computed using different time step

3.4.4 Validation

The complete solution procedure has been validated on a simple one-dimensional problem that was also used in
[13]. Figure 9 shows heat conduction prediction in one-dimensional 3 mm thick slab with thermal conductivity� =
53:1W �m�1K�1, density� = 7870kg �m�3 and specific heatc� = 447J �kg�1K�1. The slab is initially at uniform
temperature ofT = 300K which is maintained at the right end of the slab. A steady heat flux ofq = 2MW �m�2 is
applied at the left side beginning att = 0.

The boundaries of the one-dimensional slab are described by two functions!1 = 0:003�x � 0; !2 = x � 0, that
are substituted in the derived solution structure (25). Figures 9(a) and (b) show temperature distribution predicted by
the described RFM procedure for two different time steps: 0.01 s in Figure 9(a) and 0.1 s in Figure 9(b). The results
are essentially identical to those computed in [13] using one order of magnitude smaller time steps. Another indication
of the convergent solution is given in Figure 10 which shows sensitivity of the solution at timet = 0:8 s with respect
to the numbernx of the basis functions in� and the time step�t.

4 Automation Issues

The above example illustrates the necessary ingredients in applying RFM to problems with time-varying geometry
and/or boundary conditions. Successful application of the method requires:

� constructing the functions!; !i describing the domain and/or its (partial) boundaries of the domain;

� assembling the solution structure dictated by the given boundary conditions and chosen basis functions;

� modeling motion or deformation of the domain and/or boundary conditions;

� discretizing the boundary value problem by time and solving the corresponding quasi-steady boundary value
problem at every time step using RFM.

Each of these tasks can be automated to a large degree and applied in a reasonably general setting. We now discuss
some of the technical issues related to these tasks.

4.1 Constructing implicit functions

The scope and applicability of RFM is largely determined by the ability to construct implicit functions for geometric
domains. Fortunately, the required functions exist for virtually all geometric objects of interest in engineering [29],
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Figure 10: Convergence test — temperature distributions computed at the same time point using different time step
and degrees of freedom

and their construction can be completely automated using the theory ofR-functions [22, 28, 31]. Any geometric object
that can be represented by a Boolean expression on some geometric equalities and inequalities can be also described
by a singlereal valued function. Most engineering applications deal with semi-analytic subsets of Euclidean space
that admit such Boolean representations by definition [29].

Geometric domain and its boundaries are usually modeled by one of many unambiguous geometric representation
schemes [19]. Many of the popular representation schemes rely on Boolean operations in one form or another. For
example, Constructive Solid Geometry (CSG) representations use regularized set operations on solid primitives or
unbounded halfspaces. The implicit functions!1 and!2 for the engine combustion chamber in Section 3 have been
constructed (in this case, manually) in two steps: first a CSG expression was constructed for the desired domain
i

combining the geometric primitive regionsfj � 0, j = 1; : : : ; 11; then each CSG set operation (union, intersection,
complement) is replaced by the correspondingR-functions (8). Currently, the boundary representations (b-rep) appear
to be the predominant method for representing geometric objects in commercial modeling systems. From the set-
theoretic point of view, boundary representation consists from one or more piecewise smooth surfaces (curves in two
dimensions) constructed as a union of faces; each face is a trimmed subset of a smooth surface. This logical description
implies that it is also possible to construct the implicit functions corresponding to the boundary representation directly,
without constructing CSG representations.

Thus, both CSG and boundary representations represent complex geometric information using Boolean opera-
tions on primitive geometric objects, and are suitable for alternative real-function description using the theory of
R-functions. Detailed study of the required constructions, resulting implicit functions, and their differential proper-
ties can be found in [31]. Completely automatic construction of the corresponding implicit functions is feasible, but
involves automatic construction of the required Boolean expressions and may put additional constraints on the form
of such expressions to assure differential properties of the constructed functions [30]. Implicit functions can be also
constructed directly by sweeping and by numerous other methods used in computer graphics and animation [34, 15].
The reader is referred to [5] for the recently updated survey and bibliography.

4.2 Assembling the solution structure

A solution structure in RFM defines the assumed form of the approximate solution to the formulated problem. The
general form of solution structures for most boundary value problems are already known [22] and are basically a
matter of table look-up, based on the type of given boundary conditions. We note however that the solution structures
are generally not unique; additional criteria for choosing a best suited solution structure may involve computational
considerations and/ora priori knowledge of physical phenomena. Thus, a particular solution structure is further de-
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termined by: (1) construction of functions that exactly satisfy the problem’s boundary conditions, as discussed above;
and (2) selection of the functional basis with desired computational and convergence properties. In the examples of
this paper, a uniform grid of splines was chosen as a functional basis. Other bases may also have advantageous numer-
ical, computational, or dimensional properties. RFM has also been used with multivariate polynomials, Chebyshev,
and Fourier polynomials[25, 26].

4.3 Motions and deformations

The cause of change in geometry and boundary conditions is significant from both physical and computational point of
view. If geometric changes are caused by some external conditions that do not depend on the field itself, then the law of
geometric changes is knowna priori. This is the case in our example, where the changes in engine chamber’s geometry
are effected by the piston motion per equation (23). We modeled the time-varying geometry by parameterizing the
constructed functions!1 and!2 in terms of the time-dependent motion parameterH(t). More generally, suppose we
useR-functions to construct a function

! = ! (x0; y0; z0; a00; : : : ; a
0
k)

such that! � 0 defines some geometric domain, and this function is naturally parameterized in terms of spatial
parametersx0; y0; z0 and some engineering parametersa00; : : : ; a

0
k. Then the deforming or moving geometric domain

will be described by some time varying function!(t) that is obtained from the static function! through an appropriate
time-dependent coordinate transformationM(t).

[x0; y0; z0; a00; : : : ; a
0
k]
T
=M(t) [x; y; z; a0; : : : ; ak]

T (32)

Similar deformation techniques have been used extensively in modeling and computer graphics [2, 3, 35]. The coor-
dinate transformationM(t) may specify rigid motions, local and/or global deformations, and in general do not have
to be invertible.

A more challenging class of deformations involves geometric changes that cannot be prescribeda priori because
they depend on the properties of the (changing) field. For example, implicit functions have been used to model
solidification in metal castings, where the speed of solidification (and therefore the moving boundaries of the solidified
metal) is determined by an experimentally verified law that takes into account total casting volume, surface area, and
heating and cooling conditions at the boundaries [20]. A large class of deformations may be described by prescribing a
speed function at every point of the “evolving front” that may depend on local and global properties of the boundaries,
as well as other external conditions [27]. Constructing a time-dependent function!(t) for such problems is more
difficult because it may require discretizing by time and relying on numerical approximations.

4.4 Solution procedure

The time discretization procedure we used in the engine example generalizes in a straightforward fashion. For example,
a parabolic differential equation can be written in a form

Au = f +
@u

@t
;

whereA is a spatial differential operator. Applying the same discretization procedure, we get:

Auk �
uk

�t
= f �

uk�1

�t
; �t = tk � tk�1

Once again, we can represent the sought solutionu as a sumu = u1 + u0, whereu1 satisfies the homoge-
neous andu0 satisfies the non-homogeneous boundary conditions. In general, this separation into homogeneous and
non-homogeneous portions is easy and does not require symbolic computations. The general form corresponding to
Equation (29) becomes a quasi-steady equation:

Au1k �
u1k
�t

= f �Au0k +
u0k � uk�1

�t
(33)

All terms on the right side of the equation are known functions at the timetk. But note that the solutionuk�1 is
only available at timetk�1; since every pointp 2 
 moved according to some deformationM , functionuk�1 must
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be evaluated at pointM�1(p) at time tk. Evaluatinguk�1 may be significantly more complicated ifM(t) is not
invertible.

Equation (33) can be solved using various variational methods, such as the one used in our example. Any numerical
procedure used in RFM will require the following steps:

Differentiation Because the structure of the solution includes the unevaluated functions describing the geometry and
boundary conditions, the differential operatorA cannot be applieda priori. Instead, automatic differentiation
must be used to compute the integrands at points throughout the domain. Efficient numerical (but exact) differ-
ential techniques are known [18, 23, 32]. Our example problem required computation of the third derivatives
resulting from application of Laplacian operator to the solution structure (24), which already contains the first
derivatives.

Integration Numerical integration over the domain may be performed in a variety of ways, for example by integrating
over the boundary of the domain [14], or using various spatial sampling methods [16, 11]; because the solution
structure already satisfies the boundary conditions exactly, this sampling does not lead to the usual difficulties
associated with spatial discretizations (such as finite element meshing) and can be computed by almost any
commercially available modeling system. When a regular B-spline grid is used to approximate the solution,
this amounts to integrating only over those squares that intersect the domain. In this case robustness problems
may arise when a square is just “touching” the boundary of the domain. These may be resolved by appropriate
perturbation of the grid since it does not have to conform to the domain.

Solving The type (dimension, structure) of the resulting linear system depends only on the choice of the basis func-
tions, and not on the geometry of the domain. Iff�g is a sequence of (global) multivariate polynomials, the
resulting matrices are full and may quickly become ill-conditioned [22]. For B-splines, it is well known that the
matrices are banded and can be solved quickly and robustly [8].

5 Conclusion

It is worth noting that modeling of motions and deformations is an active area of research in geometric modeling and
computational geometry [3, 17, 6, 35]. Specifying, controlling, and analyzing motions and deformations often lead to
challenging problems that are not properly addressed by the existing computational techniques aimed at dealing with
static geometry [17]. The dependence of many numerical methods on a particular spatial discretization significantly
inhibits development of effective and automatic methods for analyzing and simulating physical behavior of deforming
domains.

RFM offers an attractive alternative to classical methods, because it relies on discretization and approximation
techniques that do not conform to the particular geometric domain or spatial discretization. As a result, RFM offers
a degree of automation that is simply not possible with other methods, including the possibility of meshfree analysis
directly from solid models and the ability to quickly and easily modify boundary conditions or even the governing
equations. This flexibility comes at a price: automatic differentiation and integration over arbitrary geometric domain
introduce significant computational overhead when compared to the traditional methods. On the other hand, the exact
enforcement of boundary conditions appears to result in rapid convergence of the solution (recall Figure 10) and
requires a smaller number of degrees of freedom. Formal computational properties of RFM require further study and
careful analysis.

Deforming or moving problems with partial differential and integral equations are among the hardest; the methods
proposed in this paper are generally applicable to a broad class of problems with time-varying geometries and boundary
conditions, but the detailed steps may be significantly different. An important class of such problems that may also be
suitable for RFM, but is not discussed in this paper, is that of problems with evolving fronts.
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